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THE GREEK ALPHABET

l'  Greek I Greek letter
name L Lower case Capital

Alpha a A Nu v N
Beta B B Xi ¢ E
Gamma Y r Omicron o 0
Delta 8 A Pi ™ 17
Epsilon € E Rho P P
Zeta & V/ Sigma o p
Eta Ui H Tau T T
Theta 6 (0] Upsilon v Y
Tota . I Phi ¢ ®
Kappa K K Chi X X
Lambda A A Psi ¥ v
Mu n ‘ M Omega ® Q




 SPECIAL CONSTANTS

s

1.1 = = 3.14159 26535 89793 23846 2643 M7 3L MR LAADNS 1o LucATuAdY, AL 126 [P0

12 o = 2.71828 18284 59045 23536 0287. .. = lim <1 + %)n
= natural base of logarithms )

1.3 V2 = 1.41421 35623 73095 04883 . .

1.4 V3 = 1.73205 08075 68877 2935. ..

1.5 /5 = 2.23606 79774 99789 6964. ..

1.6 V2 = 1.25092 1050...

1.7 V3 = 1.44224 9570. ..

1.8 UZ = 114869 8355. ..

1.9 V3 = 1.24573 0940. ..

1.10 o7 = 23.14069 26327 79269 006. ..

.11 ze = 22.45915 77183 61045 47342 715. . .

1.12 e? = 15.15426 22414 79264 190. ..

1.13 logyy 2 = 0.30102 99956 63981 19521 37389...

1.14 logyo 3 = 0.47712 12547 19662 43729 50279. ..

1.15 logo € = 0.43429 44819 03251 82765. ..

1.16 logy» = 0.49714 98726 94133 85435 12683. ..

1.17 log, 10 = In 10 = 2.30258 50929 94045 68401 7991...

1.18 log,2 = In2 0.69314 71805 59945 30941 7232. ..

1.19 log,3 = In3 1.09861 22886 68109 69139 5245. ..

Il

1.20 y = 0.57721 56649 01532 86060 6512... == Euler’s constant

_ lim <1+1+1+ +;_1nn>
n— w0 2 3 n

1.21  ev = 1.78107 24179 90197 9852. .. [see 1.20]
1.22 Ve = 1.64872 12707 00128 1468. ..

1.23 Ve = I(}) = 1.77245 38509 05516 02729 8167. ..
where I is the gamma function [see pages 101-102].

1.24 (L) = 2.67893 85347 07748...

1.25 (1)

il

3.62560 99082 21908. ..
1.26 1 radian = 180°/7 = 57.29577 95130 8232...°

1.27 1° = #/180 radians = 0.01745 32925 19943 29576 92. .. radians



2

2.1 (x+9y)2 = 22+ 2xy + y2

2.2 (x—y)2 = x2— 2xy + 92

2.3 (x+y)3 = a3+ 8x2y 4+ 3oy + y°

24 (x—y)3 = a8 — 322y + 3Bxy? — y?

2.5 (x+y)t = x* + 403y + 6a2y2 + 4xy® + yt

2.6 (x—y)t = xt— 4ady + 6a2y? — 4wyd + Y4

27 (x+y)5 = 5+ bty + 1023y + 10223 + 5wyt + y°
2.8 (x—y)® = x5 — Brty + 1023y — 1022y + Bayt — y5

29 (x+y)8 = 8+ 6xSy + 15x%y2 + 203y3 + 1522y + 6ay® + yb
2.10 (x—y)8 = x8— 6aSy + 15zy2 — 203y + 1622yt — 6xyS + y®

The results 2.1 to 2.10 above are special cases of the binomial formula [see page 3].

2.1 22— y? = (x—yNx+y)

212 58— y8 = (x—y)x2+ayt+y?)

213 B3+ 93 = (x+y)(e2—ay+y?)

2.14 2t —yt = (x—y)(x+y)e?+y?)

2.15 x5 —y5 = (x—y)(xt+ 23y + 222 + wy® + y?)

2.16 x5+ y5 = (x+ y)(xt— o3y + 222 — axy® + y?)

2.17 8 —y8 = (x—y)(x+ y)(x2+ zy + y2)(e? — ay +y?)
2.18 xd + x2y2 + yt = (22 4+ xy + yD)(22 — 2y + y?)

2.19 2t + 4yt = (22 + 22y + 2y2) (02 — 20y + 29?)

Some generalizations of the above are given by the following results where = is a positive integer.

2.20 g2ntl — g2n+l = (x — y)(x2m + a2n—ly + 20292 4+ .- + y2m)
2 Ar
—_— 2 - 2 2 — _ 2
(x —vy) <x 2xy cos5 Ty + ¥ ><x 2xy coszn 1 + ¥y >
2n7r
. 2 _“nT 2
(ac 2xycos2n 1+y>

2_2] g2ntl 4 y2n+1 = (x 4 y)(x2n — x2n—1y + xZn—2y2 —_ e 4+ yZn)

I

27

Ar
2 2 2 2
(x+y)<x +2xycos2n 1+y><x +2xycoszn 1+y>
2nm
R 4 oy2
<ac 2zy cos2n-|—1 y>

2.22 x2m — 2 = (x — Yz + Y (er~1 4+ 2y + an—3y2 4+ - Y(@n"1 — gn 2y + Zr 3y — « o)

= (x— y)(x+ 1y <x2 — 2xy cos% + y2><x2 — 22y cos%” + y2>

. <9o2 — 2xy cos@z + y2>

2.23 x2n + y2n = <x2 + 2y coséﬂ—;z + y2><x2 + 2zy cosg% + y2>

2n— 1= >
oo p2 en — 7 2
<x + 2xy cos o + ¥



If n=1,2,3,... factorial n or n factorial is defined as

3.1 n! = 1¢2e¢8e-v9p

We also define zero factorial as

3.2 0! =1

If n=1,2,8,... then

n(n—1)
21

nn—1){n—2)

3.3 (x+yyr = an 4 nanly + 31

xn—2y2 + xn 3y3 + o 4 oyn

This is called the binomial formula. It can be extended to other values of n and then is an infinite series
[see Binomial Series, page 110].

'BINOMIAL COEFFICIENTS

The result 3.3 can also be written

n
34 x+y)r = an + < >xn ly + < >xn 22 4 <:>xn—3y3 e <n>yn
where the coeflicients, called binomial coefficients, are given by
35 n _ nn—1n—2)---(n—k+1) _ n! _ n
: k - k! T kln—k! T \n—k
3




3.6

37
3.8
3.9
3.10
3.1
3.12

3.13

%3.14
\/3.15

3.16

THE BINOMIAL FORMULA AND BINOMIAL COEFFICIENTS

PROPERTIES OF BINOMIAL COEFFICIENTS

@)+ (+1) = (v

This leads to Pascal’s triangle [see page 236].

@) - o

(G) + (G2 + -+ 56 = (7F7)
0(3) ¢ o(3) = @(3) e wz) - e
(1)<,:> - (2)(2) + (3><§> ~ ~--<—1)"+1<n)<z> = 0

MULTINOMIAL FORMULA

n! ny n n.
n — —_— 1p72...0'P
(2, + @y + -+ @) Enllwmnp!xl ) .

where the sum, denoted by =, is taken over all nonnegative integers ny, %y, ..

nt gt Fn, =

.,n, for which



GEOMETRIC FORMULAS

RECTANGLE OF LENGTH b AND WIDTH ¢

4.1 Area = ab

4.2 Perimeter = 2a + 2b

b
Fig. 4-1
PARALLELOGRAM OF ALTITUDE i AND BASE b
4.3 Area = bh = absing
4.4 Perimeter = 2a + 2b
b
Fig. 4-2

TRIANGLE OF ALTITUDE % AND BASE b

45 Area = Lbh = labsine
= Vs(s—a)(s — b)(s —¢)

where s = }(a + b + ¢) = semiperimeter

4.6 Perimeter = ¢+ b+ ¢

. TRAPEZOID OF ALTITUDE % AND PARALLEL SIDES o AND b

a

4.7 Area = lh(a+b)

2

|

4.8 Perimeter = a+b+h< .1 + .1 >
sing ' sing

a + b 4 hicsc g + csc¢)

il

Fig. 4-4



6 GEOMETRIC FORMULAS

REGULAR POLYGON OF n SIDES EACH OF LENGTH b

b
L 1pret T — 15208 (7/n)
49  Area = }mblcot = fmb2 iy
4,10 Perimeter = nb

Fig.4-5

CIRCLE OF RADIUS 7

4.11 Area = 12
412 Perimeter = 2z7r

Fig. 4-6

SECTOR OF CIRCLE OF RADIUS 7r

413  Area = 1% (¢ in radians]
7 s
4.14 Arc length s = 76 f
r

Fig. 4-7

RADIUS OF CIRCLE INSCRIBED IN A TRIANGLE OF SIDES ¢,b, ¢

Vﬂés — a)(s—b)(s —.c)

8

4.15 r =

where s = (a + b+ c) = semiperimeter

Fig. 4-8

RADIUS OF CIRCLE CIRCUMSCRIBING A TRIANGLE OF SIDES a,b,¢

be

4.16 R = < %

4/s(s —a)(s — b)(s — ¢) h
where s = 1(a + b+ c) = semiperimeter v




GEOMETRIC FORMULAS 7

REGULAR POLYGON OF n SIDES INSCRIBED IN CIRCLE OF RADIUS v

=
[e]
417 Area = lnr?sin 27 Anr? sin 360
n n
[e]
4.18 Perimeter = 2nr sin% = 2ur sin 187?
=

Fig. 4-10

SN
P

/
\

/

~ REGULAR POLYGON OF n SIDES CIRCUMSCRIBING A CIRCLE OF RADIUS 7

180° 2B

m
4.19 Area = nr2 tan; = w2 tan

o

2N
N

4.20 Perimeter = 2ur tan% = 2nr tan 180

7
\\

Fig. 4-11

SEGMENT OF CIRCLE OF RADIUS r

4.21 Area of shaded part = Jr2(¢ —sins) v
O

Fig. 4-12
ELLIPSE OF *SE,“MFMA}@'R? ‘Ams‘ @ AND SEMI-MINOR 'Akxlfsﬁbt' .

4.22 Area = gab

/ b
/2
423 Perimeter = 4a f V1 — k2 sin2¢ de : \J
0
= 27 Vi(a®+ b2 [approximately]
-13

where k = Va2— b2/a. See page 254 for numerical tables. Fig.4

4.24 Area = Z2ab
a
2 4a + Vb2 + 1642
4.25 Arc length ABC = 1Vb2+ 160 + g—aln <—b——-

3




4.26

4.27

4.28

4.29

4.30

4.31

4.32

4.33

4.34

GEOMETRIC FORMULAS

RECTANGULAR PARALLELEPIPED OF LENGTH a, HEIGHT [, WIDTH ¢

Volume = abe

Surface area = 2(ab + ac + be) /)' __________ -

PARALLELEPIPED OF CROSS-SECTIONAL AREA A‘AND HEIGHT &

Volume = Ah = abcsing
SPHERE OF RADIUS 7
4
Volume - 5773
Surface area = d4z7r2

Fig. 4-17

RIGHT CIRCULAR CYLINDER OF RADIUS r AND HEIGHT %

Volume = #r2h

Lateral surface area = 2zrh

Fig.4-18

CIRCULAR CYLINDER OF RADIUS » AND SLANT HEIGHT !

Volume = #r2h = xr2lsine

o~

— 27rh

n 27rh csc @
sin 4

Lateral surface area = 277l

Fig. 4-19



GEOMETRIC FORMULAS

CYLINDER OF CROSS-SECTIONAL AREA A AND SLANT HEIGHT [

4.35 Volume = Ah = Alsing

4.36 Lateral surface area = pl = .ph =
sin 4

ph csc g

Note that formulas 4.31 to 4.34 are special cases.

3

Fig. 4-20

RIGHT CIRCULAR CONE OF RADIUS » AND HEIGHT &

4.37 Volume = 1l»r2h

4.38 Lateral surface area = =zrVr2+ h2 = vl

<{

Fig. 4-21

PYRAMID OF BASE AREA A AND HEIGHT £

4.39 Volume = 1Akh

&

Fig. 4-22

SPHERICAL CAP OF RADIUS » AND HEIGHT £

4.40 Volume (shaded in figure) = L7h2(3r —h)

4.41 Surface area = 2#rh

Fig.4-23

FRUSTRUM OF RIGHT CIRCULAR CONE OF RADII ¢,b AND HEIGHT &

442  Volume = Irh(a®+ ab+ b?)

4.43 Lateral surface area = #(a+ b) VA2 + (b— a)2
=(a + b)l

|<\.

il

Fig. 4-24



10 GEOMETRIC FORMULAS
SPHERICAL TRIANGLE OF ANGLES 4, B,C ON SPHERE OF RADIUS 7

4,44 Area of triangle ABC = (A+ B+ C— )2

Fig. 4-25

~ TORUS OF INNER RADIUS ¢ AND OUTER RADIUS b

4.45 Volume = 1rz2(a+ b)(b~— a)?

4.46 Surface area = #2(b%2 — a?)

Fig. 4-26

 ELLIPSOID OF SEMI-AXES ,b,¢

4.47 Volume = %nabc

Fig. 4-27

PARABOLOID OF REVOLUTION

4.48 Volume = lrb%e

Fig. 4-28



5 TRIGONOMETRIC FUNCTIONS

- DEFINITION OF TRIGONOMETRIC FUNCTIONS FOR A RIGHT TRIANGLE

Triangle ABC has a right angle (90°) at C and sides of length a,b,¢. The trigonometric functions of
angle A are defined as follows.

5.1 sincof A — sind = & — _opposite
c hypotenuse
5.2 cosineof A = cosA = b _ _adjacent
c hypotenuse
3 ‘ = _ @ _ opposite
5 tangent of A tan A 5 adjacent
54 cotangent of A = cotd = b _ adjacent
a opposite
5.5 secant of A = secA = ¢ = EXM
b adjacent
Fig. 5-1
5.6 cosecant of A = cscd = S = hxmte_r}us_e ig
a opposite

EXTENSIONS TO ANGLES WHICH MAY BE GREATER THAN 90°

Consider an «y coordinate system [see Fig. 5-2 and 5-3 below]. A point P in the xy plane has coordinates
(x,y) where w is considered as positive along OX and negative along OX’ while y is positive along OY and
negative along OY’. The distance from origin O to point P is positive and denoted by » = Va2 + y2.
The angle A described counterclockwise from OX is considered positive. If it is described clockwise from
OX it is considered negative. We call X’OX and Y’OY the x and y axis respectively.

The various quadrants are denoted by I, IL III and IV called the first, second, third and fourth quad-
rants respectively. In Fig. 5-2, for example, angle A is in the second quadrant while in Fig. 5-3 angle A
is in the third quadrant.

Y Y
I I II I
Pl 0L, A 4
. " '\ X % . /\ X
® |0 Y 0
r
P(x,y)
111 v 111 v
Y’ v’
Fig. 5-2 Fig.5-3

11



12

TRIGONOMETRIC FUNCTIONS

For an angle A in any quadrant the trigonometric functions of 4 are defined as follows.

5.7

5.8

59

5.10

5.12

sinA = y/r
cosA = zx/r
tanA = y/x
cotA = wn/y
secA = r/z
escA = rly

RELATIONSHIP BETWEEN DEGREES AND RADIANS

N
A radian is that angle ¢ subtended at center O of a circle by an arc
MN equal to the radius 7. 7
Since 27 radians = 360° we have M
5.13 1 radian = 180°/7 = 57.29577 95130 8232...°
5.14 1° = /180 radians = 0.01745 32925 19943 29576 92. . .radians
Fig. 5-4
RELATIONSHIPS AMONG TRIGONOMETRIC FUNCTIONS
515 tana = 304 519  sin?A +cos?A = 1
cos A
516 cot4 = L = cod 520  sec?A —tan?4 = 1
tan A sin A
517  secA = —1 521  cs?A —cot?d = 1
cos 4
_ 1
5.18 cscA = Snd
SIGNS AND VARIATIONS OF TRIGONOMEIRIC FUN'CIIONS
Quadrant sin A cos A tan A cot A sec A esc A
1 + + + + + +
Otol 1to 0 0 to » © to 0 1lto = o tol
11 + - - - - +
1to0 0to—1 —w t0 0 0to— —w to —1 1to =
111 - - + ¥ - -
0to—1 —1to0 0to » © to 0 -1 to —w= —® to —1
v - + - N + -
—1to0 Otol — to 0 0to—« © to 1 —1to —w




TRIGONOMETRIC FUNCTIONS 13
EXACT VALUES FOR TRIGONOMETRIC FUNCTIONS OF VARIOUS ANGLES
A Efge’is Jngle & 1 na cos A tan A cot A sec A cse A
0° 0 0 1 0 © 1 o
15° w/12 | JV6—v2) | 1(/6+V2) | 2—-V3 | 2+V3 | Ve—-v2 | Ve+V2
30° 7/6 1 V3 1V8 V3 2V3 2
45° 7/4 /2 12 1 1 Ve Ve
60 | a3 W3 V3 13 2 3V3
75° 5r/12 | 1(VE6+V2) | $(V6—-V2) | 2+VB | 2-V3 | VE+V2 | VE-— V2
90° 7/2 1 0 oo 0 *teo 1
105° w2 | J(V6+V2) | —1(V6~V2)| —2+V3) | —2—V3)| —(/6+V2)| V6—2
120° 2r/3 13 -1 V3 —-1V3 -2 3V3
135° 3r/4 2 —1V2 -1 -1 —V2 Ve
150° 57/6 1 —1V3 —1V3 -3 —2V3 2
165° 17/12 | $6/6-V2) | —1(/6+V2) | —2—V3) | =@+ V3) | —-(V6—V2)| V6 + V2
180° T 0 -1 0 Fo -1 + o
195° 18r/12 [—3(/6—-V2)| —10/6+V2) | 2-V3 | 2+V3 | -(V6—V2) | -(V6+ V)
210° /6 -1 —1V3 13 V3 -3V3 -2
225° 5r/4 -1V2 -1V2 1 1 —V2 -2
240° 47/3 ~1V3 -1 V3 1V3 —2 ~2V3
255° 177/12 | ~3(/6+V2) | —1(/6-V2) | 2+V3 | 2-V38 | -(/6+V2) | —(/6—-V2)
270° 37/2 -1 0 e 0 F o ~-1
285° 19712 |—1(V6+V2) | 1/6—V2) |—2+V3) | —-2-V3)| V6+V2 |-(V6—V2)
300° 57/3 ~1V3 1 V3 —-1vV3 2 ~3V3
315° Tr/4 —-1/e 12 -1 -1 V2 -2
330° 117/6 -1 V3 —1V3 ~V3 2V3 -2
345° 287/12 | -1(/6—-V2) | 1(/6+V2) |—@—V3) | —2+V3) | V6—-V2 |—-(/6+V2)
360° 27 0 1 0 F o 1 +®

For tables involving other angles see pages 206-211 and 212-215.



TRIGONOMETRIC FUNCTIONS

14

GRAPHS OF TRIGONOMETRIC FUNCTIONS

In each graph z is in radians.

cosS ¥

5.23

sinx

y =

5.22

/N

Fig. 5-6

Fig. 5-5

cot x

Yy =

525

tan x

5.24

Fig.5-8

Fig.5-7

cscx

Yy =

5.27

secx

y:

5.26

Fig. 5-10

Fig.5-9

FUNCTIONS OF NEGATIVE ANGLES

= —tanA

—sinA 5.29 cos (—A) = cos A 5.30 tan (—A4)

sin (—A)

5.28

cot (—4) = —cotd

5.33

= secA

5.32 sec (—A)

—cscA

esc (—A4)

5.31



TRIGONOMETRIC FUNCTIONS 15
ADDPITION FORMULAS
5.34 sin(A*B) = sind cosB * cosA sinB
5.35 cos(A*=B) = cosd cosB ¥ sinA sinB
3 + .. _tanA *tanB
5.36 tan (4 = B) 1 xtan A4 tan B
5.37 A+RB — cotA cotB ¥ 1
cot ( ) cotB = cot A
FUNCTIONS OF ANGLES IN ALL QUADRANTS IN TERMS OF THOSE IN QUADRANT |
90° = 4 180° = A 270° = A #(360°) = 4
—A T + A4 _— 3_77 + A 2k = A
2 = 2 k = integer
sin —sinA cos A Fsin A —cos A *sind
cos cos A Fsind —cos A *=sin A cos A
tan —tan A Fcotd *tan A FceotAd *+tan A
ese —csc A sec A FTescd —sec A Tescd
sec sec A FescA —secA *esc A sec A
cot —cotA Ftan 4 *+cot 4 Ftan A *eotd
RELATIONSHIPS AMONG FUNCTIONS OF ANGLES IN QUADRANT |
sinA = u cosA = u tan 4 = u cotA =u secA = u cscA =u
sin A % V1—u2 u/vV1+u2 1/V1+ u? VuZ—1/u 1/u
cos A V1—u? u 1/vV1 4+ u2 w/V1+ u2 1/u VuZ—1/u
tan A w/V1—u2 V1—u2/u u 1/u Vuz—1 1/vuZ—1
cot A V1—u2fu u/V1—u? 1/u u 1/vu2—1 VuZ—1
sec A 1/V1— u2 1/u V14 u? V1+ulu u uNu2—1
csc A 1/u 1/V1 —u2 V1+u2/u vV1+u? w/Vu2—1 V14 u?

For extensions to other quadrants use

appropriate signs

as given in the preceding table.
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5.38
5.39

5.40

5.41

5.42

5.43

5.44
5.45

5.46

5.47
5.48

5.49

5.50
5.51

5.52

TRIGONOMETRIC FUNCTIONS

DOUBLE ANGLE FORMULAS

sin24 = 2sind cos4

cos24 = cos2A — sin?2A = 1 — 2sin2A = 2co0s24A — 1
- 2tan A

tan24 = 1 tanZ 4

HALF ANGLE FORMULAS
A '1 — cos A (%— if A/2 is in quadrant I or II
S T © 2 | —if A/2 is in quadrant III or IV
A _ , [1+cosa + if A/2 is in quadrant I or IV
“sz T TN 2 — if A/2 is in quadrant II or III
A 1 —cos A -+ if A/2 is in quadrant I or III
t = = = ——
any ViFcosd | —if 4/2 is in quadrant IT or IV

sin A _ 1—cosA

1+cosd sin A = escA — cotd

MULTIPLE ANGLE FORMULAS

sin84 = 3sinA — 4gin3A
cos34 = 4dcos’A — 3cosd
3tanA —tand A

4 — oStand —tan*A
tan 3 1 —3tanZdA
sindd = 4sinA cosA — 8sin3A4 cosd
cos4A = 8costA — 8cos2A + 1

4tanA — 4 tan3 A

4 =
tan 44 1—6tan2A + tantA
sin54A = b5sinA — 20sin3A4 4 16sin5A
cosbA = 16 cosSA — 20cos34 + 5cosd

tanA — 10 tan®A + 5tan A4
1 —10tan2 A + 5tantA

tanbA =

See also formulas 5.68 and 5.69.

5.53
5.54
5.55
5.56

sin2 A
cosz 4
sin3 A

cos3 A

POWERS OF TRIGONOMETRIC FUNCTIONS

3 — Lcos24 5.57 sinfA = % — Jecos24 + }cosdd
4+ + 1 cos24 5.58 costA = § 4+ Lcos24 + }cosdA
8 sinA — 1sin34 5.59 sinfA = %sind — £ sin34 + & sinb4
3 cosA + L cos3A 5.60 cos4 = $cosA + £ cos34 + % cosbA

See also formulas 5.70 through 5.73.



5.61

5.62

5.63

5.64

5.65

5.66

5.67

5.68

5.69

5.70

571

572

5.73

TRIGONOMETRIC FUNCTIONS 17

SUM, DIFFERENCE AND PRODUCT OF TRIGONOMETRIC FUNCTIONS

sind + sinB = 2sin 4(A + B) cos }{A — B)
sinA — sinB = 2 cos 1(A + B) sin A —B)
cosA + cosB = 2cos4(A+B)cosi(4d—B)
cosA — cosB = 2sin (A + B) sin 1(B — A)
sinA sinB = Jl{cos(4 —B) — cos(4 + B)}
cosA cosB = Jl{cos(A—B) + cos(4 + B)}
sind cos B = l{sin(4 — B) + sin(4 + B)}

GENERAL FORMULAS

sinnrA = sind {(2 cos Ayn—1 — <n;2>(2 cos Ayn—3 + <n2—3>(2 cos A)n=5 — }

cosnA = %{(2 cos Ay — %(2 cosd)"2 + 72—L<n I 3>(2 cos A)n—4

- -g—'<n;4>(2 cos A)»~6 + }

sin?r-14 = (;ng;‘{sin @n—1)A — <2"1_ 1> sin(@n—3)A4 + --- (_1)%1(21:%_—11) sinA}
cos2n—14 = E%;—E-{COS(zYL—I)A + <2n1_1>cos(2n—3)A + e+ <2::11> cosA}
sin?r 4 = 2—;;<2;:L> + ;;11_)': {cos 2nA — <21n> cos(2n—2)4 + --- (—1)"—1<n2_n1>c0s2A}
cos?rA = %<2:> -+ 22%;{%5271/1 + <21n> cos n—2)A + -+ + <n2_n1>cos2A}

INVERSE TRIGONOMETRIC FUNCTIONS

If 2 =siny then y = sin—1x, i.e. the angle whose sine is x or inverse sine of x, is a many-valued
function of x which is a collection of single-valued functions called branches. Similarly the other inverse
trigonometric functions are multiple-valued.

For many purposes a particular branch is required. This is called the principal branch and the values
for this branch are called principal values.
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PRINCIPAL VALUES FOR INVERSE TRIGONOMETRIC FUNCTIONS
Principal values for « = 0 Principal values for « < 0
0 = sin~lgx = 7/2 —7/2 = sin"1x < 0
0 = cos™ 1z = #/2 7/2 < cosTlx = ¢
0 = tan"lo < #/2 —r/2 < tan"1x < 0
0 <cot7la = 7/2 /2 < cot7lax < 7
0 = sec™lae < 7/2 7/2 < secTlx = 7
0 <ecselae = #/2 —7/2 = ecse”lax < 0
RELATIONS BETWEEN INVERSE TRIGONOMETIRIC FUNCT#‘ONS
In all cases it is assumed that principal values are used.
5.74 sin“tx + cos™lx = =/2 5.80 sin“1(—x) = —sin~lx
5.75 tan~!z + cot~la = /2 5.81 cos~l(—x) = 7 — cos~lg
5.76 sec™la + esc 1 — /2 5.82 tan~1(—x) = —tan 1z
5.77 esc”lae = sin—1(1/x) 5.83 cot~1(—x) = 7 — cot~lz
5.78 sec”la = cos1(1/x) 5.84 sec”l(—x) = = — seclg
5.79 cot~lx tan—1(1/x) 5.85 esc”l(—x) = —esclxw
GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS
In each graph y is in radians. Solid portions of curves correspond to principal values.
5.86 y = sin~lx 5.87 y = cos~lx 5.88 ¥y = tan~lz
NEJ / y v
N T
AN
\
\\ 7
\ ——
=21 w/2 = 72 —
) x ) x x
-1 0 1 -1 o ) 0
/
/
e
[ e g /2 —
\\ // ///
\\ //
N TR |
-7\ {
Fig.5-11 Fig.5-12 Fig.5-13
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5.89 y = cot™lg 5.90 y = secTlg 5.91 ¥ = ese~lzx

Yy ~ Yy - Yy

-

=== ~/2
— AN 7
—— - O X p— L - _
e -
Fig. 5-14 Fig. 5-15 Fig. 5-16

 RELATIONSHIPS BETWEEN SIDES AND ANGLES OF A PLANE TRIANGLE

The following results hold for any plane triangle ABC with
gides @, b, ¢ and angles A, B, C. A

5.92 Law of Sines
a b c b

sinA ~ sinB _ sinC
593 Law of Cosines y
¢2 = a2+ b2 — 2ab cos C

with similar relations involving the other sides and angles.

a
9
594 Law of Tangents otb  tani(4+B) B
a—b ~ tanl(A—B)
with similar relations involving the other sides and angles. Fig.5-17
5.95 sind = Vi a)s— HiE—0)

where s = L(a+b+¢) is the semiperimeter of the triangle. Similar relations involving angles
B and C can be obtained.
See also formulas 4.5, page 5; 4.15 and 4.16, page 6.

RELATIONSHIPS BETWEEN SIDES AND ANGLES OF A SPHERICAL TRIANGLE

Spherical triangle ABC is on the surface of a sphere as shown
in Fig. 5-18. Sides a,b,c [which are arcs of great circles] are
measured by their angles subtended at center O of the sphere. 4,B,C
are the angles opposite sides a, b, ¢ respectively. Then the following
results hold.

5.96 Law of Sines :
sine _ sinb _ sine

sinA = sinB ~ sinC
5.97 Law of Cosines
cosa = cosbcosc + sinbsinccosA
cosA = —cosBcosC 4 sinBsinC cosa

with similar results involving other sides and angles. Fig. 5-18
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5.98 Law of Tangents
tan 4(A + B) tan J(a + b)

tan J(A —B) =~ tanl(ea—b)

with similar results involving other sides and angles.

sin b sin ¢

5.99 cos = =

where s = L(a+ b+ c¢). Similar results hold for other sides and angles.

5.100 a _ \/cos (S—B)cos(S—0C)
€os 2 sin B sin C
where S = 1(A + B+ (). Similar results hold for other sides and angles.

See also formula 4.44, page 10.

NAPIER’S RULES FOR RIGHT ANGLED SPHERICAL TRIANGLES

Except for right angle C, there are five parts of spherical triangle ABC which if arranged in the order
as given in Fig. 5-19 would be a,b,4,¢, B.

C

co-B

A co-A
C
CO-C

Fig. 5-19 Fig. 5-20
Suppose these quantities are arranged in a circle as in Fig. 5-20 where we attach the prefix co

[indicating complement] to hypotenuse ¢ and angles A and B.

Any one of the parts of this circle is called a middle part, the two neighboring parts are called
adjacent parts and the two remaining parts are called opposite parts. Then Napier’s rules are

5.101 The sine of any middle part equals the product of the tangents of the adjacent parts.
5.102 The sine of any middie part equals the product of the cosines of the opposite parts.
Example: Since co-A = 90° — A, co-B = 90° — B, we have

sina = tan b tan (co-B) or sina = tanb cotB

sin (co-A) = cos a cos {co-B) or cos A = cosasinB

These can of course be obtained also from the results 5.97 on page 19.



 DEFINITIONS INVOLVING COMPLEX NUMBERS

A complex number is generally written as a + bi where a and b are real numbers and %, called the
imaginary unit, has the property that 2 = —1. The real numbers a and b are called the real and imaginary
parts of a + bi respectively.

The complex numbers a + bi and a — b1 are called complex conjugates of each other.

6.1 a+bi = c+di ifandonlyif a=c and b=4d

6.2 (@a+bi) + (c+di) = (a+c)+ (b+d)i

6.3 (@+bi) — (c+di) = (@a—e¢) + (b—dyi

. MULTIPLICATION OF COMPLEX NUMBERS

64 (a+bi)(c+di) = (ac—bd) + (ad + be)i

6.5 a+bi _ a+bi ec—di _ ac+bd+ bc — ad i
) c+di = c+di e—di = c+ad& c? + d2

Note that the above operations are obtained by using the ordinary rules of algebra and replacing 2 by
—1 wherever it occurs.

21



22 COMPLEX NUMBERS

GRAPH OF A COMPLEX NUMBER

A complex number o + bi can be plotted as a point (a,b) on an Y
2y plane called an Argand diagram or Gaussian plane. For example
in Fig. 6-1 P represents the complex number —3 + 41.

A complex number can also be interpreted as a vector from

O to P. 4
— . o x
Fig. 6-1
POLAR FORM OF A COMPLEX NUMBER
In Fig. 6-2 point P with coordinates (x,y) represents the complex y (x,9)
number & + iy. Point P can also be represented by polar coordinates (r, 8)
(r,8). Since x =rcosg, y =rsing we have ”
Yy
6.6 z+ iy = r(cosé + isine) \\0 x
(0] x
called the polar form of the complex number. We often call r = /a2 + y2
the modulus and ¢ the amplitude of x + iy.
Fig.6-2

MULTIPLICATION AND DIVISION OF COMPLEX NUMBERS IN POLAR FORM

6.7 [r1(cos 6; +  sin 6,)][rs(cos 65 + 7 sin 6,)] = 7y7ry(cos (61 + 65) + 7 sin (6, + 6,)]
ri{cos 8; + 1 sin 64) 7y .

6.8 ! = — — 8 + 8, — 6
r9(cos 85 + 1 sin 6,) 79 [cos (81— 85) + i sin (6, — 6,)]

DE MOIVRE’'S THEOREM

If p is any real number, De Moivre’s theorem states that

6.9 [r(cos 6 + i sin 6)]? = rP(cos pé + 1 sin ps)

ROOTS OF COMPLEX NUMBERS

If p =1/n where n is any positive integer, 6.9 can be written

6.10 [r(cos 6 + ising)|l/n = yl/n l:cos 0 + 2kn : sin 6 + 2k1r—J

+ 1
n

where k is any integer. From this the n nth roots of a complex number can be obtained by putting
=0,1,2,...,n—1.



FUNCTIONS

LAWS OF EXPONENTS

In the following p, g are real numbers, a, b are positive numbers and m,n are positive integers.

7.1 aPsqd = qrta 7.2 a?/a? = qP—4 7.3 (ap)q = qPq
7.4 a®=1, a#0 7.5 a P =1/a? 7.6 (ab)P = arb?
77  VYa=am 7.8 Vam = gnin 79 Vb =Va/Vb

In a?, p is called the exponent, a is the base and a? is called the pth power of a. The function y = a*
is called an exponential function.

'LOGARITHMS AND ANTILOGARITHMS

If a» = N where a # 0 or 1, then p =log, N is called the logarithm of N to the base a. The number
N = a? is called the antilogarithm of p to the base a, written antilog, p.

Example: Since 32 =9 we have log;9 = 2, antilog;2 = 9.

The function y = log, = is called a logarithmic function.

7.10 log, MN = log, M + log, N
7.1 logs X = log, M — log, N
. 0L, N = log, 0gq

7.12 log, M» = plog, M

Common logarithms and antilogarithms [also called Briggsian] are those in which the base a = 10.
The common logarithm of N is denoted by logo N or briefly log N. For tables of common logarithms and
antilogarithms, see pages 202-205. For illustrations using these tables see pages 194-196.

23



24 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

NATURAL LOGARITHMS AND ANTILOGARITHMS

Natural logarithms and antilogarithms {also called Napierian] are those in which the base a=¢ =
2.71828 18. . .[see page 1]. The natural logarithm of N is denoted by log, N or In N, For tables of natural
logarithms see pages 224-225. For tables of natural antilogarithms [i.e. tables giving e* for values of x]
see pages 226-227. For illustrations using these tables see pages 196 and 200.

CHANGE OF BASE OF LOGARITHMS

The relationship between logarithms of a number N to different bases o and b is given by

logy, N

7.13 log, N = Tog, &

In particular,

7.14 log, N = InN 2.30258 50929 94... log o N

7.15 logp N = log N = 0.43429 44819 03... log. N

RELATIONSHIP BETWEEN EXPONENTIAL AND TRIGONOMETRIC FUNCTIONS

7.16 el = cosf + isine, e~ = coso — ising

These are called Euler’s identities. Here 4 is the imaginary unit [see page 21].

0 _ o—if
7.17 sing = e
21
i9 —i9
7.18 cosg = Lkl A
2
¢if — g—if [ ¢i0 — e—i0
7.19 tang = T = —z<e————i9+e_ia>
_ . fet e
7.20 cote = ’L<m>
2
7.21 sect = HToon
2%
7.22 i csco = i

PERIODICITY OF EXPONENTIAL FUNCTIONS

7.23 i +2km) = gib k = integer

From this it is seen that e* has period 27i.
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POLAR FORM OF COMPLEX NUMBERS EXPRESSED AS AN EXPONENTIAL

The polar form of a complex number « + iy can be written in terms of exponentials [see 6.6, page 22] as

7.24 x+ 1y = r(cosd + ising) = reif

OPERATIONS WITH COMPLEX NUMBERS IN POLAR FORM

Formulas 6.7 through 6.10 on page 22 are equivalent to the following.

7.25 (r1eif)(reei®s) = 1 r,ei0+6y)
7.26 ﬂ = Qei(epey

reeit: Ty
7.27 (reif)p = roeivd [De Moivre’s theorem]
7.28 (reif)lin = [reit0+2km|1/n = 1/ngi8+2kn)/n

LOGARITHM OF A COMPLEX NUMBER

7.29 In (re®®) = Inr + i0 + 2kxi k = integer



 HYPERBOLIC FUNCTIONS

8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.9

8.10

8.11

8.12

8.13

8.14

8.17

sinh (—x)

esch (—x)

e

DEFINITION OF HYPERBOLIC FUNCTIONS

L er —e %
Hyperbolic sine of x = ginhx = B E—
X J’_ —x

Hyperbolic cosine of x = coshx = 6—26——
. el’ —_— 6".’[
Hyperbolic tangent of x = tanha = prampe—y
. __ e+ e*®
Hyperbolic cotangent of © = cothx = pram—
Hyperboli tofs = sechs = —2—
yperbolic secant of x = sec = T e-v
Hyperbolic cosecant of x = cscha = 2
ez p— e‘I

RELATIONSHIPS AMONG HYPERBOLIC FUNCTIONS

tanhz = sinh ¢
cosh z
_ 1 _ coshx
cothz = tanhx ~  sinhz
_ 1
sechx = cosh @
1
eschz = sinh x
cosh2x — sinh2x = 1
sech?z 4 tanh2x = 1
coth?z — esch2zx = 1

FUNCTIONS OF NEGATIVE ARGUMENTS

—sinh % 8.15 cosh (—x) cosh & 8.16 tanh(—x) = —tanhz

sech & 8.19 coth (—x) = —cothz

i

—ecschz 8.18 sech (—x)

26



8.20
8.21

8.22

8.23

8.24

8.25

8.26

8.27

8.28

8.29

8.30

8.31

8.32

8.33

8.34

8.35

HYPERBOLIC FUNCTIONS

ADDITION FORMULAS.

sinh(zx*y) = sinh« coshy * coshz sinhy
cosh(x *y) = coshz coshy * sinhz sinhy
_ tanhz = tanhy
tanh (z = = =Ty
nh ( v) 1 *= tanh # tanh y
coth(zxy) = cothz cothy = 1

cothy * coth

DOUBLE ANGLE FORMULAS

sinh2x = 2sinha coshxz
cosh2x = coshZx + sinh?x = 2cosh2x — 1 = 1 + 2sinh?z
_ 2 tanh
tanh2z = 1 + tanh2 ¢«
HALF ANGLE FORMULAS
—1
sinh ) = ryfﬂ’i;—— [(+if >0, — if z <0]
he = coshx +1
coshy = 5
x coshx — 1 . .
tanhg = t"————coshx—i-l [tif x>0, —if 2 <0]
sinh x _ coshze — 1
coshz +1 — sinh

" MULTIPLE ANGLE FORMULAS

sinh 3z

cosh 3x

tanh 3x

sinh 4«

cosh 4x

tanh 4x

= 3sinhz + 4 sinh3x
= 4coshdx — 3 coshzx

3 tanh z + tanh3«
1+ 3 tanhZg

= 8 sinh3x coshx + 4 sinh « cosh x
= 8coshix — 8 cosh2x + 1

4 tanhz + 4 tanh3x
1 + 6 tanh2x + tanhtx
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8.36
8.37
8.38
8.39
8.40

8.41

8.42
8.43
8.44
8.45
8.46
8.47

8.48

HYPERBOLIC FUNCTIONS

POWERS OF HYPERBOLIC FUNCTIONS

sinh? x

cosh? x

sinh3 2

cosh3 x

sinh* x

cosht x

4 cosh 2z —

[

4 cosh 2 +

(S

=t

1 sinh 3z — £ sinhw

st

1 cosh3x + £ coshzx

coles

— 4 cosh2x + } coshdx

==

+ 4 cosh 2z + § cosh 4z

_SUM, DIFFERENCE AND PRODUCT OF HYPERBOLIC FUNCTIONS

sinhx + sinhy

sinh & — sinhy

cosh« + coshy

coshx — coshy

sinh # sinh ¥
cosh « cosh y

sinh x cosh y

I

= 2 sinh }(x +y) cosh {(x —y)

= 2 cosh (¢ + y) sinh Xz —y)

i

2 cosh }{x + y) cosh J(z — y)
= 2 sinh §(z +y) sinh {(x —y)
Heosh (x +y) — cosh (x— Y)}
${cosh (x +y) + cosh (z — )}

i{sinh (x + y) + sinh (x— y)}

EXPRESSION OF HYPERBOLIC FUNCTIONS IN TERMS OF OTHERS

In the following we assume x> 0.

If x <0 use the appropriate sign as indicated by formulas 8.14

to 8.19.

sinhx = u coshx = u tanhe = u cothx = u sechx = u eschx = u
sinh « u vuz—1 w/V1—u? 1/vVuz—1 V1i—ufu 1/u
cosh x v1+u? u 1/vV1 —u? w/Vul—1 1/u V14 ulu
tanh x w/V1+ u2 Vu—1/u u 1/u V1—u? 11+ u2
coth « vu2+1/u u/VuZ—1 1/u u 1/vV1 — u? V14 u?
sech x 1/V1 4+ u? 1/u V1—wu? u—1/u u u/V1+ u?
csch z 1/u 1/Vu2—1 V1—u?lu Vuz—1 w/V1—u2 u
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GRAPHS OF HYPERBOLIC FUNCTIONS
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8.49 y = sinhz 8.50 y = coshz 8.51 y = tanhx
Y Yy Yy
““““ o
1
o 0 x 0 4 0 x
_______ 1=
Fig. 8-1 Fig. 8-2 Fig. 8-3
8.52 ¥y = cothz 8.53 y = sechz 8.54 y = cschz
Yy '_l/\
¥¥¥¥¥¥ 1 ey \
(0] x 0 x
______ =
Fig. 8-4 Fig. 8-5 Fig. 8-6

INVERSE HYPERBOLIC FUNCTIONS

If « =sinhy, then y = sinh~lx is called the inverse hyperbolic sine of x. Similarly we define the

other inverse hyperbolic functions.

The inverse hyperbolic functions are multiple-valued and as in the

case of inverse trigonometric functions [see page 17| we restrict ourselves to principal values for which
they can be considered as single-valued.

The following list shows the principal values [unless otherwise indicated] of the inverse hyperbolic
functions expressed in terms of logarithmic functions which are taken as real valued.

8.55
8.56

8.57

8.58

8.59

8.60

sinh—1z

cosh~ 1z

tanh—1 2

coth—1x

sech—1x

csch—1x

In(x + Va2 +1)
In(z + Va2 —1)

—w < g < o
x =1 [cosh—1x > 0 is principal v,

—-1<z<1

x>1 or 2 < -1

0<z=1 [sech—12 > 0 is princi

alue]

pal value]
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_ RELATIONS BETWEEN INVERSE HYPERBOLIC FUNCTIONS .

8.61 esch~1x = sinh—1(1/x)
8.62 sech—1x = cosh—!(1/x)
8.63 coth—lxz = tanh—1(1l/x)
8.64 sinh~1(—#) = —sinh—!x
8.65 tanh—1(—2) = —tanh~1x
8.66 coth—1(—x) = —coth™1x
8.67 esch—1(—x) = —esch™ 1z
GRAPHS OF INVERSE HYPERBOLIC FUNCTIONS
8.68 y = sinh—1g 8.69 y = cosh™1lx 8.70 y = tanh— 1z
Y Yy | Yy |
‘ |
| i
' |
| I
| |
| |
0 o ® -1, 0 1
\ | !
\ | I
A | |
\\\ l 1
= | |
| i
Fig. 8-7 Fig. 8-8 Fig. 8-9
8.71 y = coth— !z 8.72 y = sech~lx 8.73 y = esch~ 1z
| Yy | H Y
| |
| I
| |
| |
| |
| |
Sy 5} 1 0 T * 0
I |
| ! ,
| | e
| | /
| | /
| ! g
Fig. 8-10 Fig.8-11 Fig.8-12



~ RELATIONSHIP BETWEEN HYPERBOLIC AND TRIGONOMETRIC FUNCTIONS

8.74

8.77

8.80

8.83

sin (tx) = 1 sinhx
cse (ix) = —ieschx
sinh (i) = isinx
cesch (ix) = —1dcscx

HYPERBOLIC FUNCTIONS

8.75

8.78

8.81

8.84

cos (ix)

sec (ix)

cosh (iz)

sech (ix)

cosh « 8.76
sech z 8.79
= cosx 8.82
= secx 8.85

PERIODICITY OF HYPERBOLIC FUNCTIONS |

In the following k is any integer.

8.86

8.89

8.92

8.94

8.96

8.98

8.100

8.102

sinh (x + 2k#1) = sinh«

esch (z + 2k#i) eschx

sin—1(&x) = isinh—lz
cos~ix = *icosh~lzx
tan—1(ix) = itanh—1lx
cot—1(ix) = —icoth~ 1z
sec—lx = Zigech—lg

esc—1(ix) = —iecsech™1x

8.87

8.90

cosh (x + 2k7i) =

sech (x + 2k#1) =

8.93

8.95

8.97

8.99

8.101

8.103

cosh z

8.N

sech x

sinh—1(ix) = isin"tzx
cosh—1x = =icos™lux
tanh—1(iz) = dtan—lx
coth—1(ix) = —icot— 1z
sech— 1z = Tigec iz
esch—1(ix) = —iecse~lx

31

tan (iz) = 1 tanho
cot (ix) = —dicothx
tanh (ix) = itanax
coth (ix) = —icotx
tanh (x 4 kzi) = tanhz
coth (x + kni) = cothz

 RELATIONSHIP BETWEEN INVERSE HYPERBOLIC AND INVERSE TRIGONOMETRIC FUNCTIONS |



Q | SOLUTIONS of ALGEBRAIC EQUATIONS

QUADRATIC EQUATION: ax?+bx+¢ = 0

—b = Vb2 —dac

9.1 Solutions: x =
2a

If a,b, ¢ are real and if D = b2 —4ac is the discriminant, t:hen'the roots are
(i) real and unequalif D >0 B
(ii) real and equalif D =0
(iii) complex conjugate if D < 0

9.2 If x,,x, are the roots, then «;+x, = —b/a and %, = ¢/a.

CUBIC EQUATION: #®+a:2’ +awx +as = 0

3a, — a? _ 9a,a5 — 27ag — 205

Let Q = —T_) R = 54 ’
3 3
S=\R+VEFER, T = \R—VPIER

Xy = S+ T — %al
9.3 Solutions: @y = —3S+T)— ya; + V3 (S —T)
g = —4S+T) — a; — V3 (S—T)

L

If @y, 05,05 are real and if D = Q3+ R? is the discriminant, then
(i) one root is real and two complex conjugate if D > 0
(ii) all roots are real and at least two are equal if D = 0

(ifi) all roots are real and unequal if D < 0.
If D <0, computation is simplified by use of trigonometry.
2y = 2V—Q cos (46)
9.4 Solutions if D < 0: zy = 2V—Q cos (36 +120°) where cosé = —R/\V/—Q3
2V —Q cos (16 + 240°)

L3

9.5 Ty + X+ X3 = —ay, X%y + XXy T T30y = ay, X X%z = —G3

where x;, 25, x5 are the three roots.

32



SOLUTIONS OF ALGEBRAIC EQUATIONS 33

QUARTIC EQUATION: o'+ a:2® + asr® + st + a0 = 0

Let y, be a real root of the cubic equation

2

9.6 ¥P — agy® + (a105 — day)y + (dayay —al — a?ay) = 0

9.7 Solutions: The 4 roots of 22 + Hag = Va2 —day, + 4y, 3z + Hyy = Vy; —4da,} = 0

If all roots of 9.6 are real, computation is simplified by using that particular real root which produces
all real coefficients in the quadratic equation 9.7,

]
x1+x2+x3+x4:—a1 Q - c‘

9.8 %1% + @0y + ey + ey + kg F Vo4 = @y —_—
L12oWy + Xogdy T X Woky + wXTgwy = —ay R
L1Xola®y = Oy

where x,, 5, %3, x, are the four roots.

O




10 | ~ FORMULAS from
PLANE ANALYTIC GEOMETRY

DISTANCE d BETWEEN TWO POINTS Pi(x1,71) AND Pa(zs, ¥5)

10.1 d = Vieg—21)2 + Ws—y))? v b
d
P‘m.y/l/‘ (s~ vy)
- | (:tz — xl) ~1|
2y R
Fig.10-1

SLOPE m OF LINE JOINING TWO POINTS Pi(x:,%:) AND Pa(zs, y2)

Ya — Y1
10.2 m = ——— = tang¢
Lo — g

EQUATION OF LINE JOINING TWO POINTS Pi(z1, %) AND Py(xs, ¥2)

Yy —4 Ya — Y1

10.3 = - — - _
pram——y P m or ¥y — Y m(x — 2q)
104 y = mx+b
TolY1 — XYy . .. .
where b = y; —mex, = T —a is the intercept on the y axis, i.e. the y intercept.
2 T Xy

EQUATION OF LINE IN TERMS OF z INTERCEPT a0 AND y INTERCEPT b+0

10.5

Q|8
+
o
il
(=Y

Fig.10-2

34



where the sign is chosen so that the distance is nonnegative.

FORMULAS FROM PLANE ANALYTIC GEOMETRY 35

NORMAL FORM FOR EQUATION OF LINE

xcosa + ysina = p
p = perpendicular distance from origin O to line
a = angle of inclination of perpendicular with

positive x axis.

GENERAL EQUATION OF LINE

Az +By+C = 0

P,

AW ©

Fig.10-3

DISTANCE FROM POINT (1, 4:) TO LINE Az +By+C =0

ALL‘1+By1+C

+\A? | B2

ANGLE ¢ BETWEEN TWO LINES HAVING SLOPES m; AND n:

My — My

tany = 1+ MMy

Lines are parallel or coincident if and only if m; = m,.

Lines are perpendicular if and only if my, = —1/m;.

10.6
where
and
10.7
10.8
10.9
10.10 Area

e
¥
@e my

x

Fig. 10-4

AREA OF TRIANGLE WITH VERTICES AT (1, 1), (22, ¥2), (23, Y3)

% Yy 1

= =1 w2 Yy 1
2 2

23 Yg 1

1
= Fo @ty + Y3% — Yo3 — Y12 — %1Y3)

where the sign is chosen so that the area is nonnegative.

If the area is zero the points all lie on a line.

Y

M‘,y‘)

(%2, ¥2) ﬁ..\x
(3, ¥3)

x

Fig.10-5
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FORMULAS FROM PLANE ANALYTIC GEOMETRY

TRANSFORMATION OF COORDINATES INVOLVING PURE TRANSLATION

x = % + xg x = x— % Y 'y
10.11 , or , [
: ¥y = ¥ty ¥ = ¥~ |
. . . . » Yo)
where (x,y) are old coordinates [i.e. coordinates relative to @~ ———————~—— l%o,ilo——-—— x’
xy system], (x',y’) are new coordinates [relative to z’y’ sys- ‘l
tem] and (wg,y,) are the coordinates of the new origin O’ i @
relative to the old xy coordinate system. 0 |
|
Fig.10-6
TRANSFORMATION OF COORDINATES INVOLVING PURE ROTATION
- — ’ ! ot A s 4 4
x = &' cosa— Y sina ' = xcosa+ ysina \Y x'
10.12 o, , or , ) \ P
y = ' sina + ¥ cosa ¥y = ycosa—xsina \ -
~
where the origins of the old [xy] and new [x'y’] coordinate \\ e
systems are the same but the »’ axis makes an angle o with \|o /@
the positive x axis. — x
-
- \
~ - \
Fig.10-7

TRANSFORMATION OF COORDINATES INVOLVING TRANSLATION AND ROTATION

= %' cosa — ¥ sine + x,

x =
. [
y:

where the new origin O’ of 'y’ coordinate system has co-
ordinates (x(,y,) relative to the old xy coordinate system
and the x’ axis makes an angle « with the positive x axis.

10.13

' sina + ¥ cosa + y,
(x — ) cosa + (¥ —yy) sina

(¥ —yp) cose — (x— ) sina

POLAR COORDINATES (r,9)

A point P can be located by rectangular coordinates (x,y) or
polar coordinates (r, §). The transformation between these coordinates
is

xr = rcosé r = Vaity2
10.14 _ . or _ _
y = rsing 6 = tan—1 (y/x)

y’\ Yy o
\ ~ -
\ ~
N
PR (™
]
s 0 v
\
\
Fig. 10-8
Yy
(z, u)
P{(r, o)
r
o x
4

Fig. 10-9



FORMULAS FROM PLANE ANALYTIC GEOMETRY 37

EQUATION OF CIRCLE OF RADIUS R, CENTER AT (w,, %)

10.15 (x—2p)2 + (y—up)?2 = R2 ¥
R
Ve
(x()) yO)
x
Fig.10-10
EQUATION OF CIRCLE OF RADIUS B PASSING THROUGH ORIGIN
10.16 r = 2R cos (¢ —a) y
where (r,6) are polar coordinates of any point on the
circle and (R, a) are polar coordinates of the center of
the circle.
(R, a)
R/
o
x
Fig.10-11
CONICS [ELLIPSE, PARABOLA OR HYPERBOLA]
If a point P moves so that its distance from a fixed point | Y P
[called the focus] divided by its distance from a fixed line [called M ___ Ll __
the directriz] is a constant ¢ [called the eccentricity], then the i // P(r, 6)
curve described by P is called a conic [so-called because such | Q y
curves can be obtained by intersecting a plane and a cone at | /r
different angles]. l ol /[
If the focus is chosen at origin O the equation of a conic [ //\0
in polar coordinates (r,¢) is, if OQ =p and LM =D, [see T v O v
Fig. 10-12] : Focus
10.17 r=—=2 - __< l
1 —ecose 1 —eccosé Directrixf’}
The conic is : |
(i) an ellipse if ¢ <1 k=D .

(ii) a parabolaif e=1
(iii) a hyperbola if ¢ > 1. Fig.10-12



38 FORMULAS FROM PLANE ANALYTIC GEOMETRY

_ELLIPSE WITH CENTER C(z0, %) AND MAJOR AXIS PARALLEL TO = AXIS

10.18 Length of major axis A’A = 2¢

Yy B
10.19 Length of minor axis BB = 2b f\
A = -
10.20 Distance from center C to focus F or F' is F Y F
¢ = Va2 — b2
Bl
Va2 — b2 x
10.21 Eccentricity = ¢ = L —— o
a a
10.22 Equation in rectangular coordinates: Fig.10-13
(x— xo)z (v— ?/o)z _
a2 b2 =1
2p2
10.23 Equation in polar coordinates if C is at O: r2 = g oa _: 2T oos? g
— 2
10.24 Equation in polar coordinates if C is on z axis and F’ is at O: r = iLc(e)s)E
— €

10.25 If P is any point on the ellipse, PF + PF’ = 2q

If the major axis is parallel to the y axis, interchange x and y in the above or replace ¢ by 47 — 6 for
90° — ¢].

PARABOLA WITH AXIS PARALLEL TO 2 AXIS

If vertex is at A(xg, ¥o) and the distance from A to focus F' is @ > 0, the equation of the parabola is
10.26 W —y)2 = 4da(x— ) if parabola opens to right [Fig. 10-14]
10.27 (¥ —yo)? = ~4a(x—x,) if parabola opens to left [Fig. 10-15]

If focus is at the origin [Fig. 10-16] the equation in polar coordinates is

10.28 y — — 20
1 —cose¢
Yy Yy Y
/
//
7
/
a a 6
A 7 F A ud /\ ©
(g, Yo) (g, ¥o) 0
’ \ x / ° x \
Fig.10-14 Fig.10-15 Fig. 10-16

In case the axis is parallel to the y axis, interchange « and y or replace ¢ by 1z — ¢ [or 90° — ¢].



10.29

10.30

10.31

10.32

10.33

10.34

10.35

10.36

10.37

If the major axis is parallel to the y axis, interchange x and y in the above or replace ¢ by 4z — 6

FORMULAS FROM PLANE ANALYTIC GEOMETRY

7H
b
/
s
s
v
s
B s
s
7
7
N o’
RN
s ~
s AN
B
s
s
x
// 0
/
G'/
Fig. 10-17
Length of major axis A’A = 2a
Length of minor axis B'B = 2b
Distance from center C to focus F or F/ = ¢ = Va?+ b2
Va2 + b?
Eccentricity e = — = ——
a a
x—22 (¥ — Yo
Equation in rectangular coordinates: ( p o ~ 2 =
b
Slopes of asymptotes G’'H and GH' = =
2p2
. . . : . . 2 — a
Equation in polar coordinates if C is at O: r oo s — @ sinZa
2 —
Equation in polar coordinates if C is on X axis and F' isat O: r = -li(%
- €

If P is any point on the hyperbola, PF — PF’ = *2a [depending on branch]

[or 90° — g].



11 cuRvEs

'SPECIAL PLANE

LEMNISCATE
1.1 Equation in polar coordinates:
r2 = a? cos 28
11.2 Equation in rectangular coordinates:

@+ 992 = aXa2—y?)

11.3 Angle between AB’ or A’B and x axis = 45° it AN
A ;L
11.4 Area of one loop = 1a? Fig.11-1
cYCLOID
11.5 Equations in parametric form: Y

x = a{¢ — sin ¢)
{y = a(l — cos ¢)

-~
/ N\
11.6 Area of one arch = 3rza? P 5 ) 2
11.7  Arc length of one arch = 8a 0o 2ra
This is a curve described by a point P on a circle of radius
a rolling along «x axis. Fig.11-2

HYPOCYCLOID WITH FOUR CUSPS

11.8 Equation in rectangular coordinates:
x2/3 + Y23 = q2/3

11.9 Equations in parametric form:

xr = acosdd
y = asindg

11.10 Area bounded by curve = §ra?

11.11  Arc length of entire curve = 6a

This is a curve described by a point P on a circle of radius
a/4 as it rolls on the inside of a cirele of radius a.

40



SPECIAL PLANE CURVES

CARDIOID

11.12 Equation: » = a(l + cos )
11.13  Area bounded by curve = Zra2

11.14  Arc length of curve = 8a

This is the curve described by a point P of a circle of radius
a as it rolls on the outside of a fixed circle of radius a. The
curve is also a special case of the limacon of Pascal [see 11.32].

CATENARY

11.15 Equation: y = i;'(ef/ll—§~e'1/ﬂ) = acosh%

This is the curve in which a heavy uniform chain would
hang if suspended vertically from fixed points 4 and B.

THREE-LEAVED ROSE

11.16 Equation: » = a cos 36

The equation r = @ sin3¢ is a similar curve obtained by
rotating the curve of Fig. 11-6 counterclockwise through 30° or
7/6 radians.

In general » = acosng or r=asinng has n leaves if
n is odd.

FOUR-LEAVED ROSE

11.17 Equation: r = a cos2¢

The equation 7 = a sin26 is a similar curve obtained by
rotating the curve of Fig. 11-7 counterclockwise through 45°¢ or
/4 radians.

In general r = acosng or 7 = asinng has 2n leaves if
n is even,

41

X
Fig. 11-4
Y
\// B
42
0 X
Fig.11-5
x

Fig.11-6

Fig. 11-7



42 SPECIAL PLANE CURVES

EPICYCLOID
v
11.18 Parametric equations:
x = (a+b)cosé — bcos <a_;; b>0
y = (a+b)sing — b sin<a-;; b>8
This is the curve described by a point P on a circle of x
radius b as it rolls on the outside of a circle of radius a.
The cardioid [Fig. 11-4] is a special case of an epicycloid.
Fig.11-8
GENERAL HYPOCYCLOID
Yy
11.19  Parametric equations: —t
a—b 7 /"\
x = (a—b)cose + bcos )¢ / ‘/ y\’\
a 7\
. fa—1b / &
¥y = (a—b)sing — bsin ¢ o z
° \ 0 ]
This is the curve described by a point P on a circle of \ /
radius b as it rolls on the inside of a circle of radius a. N /
If b= qg/4, the curve is that of Fig. 11-3. N
Fig.11-9

TROCHOID

x = ap — bsing
11.20 Parametric equations: {
¥y = a—bcose

This is the curve described by a point P at distance b from the center of a circle of radius a as the
circle rolls on the z axis.
If b < a, the curve is as shown in Fig. 11-10 and is called a curtate cycloid.

If &> a, the curve is as shown in Fig, 11-11 and is called a prolate cycloid.
If b = a, the curve is the cycloid of Fig. 11-2.

)

Fig.11-10 Fig.11-11



SPECIAL PLANE CURVES 43

TRACTRIX
xz = a(ln cot ¢ — cos¢) Y
11.21  Parametric equations: . - P
Yy = asing a
—
This is the curve described by endpoint P of a taut string ¢ : 2
PQ of length a as the other end @ is moved along the z 0 Q
axis. Fig.11-12
WITCH OF AGNESI
11.22 Equation in rectangular coordinates: y = 8a?
' 2?2 + 4a? v
x = 2acots
11.23 Parametric equations: Y = a(l — cos 26)
In Fig. 11-13 the variable line OA intersects = 2a
and the circle of radius a with center (0,a) at A and B
respectively. Any point P on the “witch” is located by con-

structing lines parallel to the x and y axes through B and
A respectively and determining the point P of intersection. Fig.11-13

FOLIUM OF DESCARTES

11.24 Equation in rectangular coordinates: [4
28 + y3 = Baxy N
AN
11.25 Parametric equations: \\
AN
3at ®
T 1+ <~ 0
3at2
— AN
¥ 148 N\
N
N
3 A
11.26 Area of loop = §a2 AN
11.27 Equation of asymptote: a2 +y+a = 0 Fig.11-14

INVOLUTE OF A CIRCLE

11.28 Parametric equations:
x = a(cos ¢ + ¢ sin ¢)
¥y = a(sing — ¢ cos ¢)

This is the curve described by the endpoint P of a string
as it unwinds from a circle of radius a while held taut.

Fig. 11-15



44 SPECIAL PLANE CURVES

EVOLUTE OF AN ELLIPSE

11.29 Equation in rectangular coordinates:
(a)2/3 + (by)2/3 = (a2 — b2)2/8
11.30  Parametric equations:
axr = (a?— b2) cosd ¢
by = (a®—b2) sin3¢

This curve is the envelope of the normals to the ellipse
x2/a?+ y2/b2 = 1 shown dashed in Fig. 11-16.

OVALS OF CASSINI

11.31  Polar equation: 74 + ot — 2022 cos 26 = bt

This is the curve described by a point P such that the product of its distances from two fixed points
[distance 2a apart] is a constant b2.

The curve is as in Fig. 11-17 or Fig. 11-18 according as b <a or b > a respectively.
If b=a, the curve is a lemniscate [Fig. 11-1].

Fig.11-17 Fig.11-18

LIMACON OF PASCAL

11.32 Polar equation: » = b+ acose

Let OQ be a line joining origin O to any point @ on a circle of diameter a passing through O. Then
the curve is the locus of all points P such that PQ =b.

The curve is as in Fig. 11-19 or Fig. 11-20 according as 6 >a or b<a respectively. If b = a, the
curve is a cardioid [Fig. 11-4]

Fig.11-19 Fig.11-20



SPECIAL PLANE CURVES

CISSOID OF DIOCLES

11.33 Equation in rectangular coordinates:

45

23
9 - %
4 20 — x
11.34 Parametric equations:
x = 2asinZg
x
_ 2asin®s
cos ¢
This is the curve described by a point P such that the
distance OP = distance RS. It is used in the problem of
duplication of a cube, i.e. finding the side of a cube which has
twice the volume of a given cube. Fig. 11-21
SPIRAL OF ARCHIMEDES
Yy
11.35 Polar equation: »r = a#
x

N
7

Fig. 11-22

/



12 FORMULAS from SOLID
ANALYTIC GEOMETRY

DISTANCE d BETWEEN TWO POINTS Pi(x1,%1,21) AND Pa(s, ya, 22)

12 d = V(eg— )2+ (Wa— )2 + (25— 212

/
I
Iy
[
t
N

/
)

IS

]

|

|

|

|

| /
T _
N

Fig.12-1

DIRECTION COSINES OF LINE JOINING POINTS Pi(2:,91,2)) AND Py(zs, ys, 23)

Xg — X Y2 — Y1 2y — 2y

1 . = = = = g =

2.2 l COS @ g, m cos 8 p , mn cos vy ]
where «, 8,y are the angles which line PP, makes with the positive x,y, 2z axes respectively and
d is given by 12.1 [see Fig. 12-1].

RELATIONSHIP BETWEEN DIRECTION COSINES

123 cos2a+eos2Btcos2y =1 or BR+m2tn? =1

DIRECTION NUMBERS

Numbers L, M, N which are proportional to the direction cosines l,m,n are called direction numbers.
The relationship between them is given by

12.4 A T

= ) m = 5 n = - _—_—_——————
VLE+ M2+ N2 VLZ+ MZ L N2 V2T M2+ N2

46



FORMULAS FROM SOLID ANALYTIC GEOMETRY 47

EQUATIONS OF LINE JOINING Pi(xy, %1, 21) AND Pa(xz, 92, 2:) IN STANDARD FORM

X — Xy Y — Yy 2 — 2 x— Xy Y — Y 2 — 2z
12.5 = = or = prnad
Lo — ¥y Y2 — Yy g T 2y l m n

These are also valid if [, m,n are replaced by L, M,N respectively.

EQUATIONS OF LINE JOINING Pi(x1,y1,21) AND Py(xs,y2,22) IN PARAMETRIC FORM

12.6 x = ay+ U, y =y +mt 2z = z +nt

These are also valid if I,m,n are replaced by L, M, N respectively.

ANGLE: ¢ BETWEEN TWO LINES WITH DIRECTION COSINES i, m(,n1 AND I, my, o

12.7 cos¢ = Lily + mmmy + nyn,

GENERAL EQUATION OF A PLANE

12.8 Axr+ By +Cz+D = 0 [A,B,C,D are constants]

EQUATION OF PLANE PASSING THROUGH POINTS (1, ¥1, 21), (%2, Y2, 22), (23, U3, 23)

X Y~ Y1 22
12.9 Lo —~ Xy Yo — Y1 29 — 24 = 0

Y3 — Xy Yz — Y1 23— 2y
or

- 29 — 2 Zg — 24 X9 — X Xy — Xy Yo — Y
12.10 Y2 — Y1 2 1 @—a) + 2 1 2 1 W—y) + 2 1 2 1 (z—2) = 0
Ys — Y1 23— 2 23 T 2% Y3 — Xy X3 — Xy Yz~ Yi
EQUATION OF PLANE IN INTERCEPT FORM
12.11 Zr¥iZ2 oy
o b ¢
where a,b,c¢ are the intercepts on the z,y,2 axes

respectively.

Fig.12-2
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12.12

12.13

12.14

12.15

FOKMULAS FROM SOLID ANALYTIC GEOMETRY

EQUATIONS OF LINE THROUGH (0, %o, 20)

AND PERPENDICULAR TO PLANE Az +By+Cz+D =0

X Xy Y — Yo 2

= = or x = x -+ At,

A B C

¥y = yo+ Bt, z = 2+ Ct

DISTANCE FROM POINT (i, %0,20)) TO PLANE Ax +By+Cz+D = 0

Axy + Byy + Czy + D

+AZ + B? £ C?

where the sign is chosen so that the distance is nonnegative.

NORMAL FORM FOR EQUATION OF PLANE

xcosa + ycosB + zcosy = p

where p = perpendicular distance from O to plane at
P and «, 3,7 are angles between OP and positive x,y,2
axes.

Fig.12-3

TRANSFORMATION OF COORDINATES INVOLVING PURE TRANSLATION

x = x' + x ¥ = x— x
y =y ty or ¥ = ¥~ Y
z = 2 + 2z ? o=z -z

where (x,y,z) are old coordinates [i.e. coordinates rela-
tive to xyz system], (x/,¥’,2') are new coordinates [rela-
tive to x'y’z’ system] and (&, ¥y, 2p) are the coordinates
of the new origin O’ relative to the old xyz coordinate
system.

s

’

|z
|
|
|

Goynz)

OI

Note that the direction numbers for a line perpendicular to the plane Ax + By -+ Cz+D =0 are
A, B,C.

Y

y/

Fig. 12-4



FORMULAS FROM SOLID ANALYTIC GEOMETRY

TRANSFORMATION OF COORDINATES INVOLVING PURE ROTATION

49

x = L' + Ly + 12 o z
\
12.16 y = mya’ + moy’ + mgz’ \
\ t
2 = '+ ney’ + nge’ \ _ ~Y
\ e
’ AN ~
' = Lix+ my+ ngz \ P
\ -~
or y = L+ mey + ngz -7
2 = g + mgy + ngz /O
/
where the origins of the axyz and x'y’z’ systems are the /
same and Iy, mq, ny; Iy, Mo, No; I3, mg, ns are the direction //oc’
cosines of the x’,y’,2’ axes relative to the x,y,2 axes *
respectively.
Fig. 12-5

TRANSFORMATION OF COORDINATES INVOLVING TRANSLATION AND ROTATION

Y

x = L'+ Ly + 37" + x, z 2
\
1217 y = mx’ + mey’ + mg2’ + ¥, ‘\\ _y
2 = nyx’ + mey’ + mgr’ + 2z N P
\‘ P
07 )
v = L@ —xg) + myy —yo) + nyle—2) / (o ¥ 2o
or ¥ = Lir—zp) + myly — y) + nofz — 2) //
2 = Il — ) + ma(y — yo) + nalz — 24) 0 1
/
where the origin O’ of the x'y’2’ system has coordinates [’
(29, Yo, 29) relative to the xyz system and I, my,ny;
Iy, my, mo; I3, mg, mg are the direction cosines of the
x',y’, 2" axes relative to the «,¥y,z axes respectively. oc
Fig.12-6
CYLINDRICAL COORDINATES ('r,(),z)
A point P can be located by cylindrical coordinates (r, ¢, z) z
[see Fig. 12-7] as well as rectangular coordinates (x, ¥, 2).
The transformation between these coordinates is (22 4. 2)
MR )
x = 7 cosé r = Va4 y? | ! ¢
12.18 ¥y = rsiné or 6 = tan—1(y/x) p
z = z 2 = z 0
x ] r
ey



50 FORMULAS FROM SOLID ANALYTIC GEOMETRY

SPHERICAL COORDINATES (7,4, ¢)

A point P can be located by spherical coordinates (r,#,¢) 4 (
. : {®, y,2)
[see Fig. 12-8] as well as rectangular coordinates (z,y, z). -‘I(r 5, %)
The transformation between those coordinates is ’,
¥ = 7 sing cos¢ Ly
12.19 y = rsingsing L8 z
2 = rcosé
r = Vaz+y2+22 ¢
or ¢ = tan~!(y/x) : Ty T T
6 = cos 1 (z/Va2+y2+22)
Fig.12-8
EQUATION OF SPHERE IN RECTANGULAR COORDINATES
12.20 (x —x0)® + (¥ —Yo)2 + (2 —2¢)2 = R2 ?

where the sphere has center (xy, ¥y, 2y) and radius R.

Fig.12-9

EQUATION OF SPHERE IN CYLINDRICAL COORDINATES

.2 r2 — 2rgreos(0—6g) + i+ (z—2)2 = R2

where the sphere has center (r, 8y, %y) in cylindrical coordinates and radius R.

If the center is at the origin the equation is

12.22 2+ 22 = R2

EQUATION OF SPHERE IN SPHERICAL COORDINATES

12.23 r2 + 1_(2) — 2ryr sin @ sin 6y cos (¢ — ¢g) = R2
where the sphere has center (g, 8y, ¢) in spherical coordinates and radius R.

If the center is at the origin the equation is

12.24 r = R
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EQUATION OF ELLIPSOID WITH CENTER (Zo, %o, 20) AND SEMI-AXES a,b,¢

{2

@—202 (W—up)? (2= 2)? r
12.25 a2 - b2 + ¢2 =1 -

Fig. 12-10

ELLIPTIC CYLINDER WITH AXIS AS z AXIS

®?  y:
12.26 = +t45 = 1
where a,b are semi-axes of elliptic cross section.

If b = a it becomes a circular cylinder of radius a.

Fig. 12-11

ELLIPTIC CONE WITH AXIS AS z AXIS

a2 y?
a? b2 ¢

12.27

{2
o) 1o

Y

Fig. 12-12

HYPERBOLOID OF ONE SHEET

- R
12.28 ?-{-bfz-'c? = 1

Fig.12-13
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HYPERBOLOID OF TWO SHEETS

a2 2 2 y

Note orientation of axes in Fig. 12-14.

Fig.12-14
ELLIPTIC PARABOLOID
12.30 L g 2 g
Fig. 12-15
HYPERBOLIC PARABOLOID
12.31 LA e z ¢

Note orientation of axes in Fig. 12-16.

Fig.12-16



DEFINITION OF A DERIVATIVE

If y = f(x), the derivative of y or f(x) with respect to z is defined as

13.1 @ o SR = f@ o (et An) — f()
dx h—0 h Az=0 Ax

where h = Ax. The derivative is also denoted by y’, df/dx or f’'(x). The process of taking a derivative is
called differentiation.

GENERAL RULES OF DIFFERENTIATION

In the following, u,», w are functions of «; &, b, ¢, n are constants [restricted if indicated]; e = 2.71828. ..
is the natural base of logarithms; In u is the natural logarithm of u [i.e. the logarithm to the base ¢] where
it is assumed that « > 0 and all angles are in radians.

d _
132 () = 0

d

13.3 %—(cx) = ¢
13.4 —d— (ex®) = mexn—1
dx
d o oduy dv dw o,
13.5 %(uiviwi...) — E;idxidxi—
d du
13.6 d—x(cu) = c%
d dv du
137 -w) = uw o+ v
d = @ dv du
13.8 I wew) = wvgs o+ uw o + v

13.9 d <u> _ v(du/dx) — w(dv/dz)

i\ -
1300 Lan = mer®

13.1 % = %% (Chai* rule)
13.12 Z—Z - dw}du

13.13 Z_Z - ZZ;ZZ
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DERIVATIVES

13.14

13.15

13.16

13.20

13.21

13.22

13.23

13.24

13.25

4 sinu
dx

L cosu
dxCS

d
—tanu
dx
~—sin—lu
d cog 1
- u
dx

i’can 1y

dx

d
%cot*lu

d
%sec—lu

d scly
—— cse
dx

1 du
Vi d
V1 =z de

1 du
14+ u2 do

1+ u2 de

1 du

lu} Vuz —1 4%
-1 du

x

| Va2 —1 9%

T w1

d du
| — = —cscZyu—
13.17 I cotu ese?u
13.18 d—d—secu = secu tanugﬂ
* dx
d - du
13.19 a5 oseu = escu cotu%
_T sh—1 K
l: 2 < sin—lu < 2:|

[0 < cos—lu < 7]

_Z -1 T
l: 2<tan u<2:]

[0 < cot—lu < x]

+1 du + if 0 <sec lu < #/2
B wue —1 dz — if 7/2 < seclu < x
¥1 du

— if 0 <ecse~lu < 7/2
+ if —7/2 < ese"lu < 0

13.26

13.27

13.28

13.29

13.30

log, e
a® du a+0,1
% dx
log,u = 1 du
dw %8 T Yy dx
a"lna%
du
[ Rty
¢ dx
ievlnu = evlnui[v]nu] = vu”‘lgﬁ-l—u"lnuﬂ
dx do dx dw

13.31

13.32

13.33

d
iz sinh u

d
Tr cosh u

d
az tanh «

du
cosh u Jr

. du
= sinhu dr

du
2, U
sech?u I

13.34 4 cothu = —cschZu du
dx dx
13.35 @ sechu = —sechwu tanhu du
dx dx
1336 4 eschu = —cschucothu du

dx dx
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1337 Lainh-tu = ﬁg_’;

038 L - L ey

13.39 Ed;tanh—lu = T_I—MZ—Z 1 <u<1]

13.40 %coth—lu = ri_ﬁg_;f [u>1 or u<-1]

AT rmzeesey
w/1—u2 & ’

1342 Loesen-tu = W—ﬁ% = N%Z—: [—if w>0, + if u <0]

. HIGHER DERIVATIVES

The second, third and higher derivatives are defined as follows.

I

. . d d?/ _ d2y _ 7 — 1"
13.43 Second derivative Tr <——~> = 2 ff'ixy = y

dx
. . - _ __d_ _d_zl — ﬂ — 111 — 1"
13.44 Third derivative = az < dx2> b ') = y
C = @4 (aly\ _ dw o, = g
13.45 nth derivative = I < dx"—1> = g = @) = oyt

LEIBNITZ'S RULE FOR HIGHER DERIVATIVES OF PRODUCTS

(4 D,

Let D” stand for the operator t;i:_" so that D%y = 37% = the pth derivative of u. Then
13.46 DMuv) = uDm + <;‘> (Dw)(D»—1v) + <;‘> (D2u)(D»~2v) + -+ + vDmy
where <1L>, <;">, ... are the binomial coefficients [page 3].

As special cases we have

d2 _ . d du dv dPu
13.47 W(uv) = ugst 230; a-l— V2

a3 _ d3v du d2v d*u dv d?u
13.48 Eﬁ(uv) = uw-ﬁ- 3d—xd_x-§+ 3dx2 dx + ’deg

DIFFERENTIALS
Let y = f(®) and Ay = f(x+ Ax) — f(x). Then
Ay _ flatay) —f@) _ 4 - 9

13.49 ae = e = Fflx) + ¢ gt e

where ¢~ 0 as Ax = 0. Thus
13.50 Ay = fl(x)Ax + eAx
If we call Ax = dx the differential of z, then we define the differential of y to be

13.51 dy = f(x)dx
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RULES FOR DIFFERENTIALS

The rules for differentials are exactly analogous to those for derivatives. As examples we observe that

13.52 duxvxrwx--:) = du =dv = dw = ---
13.53 duv) = udv + vdu
13.54 d(ﬂ) — 2du — udy
v v2
13.55 du?) = nur—ldu
13.56 d(sinu) = cosu du
13.57 d(cosu) = —sinudu

PARTIAL DERIVATIVES

Let f(x,y) be a function of the two variables « and y. Then we define the partial derivative of f(z,y)
with respect to x, keeping ¥ constant, to be

13.58 gy fetany) — fxy)

dx Ax=—0 Ax
Similarly the partial derivative of f(x,y) with respect to y, keeping « constant, is defined to be

13.59 O — oy [y tay) — flxy)
ay Ay—0 Ay

Partial derivatives of higher order can be defined as follows.

2 _ 9 (8F #* _ 3 [

13.60 ax? T ox <r’)x>’ a2~y <3y>
o _ o (o & _ s (i

13.61 dxdy ~ ox <ay>’ dyox oy <ax>

The results in 13.61 will be equal if the function and its partial derivatives are continuous, ie. in such
case the order of differentiation makes no difference.
The differential of f(x,y) is defined as
_ o 8f
13.62 df = Py dx + aydy
where dx = Ax and dy = Ay.

Extension to functions of more than two variables are exactly analogous.



d
If d—g— = f(x), then y is the function whose derivative is f(z) and is called the anti-derivative of f(x)

N - . i
or the indefinite integral of f(x), denoted by f f(x) de. Similarly if y = ff(u) du, the -zl-z— = f(u).
Since the derivative of a constant is zero, all indefinite integrals differ by an arbitrary constant.

For the definition of a definite integral, see page 94. The process of finding an integral is called
integration.

In the following, u,v, w are functions of =z; a,b,p, q,n any constants, restricted if indicated;
e = 2.71828. .. is the natural base of logarithms; In u denotes the natural logarithm of « where it is assumed
that » > 0 [in general, to extend formulas to cases where u < 0 as well, replace In u by In |u]]; all angles
are in radians; all constants of integration are omitted but implied.

14.1 fadx = ax
14.2 faf(x)dx = a,f f(x) de

14.3 f(uiviwi~-~)dx = fudx'_"ffudxifwdmi“-

14.4 f udv = uv — f v du [Integration by parts)

For generalized integration by parts, see 14.48.

14.5 f flax)de = % f Fu) du

d F
14.6 f F{f@)}da = fF(u)d—z du = fg’;; du  where u = f(x)
ngw = XL - -
14.7 f urdu = porae n# —1 [For n = —1, see 14.8]

Inu if >0 or In(—uw) if u<0

14.8 f du
u

14,9 fe“du = e

In |u|

1
14.10 fa"-du = fe’“"“du = £ _ a'u, a>0, a1

Ina Ina
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58 INDEFINITE INTEGRALS

14.11 fsinudu = —cosu

14.12 J cosudu = sinu

14.13 ftanudu = Insecu = —Incosu

14.14 fcotu du = Insinu

14.15 fsecudu = In(secu + tanu) = lntan<%—|-%>
14.16 fcscudu = In(escu —cotu) = lntan%
1417 [ setudu = tanu

14.18 Jcsczudu = —cotu

14.19 ftanzudu = tanu — u

14.20 f cot2udu = —cotu = u

in 2
14.21 f sin2u du = g— - E%—u = Ju — sinu cos u)
14.22 j cos2u du = % Slzzu = (u + sinu cosu)

14.23 f secu tanu du = secu
14.24 f escucotudu = —cscu
14.25 f sinhw du = coshu
14.26 f coshu du = sinhu

14.27 f tanhudu = Incoshu

14.28 f cothudu = Insinhu
14.29 f sechu du = sin—l(tanhu) or 2tan~le
14.30 f eschudu = In tanh;—t or —coth—le¥

14.31 f sech?u du = tanhu
14.32 f esch2udu = —cothu

14.33 ftanhzu du = u — tanhu
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14.34 f cothudu = wu — cothu

14.35 f sinh?u du = %2&—

(TR

= J(sinhu coshu — w)

14.36 f cosh?u du = En;lﬂ + % = I(sinhu coshu + u)
14.37 f sechu tanhu du = —sechu
14.38 fcschucothu du = —ecschu
du 1 u
14.39 fm = ;tan—lz
du 1 U —a 1 u
_euw _ 1 = _1 1% .2
1440 [ o 2aln<u+a> Lcoth12 2> g2
du 1 a+u _ 1 _u
14.41 T = -i&ln <a—u> = atanh 1@ u? < a2
du u
1442 [ o
ve—a @
du u
14.43 f—— = In{u+ vVu2+ a2 sinh—1 —
Vu2+ a? ( ) oo ] o
du
14.44 f-—— In(u + V& —a?)
VuZ — a2
’ du 1 U
e — T —1|—
e P b
du 1, (et Vidta
14.46 f— = I (——m—
uVu2+ a? a u
14.47 LU—— <a+ aZ_uz)
) fm/.az__uz T T’ u
14.48 ff(n)g de = f—Dg — fn-20g" 4 fin-3)g” — ... (_1)nffg(n) dx

This is called generalized integration by parts.

IMPORTANT TRANSFORMATIONS

Often in practice an integral can be simplified by using an appropriate transformation or substitution
and formula 14.6, page 57. The following list gives some transformations and their effects.

14.49 fF(ax+b)dx = alfF(u)du where # = ax+b
14.50 fF(\/ax-Fb)dx = %qu(u)du where u = Vax+b

14.51 fF(\n/aa:+b)dx = %Lf un—1 F(u) du where uzvnax+b
14.52 fF'(\/aZ—xZ)dx = afF(acosu) cos u du where x = asinu

14.53 f F(V/x24+a2)dx = a f F(a sec u) secZu du where 2 = atanu
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14.54 f FV/x2—a2)dx = a f F(a tan u) secu tan u du where x = a secu

14.55 f F(ewr)de = % f%du where u = e

14.56 f Flnx)dxe = f F(u) ev du where u = In«

14.57 _ J F <sin—1§> dr = a f F(u) cosu du where u = sin—lg
Similar results apply for other inverse trigonometric functions.

14.58 f F(sinz,cosx)dzx = 2 f F'<1 i_uuz , i _{__ Z:> I jl_uuz where u = t::m-;£

| SPECIAL INTEGRALS

Pages 60 through 93 provide a table of integrals classified under special types. The remarks given on
page 57 apply here as well. It is assumed in all cases that division by zero is excluded.

S INVOLVING az +b

14.59 ‘—md—f_f = (llln (ax + b)

14.60 fﬁ% =2 L@+

14.61 f s (@t 2 tb) | By g4

14.62 f o ez 37 _ Sblan db) et B) _ Bin (s + )
1463 [t - Tn (ax”i b>

s [l o —bl—x+g§1n<‘“”:b>

14.65 fx-‘*(a(fcx-}- b) = 23022;2b + ‘;—zln <W@+~I;>

14.66 f (a,acd-f B a(a;r 5

14.67 (azf_"b)2 = a2(a: 5t alzln (ax + b)

14.68 % = “’”aj b _ - (azz+ 5 i—’; In (az + b)

14.69 (aza faz)z _ (ax2:4b)2 _ 3b(a;c4+ b a4(a23+ 5t 3a—lf In (ax + b)

dx _ 1 1 @
14.70 fx(aa:+b)2 = Pazto) T lm <ax+ b>

dx . —a _ 1 | 2a ax + b
A e il ‘“< z >




14.72

14.73

14.74

14.75

14.76

14.77

14.78

14.79

14.80

14.81

14.82

14.83

14.84

14.85

14.86

14.87

14.88
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f dw _ _fez+b)y? + 3a(ax +b) adx _ 8a2 Inl o + b
»3(ax + b)? 2b%2? b4 biax +b) bt ©
f dax _ —1
(ax+ b ~—  2(ax+b)2
x dx _ —1 + b
(aw + b)3 a?(ax +b) = 2a2(ax + b)2
x2de 2b b2 1
(ax+ b8 = @ax+b)  2a3(ax + b)2 + ad In (az +5)
x3 da _ oz 3h2 b3 3b
f (ax+b3 o at(ax + b) + 2a4(ax + b)2 at In (az + b)
f _ Az _ a?x2 _ 200 1, (fax+b
z(ax + b)3 2b%(ax + b)2  b3ax +b) b z
f_dw_ - —a 2 _ 1  3a, (et
x2(ax + b T 2b%ax+b)2  b3ax+b) bdx = bt ®
f _dw ata? _ _ 4% _ (ex+b)?2 6e2, far+b
x3(ax + b)3 2b5(ax + b)2  b5(ax + b) 2b552 b5 x
_ (ax 4 b)n+1 _
f (ax +b)rdxe = TmFla If »n= -1, see 14.59.
— flax+b)r*t2  blax | b)n+l 1.
f z(ax + d)r dx n T 2)a? e n v —1,—2
If n=-1,-2, see 14.60, 14.67.
2 n _ (ax+&)n+3  2b(ax + b)rt2 b2(ax + b)nt1
f wHaz + by de (n+ 3)a3 (n+ 2)a3 (n+ 1)a3

If n=-1,-2,-3, see 14.61, 14.68, 14.75.

amt Yax + b)»

nb -1
+ m+n+1fa;m(ax+b)" dx

m+n+1
_ a™ax + b)ynt1 mb -1
f xm(ax + b)r dx = m+nt Da mTniDa. M~ ax + b)" dx

—xm+lqg + byn+1 m+n+2
(n+1)b (n+1)b

x™(ax + b)ntldy

INTEGRALS INVOLVIN

da _ 2Vax+ b
f\/aaﬁ-b @
x dx _ 2(ax—2b)\/———
— = =" yJax+b
f\/mc-i-b 3a?
x? dz 2(3a2x2—4abx+8b2)\/——
—_— = axr+b
Var+b 1543
1l Vax + —\/3
— | —
f dx _ Vb \/ax+b+\/3
“J axaex+b 2 tan—1 ax+b
Y = —b
vax+b

[See 14.87]

f__dw_ _verTb _ﬂ_f_ﬂ__
x2Vax+ b bz 2b xVax+ b
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14.89
14.90

14.91
14.92

14.93

14.94

14.95

14.96

14.97

14.98
14.99
l4.'|60
14.101
14.102
14.103

14.104

14.105

14.106
14.107
14.108

14.109

INDEFINITE INTEGRALS

2V (ax + b)3
f Vaxr +bdx = B e
fx\/ax+bdx = %2—21))\/ ax + b)3
f waz b do 2(15a2x2 ;01521;,1)90 + 8b2) (az F b
a
*Vax+b
—dz = 2/azTb + b f [See 14.87]
xvVax+b
Vax +b Vazx + 8
f L L@ f __dw [See 14.87]
x x 2J 2var+0b
d 2e™/ax + b 2mb xm—1
N @mThe  @mtha) J-53 %
f x __ Vax+d _(2m—-3)af dx
™ ax + b (m—1bam=t  2m—=2b J ym-1/gx b

_ 2™
f xax+bdx = @m+3)a (axz + b)3/2

_2mb

~ @m+3a f mTiVaes + b de

n a J‘ dsx
2(m —1) am~ax + b

(2m — B)a f Vax +b

T em—2)b

gm—1

_ 2b(ax + byim+/2

Vax+b i = Vax+b
zn T T = Dam1
*Vax+b de = —law+b)¥2
xm (m— 1)bxm—1
_ 2(ax + bym+2)/2
pym/i2 gy = <2lax T o)ymTaE
f (az + b)n/2 de a(m +2)
2(ax + b)m+ /2
bym/2 g
f 2(ax + b) a2 (m T 4)

2ax + b)m+6)/2

a?(m + 2)

4b(ax + b)(m+0/2  2p2(qg + b)(m+2)/2

2 /2
f 22(axz + bym/2 dx a(m 1 6)

/2
J' (ax +xb)m d

(ax + bym/2 i _ (ax + b)m+2)r2
2 - b

ad(m 4+ 4) ad(m + 2)

X

2az+bym2 f (ax + b)(m—2)/2 &
m

ma (" (ax + bym/2
2b f x d

f dx _ 2
z(ax +b)m/2 T (m — 2)blaw + b)(m—2)/2

INTEGRALS INVOLVING az + b AND pzr +q

L de
b x(ax + b)m—2)/2

da _ 1 1 px + q
(ax+ o)z +q) ~ bp—aq = \ax+b
x de . 1
(ax +b)(px+q) ~ bp— ag { In (ax + b) — ln (px + q)}
f = i Lo P g (B2t
(@x + b)2(pac +q) bp —aq |lax+b ' bp— ag ax + b
z dz 1 g, (et by b
%2 dg b2 1 q2 b(bp — 2aq) }
“In(pt+q) + ———5— In(az+b
(a2 + b)2(px + q) Gp—a@z )  (bop—aq? { o In(@z+q) = (az + b)



14.110

14.111

14.112

14113

14.114

14.115

14.116

14.117

14.118

14.119

14.120

14121

INDEFINITE INTEGRALS

63

f dx -1 1
(az + b)™(px + g)n (n—~1)(bp — aq) | (ax + b)™(px + g)n~!
dx
+ a(m+n—2) (@ T b)m(pa F q)n_l}
ax + b _ ax | bp-—aq
fmdx = % + o2 In (px + q)
T (@ bmet o (et b
(= 1)(bp — ag) {(pxﬂ)w T ) G f gt
(az + b)m _ ~1 {ax + b)m _ gz + p)m—1
f (prtqr = (n—m—1)p {(px + g1 + mlbp~ag) f (pz + @)* dx}
—1 (ax +b)ym (ax + p)ym—1 1
(n—TD)p {(px+q)n—l (b ¥ g1
INTEGRALS INVOLVING V/az + b AND pz + ¢
px + g 2(apz + 3aq — 2bp)
f————m dx 302 Var-+b
1 Vplaz +b) — Vbp — aq
In
f dx _ Vbp—aqVp Volaxr +b) + Vop —aq
x4+ q)Vaxr+b 9 tan—1\/p(T+b)
ag—bpVp aq — bp
2\/a,x+b+ \/bp—aql Vplaz +b) — Vbp — ag
n
fvax+bd P »Vp Vplax +b) + Vbp — ag
T =
pr +gq 2Vax + b 2Vaqg —bp B plax + b)
— tan—1 4/ ———
P Vp V aq — bp
2(px + )" *1vax + b bp — aq (px + ¢q)»
f (px+ " Vaxr+bde = enTa)p + e T T dx
dx _ Vax + b n (2n— a f dx
brtar g, _ HpETOVarth  oniag—bp) ((pxtqrtds
Vazis T @n+ a @n+ Da et
Vaxr+b B ~Vax+b + a . dx
(px + g)n do = (m—Dp(px+g)»~ " 2(n—1)p J (px + " 1Vaz + b
INTEGRALS INVOLVING vax +b AND ypzx + ¢
2
=1 ¥ +b
f i 7= n (Valpz + 9) + Vplaz + ) )
V(az + b)(px + ¢) 2 tan—1 . | —Plaz +b)
—ap \/ a(px + q)
j‘ x do -~ V(ax+b)(px+q)_bp+aqf " dx
Vi{ax + b)(px + q) ap 2ap V(az + b)(px + q)
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14.122

14.123

14.124

14.125

14.126

14.127

14.128

14.129

14.130

14.131

14.132

14.133

14.134

14.135

14.136

14.137

14.138

14.139

14.140

14141

14.142

14.143

f V(ax + b)(px + q) dx

J

f (px+ q) V( ax-l-b) px + q)

]
J
J
S

J

]

]
J

J
J

§amis
J

INDEFINITE INTEGRALS

4ap

V(ax + b)(px +q)

— 2apx + bp + aq @z T o) pr + q) —

(bp — aq)? dx
8ap f Viax + b)(px + q}

prtq,
a.x+b

2a

L bp dx
f V(ax + b)(px + q)
2vax + b

(aqg—bp) Vpr +q

INTEGRALS INVOLVING z° + a2

_de _ lon®
212 a @
x dw 1
2t — 3 In (2 + a?)
2 d,
x%-l-—%é = % — atan—1>
23 dx x2 a
ey o ¥ _ % 2.4 2
2 F a2 g — g n@+a?
dw 1 1 x2
z(x? + a2) 202 " \2® + o2
—dr I SR Y
x2(x2 + a2) a?x a3 a
w _ _ 1 1, a
322+ a?) 20222 2a% T\ 2%+ a?
dx . @€ 1 1 £
@rad? — 2+ a?) + 2gb tan~1
x dw _ -1
(@2 +a22 T 2(x2+a?)
x2dx _ —x 1 %
@2 +a®2 202+ a?) * % tan a
23 dx a2 1 . .
(@2 + a?)2 sty T2 @t
dx _ 1 %2
2(x2 + a?)? 2a2(x2 + a?) + ln <x2 + a2>
_de 1 _ @ 3 tan-1%
x2(22 + a?)? ate  2a4(x2+ a?) T 208 a
do _ 1 1 1 In x2
23(x2 +a2)2 2Qatx2 2a4(x2? + a2) ab 224 a2
dx — x 2n — 38 f
(@2+a%r ~ 2(n— Da(a2+ a?)n— T en—2a) @+ a2)" 1
x de _ -1
(@2+a®)r T 2(m—1)(x2+ a1
do _ 1 1 f da
x(x2 + a)n dm—Da@2+ a1 a2 ) z(zz+ad)n 1
xm dx f am=2dy Zf am—2dx
@2 + a?)n @ray1 7 @ T a)n
dx . J‘ dx 1 dz
Wm(WZ + 0/2)" - aZ xm(x?. + a2)n——1 a2 xm-—2(x2 + a2)n



14.144

14.145

14,146

14.147

14.148

14.149

14.150

14.151

14.152

14.153

14.154

14.155

14.156

14.157

14.158

14.159

14.160

14.161

14.162

de .

J eZ—a =
cdr

2 —az

22 dx _

22 — a2
f x»de
22— a2

INDEFINITE INTEGRALS

INTEGRALS INVOLVING 22 —¢% 2> ¢

1 x—a 1 x
Pl = el
% In <x a> or p coth p

% In (22 — a?)

a x*x—a
x+§ln<x+a>

x2 a2
LN 2 _ g2
B + o) In (22 — a?)

J‘ dx - 1, (#2=e?
w(@? — a2 22 O x2

f__d_x = —1———I—iln r—a
x2(x2 — a?) = a2x ' 203 x+a

f e _ 1 _ 1, 2
3@ —a?)  2a%? 200 " \2— a2

dx _
J‘ (x2 — a2)2 -

— 1 In(%—@
2a%(x2 — a?) 4a3 x+a

x dx — —1
(@2 — a2)2 2% — a?)
22 dx — 1 r—a
_rrar o~z 1
f @ — a2)® 2% — a?) + e ! <x T a>
3 dx —a? 1
— =1 2 — g2
(22 — a?)? 2(x2 — a?) + g " (2% = a%)
dx —1 1 x2
= LI N A
f 2(x2 — a2)2 2a2(x2 — a?) + 2a4 n <902 — a2>
J‘ dx _ 1 x 3 nft—a
x2(22 — a?)2 atx 2a4(x2 — a?) 4a5 x+a

f dox
232 — a2)2

1 1 1 x2
20402~ 2¢%(x? — a?) t s <x2 — a,2>

f (a2 d_xaz)n =

—x _ 2n—3 f dx
2(n — 1)a?(x2 — a2)n—1 2n—2)a?) (22— a2)n—1

-1

J" x dx —
(@2 — a?)n

2(n— 1) (22 — a2)n—1

f dx _ -1 _ 1 f dx
2@ — a?)n 2(n — 1)a2(x? — a2)yn—1 o) z(@?— a1
x™ dy xm—2dy a2 xm—2dy
@2 —a2)n @ —a2n-1 = @ (@2 — a2

f dx
xm(x‘z — aZ)n

- l(__d 1 f ___dw
- a2 xm=2(x2 — g2)n o2 xm(x2 — g2)n—1

65



66 INDEFINITE INTEGRALS

~ INTEGRALS INVOLVING a*— 2%, 2% <a?

14.163 Ei“:x;; = -2171111(:7{—%) or %tanhﬂ%
ares [ EEL o @y

14.165 fa—ff:d% = —x+gln<ziz>

14.166 f;fa_d—’;z = - L - Th@-w

14.167 fx(a%ﬁ = 5l <a2—°fx§>

dx _ x 1 a+x
14.170 f (@2 — 222 ~  2a2(a? — 22) + 4a3 In (a - a:>
x dx _ 1
14171 f L

22 d _ x _1 at+zx
14.172 f(az—xZ)z = sy = <_—a_x>

14.173 (ajid:2)2 = 5 (a;‘j 5+ lin(@-a
14.174 f x(aﬂdj 22)2 = 2a2(a21—x2) + }1 In (a?_x—zﬁ>
14.175 fmf_fgz)_z = aj_i+§a7—((;_—xz)+4_;m<ziz>
14.176 f 903(0,26{f x2)2 - 21;‘:1)02 + 2a4(a,;—x2) + %ln <a_29£3?2->
14177 (S = Ty T G o J @ e
14.178 (azx_d::.z)n = 2n — 1)(:2 — x2)m—1
14.179 f x(azd—xﬁ)ﬂ - 2(n—1)a2(t2~x2)n—1 + %f W—Lfmn—‘!
Wigo [ e o f e (e
s [t o L s

. zm(a? — 22" @) zn@—af)n-1 | a2 ) zm—2(a’— ad)n



14.182

14.183
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14.185

14.186

14.187

14.188

14.189

14.191

14.192

14.193

14.194

14.195

14.196

14.197

14.198

14.199

14.200

14.201

14.202

J
J

J

INDEFINITE INTEGRALS

67

dx

Va2 + a2

x dx
Va2 + a2
x2dx
Va2 + a?
x3 dx

Va2 + a2

dx
xVx2 + a2

x
f 22/ x2 + a2

]

fmdx =
14.190 fxmdx =
fxz\/mdx
fxsmdz

]

S
i)
]

J
J

S
J

dx
23V 22 + a2

V2 + a2
— dux

Va?+ a?
— dx

Va2 + a?
———dx
x

dx

(22 + a2)3/2

x dx

(a2 + a?)3/2

x2 dx

(22 + a2)3/2

x3 dx
(@2 F a2)372

In(x + Va2 + a2)
Va2 + o2
xV 22+ a?

or sinh—1%
a

2
—92— In(x + Va2 + a2)

2
2 4 ,918/2
@2+ a?)32 +3a) — a®/z? + a2
_ 11 a+ Va2 + a2
el x
B Va2 + a?
- a2y
_ _\/x2+a2 1, a+ Va2 + a2
- 2a2x2 2a3 " x
V2 + a2
— +——1n(x+\/x2+a2)
(22 + a2)3/2
3

w(x? +a2)32 @Vl a?

4 8
— (#2+a?)52  a2(x2 4 a?)3/2
5 3

2 2
VIT T — aln (._+__ V+>
x

,/x2+ 2
——— + In(z + Va2 + a?)

Va2 + a2

1, o + Va2 + a2
- 222 2 " x
-z
a?V/x? + o?
—1

Va2 + a2
——

Vet tar * In(x + Va2 +a?)
Va2 +a2 +

a2
Va2 + a2

dax _ 1 1, (@ + Va2 + a?
e = e ()

dx _ m x
22 (2 + a2)3/2 ate at/x? + a?

dx -1 3 3
(a2 + 232 - T 245

20222/ %2 + a2 20tV %2 + a?

4
- % In(x + Va2 + a?)

<a+\/m>

5 In "



68 INDEFINITE INTEGRALS

w(x? + a2)32  SafxrVal+ a2

14.203 f (2 + a232dz = "N ) + 30t + VET @)
14.204 f (x4 a?)3/2dx = w
2 2)5/2 20 ( 22 2)3/2 atxy/ 22 + a2 6
14.205 f w2z + 0232 dzy = (2 tia 32 aPw(x 2-: a?pz S+ VETR)
16 16
14206 { s tarprdy = PR Std e
5
2 213/2 2 2)3/2 a+ Va4 g2
tazey [(EEEPR, @A Lm <___ V)
2 2)3/2 2 2)3/2 3aV 22+ a2
14.208 (i_{—x(;—)dx = @ +xa ) + 5 + -gaz In(x + Va2 + a2)
2 2)3/2 2 213/2 a+ Va2 + a2
14200 (PR, o EHOR L Sare - i <————>
x 2x 2 2 x

~_INTEGRALS INVOLVING /27— &

dex x dx
14.210 f————- = In(x+ Va2 —a?), —— = -
V-2 ViE—a
xy %2 — a?
14.211 o do = 5 + %21,1(95.{_\/%2_“2)
Va? — a2
* x3dx 2 _ q2)3/2
14.212 wdr  _ (@—a?P? e
V2 — a2 3
14.213 f—ﬂ_ = 1|2
oVz? — a2 a a
14.214 J dx _ Yoo
) 22/ 22 — a2 a’x
14.215 f dz il + L sec—1 | &
' VE—gg | 2a%? 2a8 a

Va2 —a?
2 T2

14.216 f\/xz—azazx -
14.217 fx\/xz—a2dx = (a2

3

In(z + Va2 —a?)

2 42)3/2 a2z x2 — a? 4
14.218 fxz\fxz—azczx = MV, - ~ L@+ VI )

14.219 f PV dy = @O adat - ah
f,/xz._az .
— a¥

X

14.220 = Vii—& - a sec—lH

V2 — a2 Va2 — a2
14.221 fx—xzidx = et I+ V@)

Va2 —a? Vaz—az x
14.222 f—a—dx = - 7 + o= sec—l\—‘

. X 2x 2a
dx x
223 f——— . S

14.2 &% — a?)?2 PV — a2



- INDEFINITE INTEGRALS 69

dx —1
14.224 z =
(& — a?)3/2 e
2 dx
14.2 f x = — VEl — o2
25 @ — a2 \/m + In(x + Va2 —a?2)

3 2
226 R o s o

dx —1

— 1 =
14227 T = o - seet|2)
2 _ 42
228 (oo . Yoot s
x*(x% — a?) atx otV — a2

-1z
a

14229 & - 1 3 3
x3(2? — a?)3/2 2020222 — a2 Sat/a? gz 20°

2 __ 42}3/2 2 2 42
14.230 f(x2—a2)3/2dx = o SatnVad—a + 2atin @ + VAT a)

4 8
14.231 J war - gy =
2 42)5/2 200 (22 — o2)3/2 4 /E — a2 6 _
14.232 f x2(x2 — a2)3/2dx = wla? — a?) + & Ha® —a)PR ooVl —a +Z%m (¢ + Va2 — a2)
6 24 16 16
14.233 f W@t — a2 2dy = O -7a2)7/2 + ag(ngaZ)s/z
2 42)3/2 _
14.234 f(x+)dx = (@ 30‘2)3/2 — a®Vx2—a? + a8 sec™! 131
a
2 _ o2)3/ 2 o2)3/2 Vz? — a2
14235 |-, o oo S T —ienme+ vt a)
2 42)3/2 2 _ g2\3/2 \Va? — a2
14.236 (_x____e_z_)*"_/dx - _@—a) Ve —at —3-a sec—1 ﬁ‘
x3 202 2 2

INTEGRALS INVOLVING /@@ = 7 _

_de  _
14.237 f == = sin-1%
dx
14.238 L = -
Va2 — z2
J‘ 22dy eval—a? o 3
a

————— + < sin—

Va2 — 2 B 2 2

_wdde (2 —a?32
14.240 W = a?Va2 — x

14.239

14.241 fi._ - —lln <L— M)
) xVa2— x2 @ x
dx Va?— z?
14.242 f———— = -1
x?V a2 — x? o'x
14.243 = _VE-® 1 <“+ “‘2_”2>
) xg\/_—ﬁ - 2022 2a3 n



70 INDEFINITE INTEGRALS

2 p2
14.244 f\/—az_xzdx _ /- i

14245 [ wvaTmar = -z

3

2 2)3/2 2 PR
14.246 22Va2—2x2dx = __x(a 490) +ax\/(; X —|—28;45in—-12

14.247 f N B gy = (B2 a¥(a?— g2

5 3
—dx
x

2
14.248 VE—F — aln <a+ \/:: x2>
1/ 2 2 )

_ L
= - — sin—1=
x a

f\/aZ—wZ i = _\/a2~x2 1 <a+w/a2—x2>
x8 —

14.250 T T am  Tgm
14251 [t = a2\/a:——x5

1252 [l - \/;21_—302

14253 e = \/# — sin=1g

28 da _ — a2
14258 [P o oy e

dx 1 1, <a + \/az_x2>
x

14.255 f _
w(a® — x2)3/2 ot @ n
f dax Va2 — 2 N "
x2(a2 — x2)3/2 ale a4m

14257 [ = e S . P <—————‘” + ”“2—”2>
’ wda? — 232 T g e i 3 ogt/aP—a2 20 x

14.256

24232 3a2xVa2—2x2 3 ®
a €X i
4 ) + + gatsinTl

14.258 f (a2 — 22)3/2 dx " . :

(a2 — x?)5/2

14.259 f x(a?— 23/ 2dx = ;

B w(a?— 2952 o2u(a®— 232 atxa? — a2 & . x
14.260 f x2(a?2 —x2)3/2dx = ~— 8 + ot + 16 + 16 Sin~1y
14.261 f wda2—z232dy = (LR ala?— 2R
7 5
2 ,2)3/2 2 _ 2)3/2 + vV — 22
14.262 f%dx — (‘l_g@)_ + aVal—22 — a3 ln <“—;_x>

14.263 f (a2 — x2)3/2 d _ (a2 _ x2)3/2 _ 3xvV a2 — x2

x = —_—
22 x 2

14.264 fwdx __(a2—a?pr 3\/a22—x2 P <a+,r—a2_x2>

x8 222



INDEFINITE INTEGRALS 71

!NTEGRAI.S INVOLVING ax® + bx + ¢

_y 2a% + b

2
tan
V4ac — b2 Vdac — b2
14.265 f _
2+bx+c 1 . 2ax + b — Vb? — dac
n
Vb2 — dac 2ax + b + Vb2 — 4ac

If b2 = 4ac, ax?+ bx+ ¢ = a(x+ b/2a)2 and the results on pages 60-61 can be used. If b =10 use
results on page 64. If a or ¢ = 0 use results on pages 60-61.

xdx 1 b dx
—_—_ = = 2 — —_—
14.266 fax2 T b o ln (az2 4+ bx + ¢) T br T o
x2 de .z b 5 — 2ac f dx
14.267 fax2+ butc o 2gm(atTbrtc) + 2a2 ax? + bx + ¢
™ dx _ am"1 ¢ am—2dy bJ‘ am—ldy
14.268 fax2+bx+c T m—1a afax2+bx+c ax? + bx + ¢
de _ 1 x2 _ b dx
14.269 f (a2 +bx+¢) ~  2¢ In <aoc2 + bx + c> 2¢.) ax?+ bx + ¢
__dr b, faxld+br+ec) 1 b2-—2acf de
14.270 J‘:)cz(aar:2 +bx+ec) T 2c2 In < x2 > cx + 2¢2 ax? + bx + ¢
14.271 f S R _b f _a f dar
) zMax?+ b +e¢) (n - 1)cx" 1 xn— 1(¢;wc2 + bx +¢) cJ 2" 2(ax2+ bx + ¢)
- 2ax + b 2a I‘ dx
14.272 f (ax®+ bz + )2 bx +e)2 T (dac — b%)(ax® + bz + ¢) t fae — b2,) ax2 + bx + ¢
14273 [l o bz + 2¢ L
' (aa?+ bz + )2 (dac — b2 (ax2 + bx +¢) dac—b2) ax + bx + ¢
x2 do _ (b2 — 2ac)x + be 2¢ f dx
14.274 f (ax2+bx+¢)>2 ~  a(dac— b2)(ax? + bz + 0) Pl e re
14.275 fx*"’dx_ _ am =1 L _(m=1ec f em=2 de
) (ax2+bx+ )0 (2n —m — 1)a(ax® + bx + c)r—1 @r—m—1)a) (az?+bx+ )"
__ {(n—m)b am—1dx
@2rn—m—1a (ax2 4+ bx + o)
14.276 x2n—1dy _ lf x2n=3 dy _ e _a3dy bf wn—2dy
) (a2 + bx+c)» (ax? + b + c)n—1 (@ + bz + ¢)n (ax2 F bx + o)®
dex _ 1 J' 1 f
R e s B R = A P e
14.278 f dzx _ 1 3a da 2b f
) Haw?+br+c)2  cxp(ax®+ bx + o) (@2 + bx +¢)2 w(ax? + bz + 02 + bac + ¢)?
14.279 f dx _ 1 _ (m+2n—3)a f dx
) e™(aw? + be + e (m — 1)cxm—Yax? + bx + ¢)n—1 (m—1)e¢ xm~Aax2 + bx + ¢)n
_(m+n—2)b

(m—1e am= 1(ax2 + bx + ¢)n



72 INDEFINITE INTEGRALS

 INTEGRALS INVOLVING VaZ T35 7

In the following results if 32 = dac, Vax2+ bx+ec = \/; (x + b/2a) and the results on pages 60-61 can
be used. If b = 0 use the results on pages 67-70. If a =0 or ¢ =0 use the results on pages 61-62,

%ln(2\/¢;\/a,x2+bx+c+2ax+b)
14.280 f-i_ - Ve

Vax2+bxr+ec

__1 sin—1 /20w + b or 1 sinh—1/-20% + b
V—a <\/ b2 — 4ac Ve <\/ 4ac — b2

14.281 xdx _ \/a,x2+bx+c~_f
Vax2+bx +¢ @ m
2 —
14.282 fﬂf’f__ - 2ax 3b Va2 Tbate + 32 4acf
Vax2+bx+c /_‘axz-f-bx—i—c
— = 1In 2\/;\/ax2+bx+c+bx+2c
Ve x
14.283 . d=  _
zVax?+ bx -+ I gn-1/_bet2 N\ = 1 sinh—1 bx + 2¢
V—¢ <|x| \/m Ve <Ix[ Viac — b2
24+ bx+ ¢
14.284 f———””*_ _ _Yex’tbzte _ _f .
#Vaa? T ba+ o = 2¢) oa T bzt e

2 _ B2
14.285 f\/mdx _ Qe h)Varltbato  dac—b f
4o 8a Vax2+bx+ ¢
14.286 fm/mdx = (a”2+bw+c)3’2_b(2¢§x:'b)m
a

3a
_ b4ac—b?)

x
164 J‘\/a:)cz—% bxr+¢
— b2 —
14.287 22Vax2+ bx+ecde = M(aw2+bx+c)3/2 + 5 16a24acf Vax?+ bx + ¢ da

240

vax2+b
14.288 fwdx vax2+bx+e + - f + ¢ f
x 2 \/ax2+bx+c x\/ax2+bx+c
Va2 + b Vaz? + bz +
14.289 f_ﬁ”_iz_xj_cdx = _yarrbrwe . j f
x z Vax?+bx+e¢ x\/ax2+bx~|—c
dx 2(2ax + b)
4.290 =
' @05 0%~ (qao_ 2 et ba e
dx 2(bx + 2¢)
14.291 f 2 =
(az? + bx + ¢)*2 (b2 — 4ac) VaxZ+ bx + ¢
2 dx (202 — dac)x + 2bc 10 dx
14.292 z = + 1 j -
(ax? + bx + ¢)3/2 a(4ac — b2) Vax2+ bx + ¢ aJ Vax?+ bz -|- ¢
dx 1 1 x
14.293 f - +1 f f
Ham Fbe FOPE T itete | ) avamibede 200 @Fbatopt i
dx __ ax®?+2bx + ¢ b2 — 2ace dux
14.294 f x2(ax2 + bx + ¢)3/2 2 /ax2 Fozr+te + 2¢2 f (ax2 + bx + ¢)3/2
T2 f x\/axz +bx+e
14.295 f (ax2+ bz +c)ntli2dy = (2az + b)(ax? + bx + o)n*+1/2
da(n+1)

(2n + 1)(4ac —

b?) f 2 1/2
+ Sa(n + 1) (a2 + bx + c)n— 12 dyx



INDEFINITE INTEGRALS

14296 | a(awt fbatopriay = EIPOEOIIE D gy iz gy
a(2n+ 3) 2a ,
. d _ 2(2az + b)
14.297 j (a2 +bx+ eyt 12 7 (2n— 1)(dac — b2)(ax? + bx + c)n—1/2
4 8a(n — 1) dw

2n—1)dac —b2) ) (ax?+ bx +c)n—1/2

dx — 1
14.298 f wlax®+bx+e)ntl2 T (2n = )eax? + ba + o) 172

. lf dx _ if dx )
c¢.) z(ax2 -+ bx+c)n—1/2 2¢.) (ax2+ bx +c)nt1/e

INTEGRALS INVOLVING 2° + ¢®

Note that for formulas involving 23 — a3 replace a by -a.

14.299 f % - 6715 n 2 (_” jz_xaf @t a21/§ ™ 22\75“
14.300 f% = ;_a]n%%)gﬁ + a%tan_l 22—;
14.303 fﬁ—ﬁ = -1 A ”Z&i“a;: @ _ a:[g tan-1 2’: ‘3“
14.304 J (a3 i”a3)2 - 3a3(x?+ & T 9—2—51n x2 (_x :xaﬁ a? 3a52\/§ tan”! zz _3'1
14.305 J (x3xﬁz3)2 = 3a3(xgg2+ a3) + 1_810L_4ln 902(;19:; = 3a,41\/§ tan™! 22\;3?“
14.306 (—x% = _m
14.307 IW%F = m +im <;3{ia—3>
14.308 fﬁﬁf_iaT)? = _a—,}x - 376(97?4773) - %fﬁ% [See 14.300]
14.310 J‘xn(x(:;la:_ & aa(n__ll)xn—1 - ;;13 _90"—*357?30—‘*‘;37
INTEGRALS INVOLVING o *at

14.31 da _o1 <x2 + axV/2 + a2> R S axy/2

ot + o 4a%V/2 22 — ax/2 + a? 2a%V/2 %? — a?
14.312 fﬁ% = st

22 dx 1 22 — axy/2 + a2 1 a1 ax\/2

313 f = In > - ta
143 ot + ot 4aV/2 <x2 + ax\/2 + a? 201/2 x? — a?
14.314 f DI = Tt

xt + at

73
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14.315

14.316

14.317

14.318

14.319

14.320

14.321

14.322

14.323

14.324

14.325

14.326

14.327

14.328

14.329

14.330

14.331

14.332

14.333

14.334

f da
x(xt + at)
f dx
x2(xt + a?)
f dx
J x3(xt + al)
dx _
ot —gd
xdx .
zt—~aqt
x2dx
T
x3de  _
74— at
f dx
x(x? — a?)

f dx
x2(xt — at)

_ 1 n xt
4a* x4 + at
_ 1 1 ] %2 — axy/2 + a2> n 1
= - n
atx 4a5V/2 x2 + ax\/§+ a?
11w
2aix2 ~ 2¢8 O o2
1 r—a) _ 1, 2
443 n<x+a> 23t g
1 1n % — a®
402 x2 + a?

Lz

INDEFINITE INTEGRALS

- a
+a

1
= 4 g4
4ln(o:: at)

1

o (et—at
x4

xr—a
x+a

I’ dx
J 23zt —at)

f dx

x(x" 4+ a®)

fx”"l dz
"+ a

f &™ da
(x® + am)T

f di
xm(xn + an)r

2atx2

1

nan

4a®

1

x
= —-12
+ 3 tan p

n

1 x
— 1%
> + oab tan a

%2 — g2
x? -+ a?

INTEGRALS INVOLVING 2" * g”

xn

n ————
x" + an

%L In (z® + a®)

= J@rars

1

am—ndy

an

1

wm(xn -+ an)r—l -

xn+an)r 1

dx

an J' gm—ndy
(e + am)

f dx
xyxn + an
J‘ dx

z(x™ — a®)

xn~1dx

xn -— a‘n =

f amdx
(xn — an)‘r

- w/an

J' dx
xm(xn — an)r

1

nan

1n<

(xn _ a,.>
n
xn

1 —an
nln(x" an)

dx

1 dx
an wm—n(xn —+ an)r

Var+ar — \/;‘>
Var+a® + Var

dx
f 2y 2" — an

]

dx

x’"(w" — an)r—-l

n xm—n dy + gm—n
e (x® — a™)T (xn — an)r—1
1(__de 1
an xm—n(xn — a,n)r an
1 n
cos™ —
nyar xn

tan—1
2a5V/2

axV2

% — a2



INDEFINITE INTEGRALS

a?—1dax . 1 o (2k—Dpr /= + acos[(2k — 1)x/2m]
14.335 f S f gt = matmep 2 sin == tan~! -
k=1 m @ sin [(2k — 1)=/2m]
m
. - — 3 cos @k —1)pr In { 2 + 2ax cos——————(zk_l)ﬁ + a?
2ma?m—?P = 2m 2m
where 0 < p = 2m.
2P~ ldy 1 mot kp k
14.336 f —tm T gy kg,l cos%ln x? — 2ax cos;? + a?
_ 1 mt kpz _1 (% — acos (kz/m)
ma2m=—p 21 sin =7~ m tan a sin (kz/m)
1
— — —1)r
where 0 < p = 2m. + oo {In(®—a) + (~=1)?In(x+a)}

14.337 f zplde

22m 1 | gdm+1

2(—1)p—1 § sin 2kpT_ _2kpr I + a cos [2k7/(2m + 1)]
2m + 1)a@m—r+1, 2, 2m + 1 a sin [2k=/(2m + 1)]

(—1)p—1 < 2kp
~ B DT 2 cos gt |
(—1)» 1ln(x+ a)
@m + 1)aZm-p+1
where 0 < p =2m + 1.
14.338 f Gl

Zm+1 _ g2m+1

—2
(@m + 1)a2n—p+1 2 sing

2k
2 2
<w + 2axc052m 1+ a)

z — a cos [2kx/(2m + 1))
tan—1
+ 1 < a sin [2kz/(2Zm + 1)]

t EmT 1)a2m p+1k21 €083 + 1

2kx
2 2
ln<x 2axcos2 1 -+ a>

+ In(x—a)
(2m + 1)a2m—r+1
where 0 < p = 2m+1.

INTEGRALS INVOLVING sin ax

14.339 f sineax de = — 2‘%9&
14.340 j rsinaxr de = sin2a,x _ % cosax
42 a
i 2
14.341 J 22 sinax dx = i—;c sin ax + <52§ - %) cos ax

2 3
14.342 f 23 sinax dx = 3z2_ 6 sinax + bo @ cos ax
a? at ad  a

14.343 fs—mﬁidx = gp — (0% | (ax)®

33! 5+5!
14.344 f sinaw g, - _sinaz 4, f COSAT yy  [see 14.373]
@ x X
14.345 .dx =1 In (csc ax — cotax) = 1 In tan 2%
sin ax o a 2
wde  _ 1 (az)? Tax)s o 2(22n—1—1)B, (ax)2n+1 - .\
14.346 fsm w | @ {‘” t g Tigee T @nT 1! +

14.347 f in?aw dp = & _ sinZew
2 4a
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14.348

14.349

14.350

14.351

14.352

14.353

14.354

14.355

14.356

14.357

14.358

14.359

14.360

14.361

14.362

14.363

14.364

14.365

14.366

14.367

14.368

INDEFINITE INTEGRALS

f x sin2ax de = 42 _ xsin2ax  cos2ax
4 4a Ra?
3
f sindax dg = - C089% 4 cosiax
aQ 3a
f sintax de = 3z _ sin2ax sin 4dax
. 8 4a 32a
Y de . 1
) = —=cotax
sin? qx a
dx cos ax 1 ax
T e _LOSa¥ 4~ Iptan o~
sin?® ax 2a sin2 ax + 2q an -
i i _ sin(p—gx _sin(p+gk
sin px singqx de = _
f 2(p—q) 2(p + q)
dx 1 T ax
St = atan<4 +—2—>
T xde _ w T, ex 2 T aw
1 —sinax atan<4+? + —5 Insin 1 2
IL = -1 tan [ Z— 4%
J1+sinagxr a 4 2
X de 7 ax 2 . - ar
1T sinar o T 5 =1 e
1+ sinax tan<4 2>+a2 nsm<4+2>
1

f(l—smaoc -

5__—__ — —itn T _ ax ._l
A +sinaz)? 22 °M\17 2 6a

p tan

2
— t
aVp? — ¢

tax + q

\/pZ_q-

1
aVq? — p? n

If p = *q see 14.354 and 14.356.

de =
fp+qsinax 1 <ptan%—aw+q—\/:12——1;2

f x q cos ax
(p + ¢ sinax)? a(p? — ¢%)(p + q sin ax)

If p = *q see 14.358 and 14.359.

p tandax + ¢ +

‘/qZ_pZ

dx

» .
+ pz—q2jp+qsinax

p?+ ¢2 tan ax

f dx - 1 ¢
J p?+ q?sinax apVp? + ¢

tan

p

1 . Vp2—q? tan ax
p

_de 0 _ apVp® -~ ¢*
P2 — g2 sin2 ax 1

Vg —p2tanax + p

n
2apV ¢® — p? <\qu —p?tanaz — p

j x™ sin ax dx =

__a™ cos ax N mxm—1ginae _ mm—1)

a a? a?
in i a cos ax
singx ;. _ _ __sinax + o da
xn (n—1)xn1 n—1 xn

_sin""laxcosaxr M~

f sin® ax dx =

1 f sin®~2 qx do

[If p = =q, see 14.368.]

f xm—2 gin ax dx

[see 14.395]

an
dx — COS Q¥ n— 2 dx
sin® ax a(n—1) sinn~lax n—1 sin"~Z ax
x dx —% COS ax 1 n—2f x dx
sin™ ax a2(n — 1)(n — 2) sin®* 2 ax n—1]) sin" 2ax

a(n—1) sin®~!ax



14.369

14.370

14.371

14.372

14.373

14.374

14.375

14.376

14.377

14.378

14.379

14.380

14.381

14.382

14.383

14.384

14.385

14.386

14.387

14.388

14.389

cosax dx =

x cos ax dx

x2 cos ax dx

cos ax dx

COSs ax

cos aac

COS ax

x dx
cos ax

J
J
Je
=
Je
e
B = Liecan + tanan) = 11ntan<4+ 2>
J e
J
J
S
J

INDEFINITE INTEGRALS

INTEGRALS INVOLVING cosaz

sin ax

—. cosax x sin ax
a? a

1]
TN
Xy
b 3]
|

W
N~
)
[=]
7
=]
]

+
TN
8%
|

]a
8
N—
<%
=
Q
]

(a)? . (ax)*  (ax)®
2-21 7 4-41 7 646!

cos ax sin ax
_L0ser 4 — dx
x x

Inx —

[See 14.343]

ax

+ e 4+

(ax)? N (ax)t N 5(ax)S E (ax)2nt2
a2 2 8 144

x sin 2ax

cos2ax dxr = = +
2 4a
ceostar de = 5 4 ®sin2ax | cos2aw
4 4a 8a?
cosd ax de = singx _ sin®ax
a 3a
3x sin 2ax sin 4ax
4 — 5%
costax dx 3 + i 3%a
dx tan ax
cos? ax a
de sinar 1 L tan (T 4 9%
cos3 ax 2a cos? ax 2a 472
_  sin(a—p)x sin (@ + p)x
cos ax cos px dx = +
f 2(a — p) 2(a + p)
f _dx 1, ax
1 — cosax a 2
xdx _ = ax 2 . ax
fl-—cosax - a,COtZ +a21nsm 2
f _de _ 1, a
1+ cosax 2
x dx x ax 2 ax
—== = Ztan—_— + 51 =
fl-ircosax 2 a? ncos 2
[ QI DY Ty
(1 — cos ax)? 20" 2 T 8V 3
dx ax 1 ax
e ax — 34X
f(l + cos ax)? 2 tan 2 + 6a tan 2

Cn+2)@n!

[If @ = *p, see 14.377.]

77



78 INDEFINITE INTEGRALS

L;:an‘1 V(o — ¢)/(p + q) tan fax

aVp? —
14.390 f o e [If p=2q see
P + q cos ax 1 1 tan dax + V(g + p)/(g — ) 14.384 and 14.386.]
n
avgq?—p? tan fax — V(g + p)/(q — p)
14.391 f—-—— = q sin ax . Y4 f dx [If p = *q see
(p + q cos ax)? alg2—p?)(p + qcosax) ¢2—p2 ) p+ qcosax 14.388 and 14.389.]
14.392 f > - C2lx 5 — 1 tan—! p tan ax
PrRetE T lmig VEre

1 p tan ax
—————— tan—1 ==
14393 [ e o p—
. 2 02 cos? =
P g° cos? ax 1 In ptanax — Vg2 — p2>
2apV q? — p? p tan ax + V¢2 — p?

14.394 f am cosax do = P Sinax + mm';‘—l cos ax — m(m_z—l) f xm—2 cos ax dx
a a a
14.39 f cos ax _ _ __cosaxr _ _ sin ax
5 S da e = | [See 14.365]
14.396 f coshar dy = SinexcostTlax + 2= 1 f cos® 2 ax dx
an n
14.397 f dx _ sin ax L =2 dx
cos” ax a(n—1) cos~1ax n—1]) cos" Zax
14.398 f x dx — % sin ax _ 1 + n—2 x dx
cos™ ax a(n—1) cos* " lax  a%(n~1)(n—2) cos""2ax n—1J cos"~2ax

ALS INVOLVING sin az AND cosaz

14.399 f sin ax cosax dx = _s_ir_122ix
o

— _cos(p—q)x _ cos(p+ g

14.400
2(p—q) 2(p+9q)

sin px cos qx dz

inn+1
sin" ax cos ax dox = SH_ 4% [If n = —1, see 14.440.]

14.401
(n+ 1a

+1
coshaw sinax dey = —%8 @ [If = = —1, see 14.429.]

14.402
(n+1)a

sin 4ax

14.403

x
8 32a

J
J
S
S
14408 o e
J s
S s oo
J

sinZ az cos?ax dx =

sin ax cos ax

Il

14.405 Lintan (2457 ) - L
sinZ ax cos ax 47" 2 a sin ax

1 ax 1
= Intan - + ———
sin ax cos2 ax a 2 a cos ax

Il

14.406

_ 2 cot 2ax

14.407
sin2 ax cos2 ax a




INDEFINITE INTEGRALS

14.408 f sin® aw dg = -—Ssinaex + = ln tan <ax + —>
cos ax a a 2 4
2
14.409 f L0879 gy = COSOT ln tan &%
sin ax a a 2
14.410 f——di— = 51,1 “ T
‘ cos ax(l % sin ax) 2a(1 * sin ax) + aln tan 2 2 tg 4
dx 1 1 ax
14.411 - = +_ L = ax
f sin ax(l = cos ax) 2a(1 = cos ax) + 2a In tan 2
dx
14.412 f— = L aw . 7
sin ax = cos ax a\/_ In tan < 8
14.413 IM = Z = L In (sin ax * cos ax)
sin ax = cos ax 2 2a
14.414 f—co—wx— = =24 1 In (sin ax * cos ax)
sin ax * cos ax 2 2a -
sin ax dx _ 1
14.415 fm = —Eln(p—chosarx)
cos ax dx _ 1 .
14.416 fp-i—qsinax = Ealn(p-%—qsmax)
14.417 sin ax dx _ 1
(p + ¢ cos ax)? ag(n —1)(p + q cos ax)r—1!
14.418 cos ax dx _ —1
(p + ¢ sinax)” ag(n—1)(p + q sin ax)n—1
14.419 f ___dz = 1 jptan (2@t tan~!(g/p)
p sinaz -+ ¢ cos ax a ,p2+q2 2
2 /P + (r—q) tan (ax/2)
tan—1
Ve —p2— g2

14.420 f dx wriop-d
p sinax + g cosax + 7 1 o <p — VPP @—12 + (r—q) tan (ax/2)>
avpi+ g2 — o2 p+ Vpi+¢2—7r2 + (r—q) tan (ax/2)

If »r=gq see 14.421. If 72 = p?2+ q2 see 14.422,

dz = l1n<q-i—1o’cana—2m>

14.421

p sinazx + ¢(1 + cos ax) ap

dx

14.422 Qx_ttan_“‘(_q/_p)>

_1 -
= ————tan{->F
p sinax + q cos ax = Vp2+ @2 aVp?+ ¢? <4 2

J
J

o St - doe(2)
J

p? sin2 ax + ¢2 cos2 ax apq q

dx — 1 nlP tanax — ¢q
p? sin2ax — ¢2 cosZ ax 2apq ptanax + ¢

sin™~lax cos"*!ax m—1

sinm—2 ax cos™ ax dx
a(m + n) m+n

14.425 f sin™ ax cosmax dx =
sinm+lag cos" lax | n~—1

sin™ ax cos®~2ax dx
a{m + n) m+n




80 INDEFINITE INTEGRALS

sinm—1 g _ m—1 (sinm2qx d
a(n—1) cos"~lax n—1) cos*2ax ¥
sin™ ax N sinm*1ax m—n+2 sin™ ax
14.426 f cos™ ax do = a(n—1) cos*lax  n—1 J cosn2ax dz
—sinmlax m—1 sinm—2 qx
a(m —n) cos® 1l ax m-—mn cos™ ax
(  —cos™lagx _m—=1 cos™ 2 qx d
a(n—1) sin®" 1 ax n—1 sinn—2az *¥
cos™ ax _ —cos™t1 gy _ m—n+2f cos™ ax
14.427 f m d = A a(n _ 1) sin® ! az n—1 sin®~2qx d
cos™lax m—1 cosm~2 qx
L a(m — n) sin®»~ ! ax m-—n sin® ax
1 m+n—2 dx
14.428 f da _ a(n —1) sin™~1ax cos" ! ax n—1 sin™ az cos" 2 ax
sin™ ax cos” ax -1 m+n—2 dx
a(m—1) sinm~1ax cos®~!ax m—1 sinm~2 qx cos™ ax
INTEGRALS INVOLVING tan az
14.429 f tanax dx = _:11_ Incosaxr = % In sec ax
14.430 f tanZax de = LARO¥
a
2
14.431 f tandax dx = BNO0% lln cos ax
2a a
14.432 f tan® ax sec2ax dx = tan"*lay
(n+ 1a
sec ax 1
14.433 ——der = =Intanax
tan ax a
14.434 f 9 _ — Ly sinas
tan ax o
_ 1 J(ax)3 (ax)® 2(ax)? . 22n(22n — 1) B, (ax)2n+1 .
14.435 fxtanaxdx = az{ 3 + 5 + 105 + + TRy +
tan ax (ax)3 2(ax)s 22n(22n — 1) B, (ax)?n—1
14.436 f—_ - (a2 | 2Aam)
s @ e L N g Yy
2
14.437 f x tan2ax dx = rtanaw | lzlncosa, -z
11 a 2
dx _ px q .
14.438 f PTqtner - Rt @ + TR In (¢ sin ax + p cos ax)

14.439 f tantax dx = tan~law _ f tan*2qzx dx
(n—1a



INDEFINITE INTEGRALS 81

14.440 f cotax dx = i In sin ax

14.441 f cotaw de = — cotar _
a
14.442 f cotbar de = - cotPar 1 In sin ax
2a a
n+1
14.443 f cot®ax esc2axr de = — H
2
14.444 f ccscft ;’: de = —% In cot ax
14.445 dx = -1 In cos ax
cot ax a
1 (ax)d  (ax)’ 22 B, (ax)2n+1
14. f = 1 _ _ e .
4.446 z cot ax dx pe {ax 5 905 TESW
t ax 1 ar (ax)3 22B, (ax)?n—1
14' 7 fL = = = —_— e =
44 @ ax 8 135 @n—1)(2n)!
2

14.448 f xcotax de = — TCoter lzln sin ax — 2

a 1 2
14.449 f __dx = pr __ q In (p sinax + q cos azx)

: p + q cotax P+ ¢ apd+ )

14.450 f cotrax de = — c—(():—n_?—;%?- — f cot? 2 ax dx

14.451 f secax dx = 1 In (sec ax + tanax) = L tan <g:§ + E)
a a 2 4
14.452 f secZax dx = @&ﬂ
14.453 f seclqu dx = Secox tanaw + 1 In (sec ax + tan ax)
2a 2a
14.454 f sechax tanax de = S€CLOT
na
14.455 dz_ _ sinaz
' sec ax a

2 4 6 E 2n+2
14.456 fxsecaxdx = ;,1_2{(%:) + (az) + 5{az) + .- +—n(ﬂ——— + }

2 8 144 (2n + 2)(2n)!
sec ax _ (ax)2 5(ax)t 61(ax)8 . E (ax)?
14.457 f B ay = e+ R ML GO Ly T+

14.458 f x sec2ax dex = % tanax + ;12— In cos ax



82 INDEFINITE INTEGRALS

14.459 IL — ee_zzf__dw_
q + p secax q qJ p+ qceosax

g .
14.460 f sechax dp = S8t ~axtanax + 2 2 sec® 2 ax dux
a(n—1) n—1

_ INTEGRALS INVOLVING csc az

14.461 f escax de = %ln (escax — cotax) = %{ In tan 0'2—00
14.462 f csctag dw = —Cotaw
a
14.463 fcscaax de = —Sscovcotar | 1, .. av
2a 2a 2
14.464 f cschaw cotax dx = — 5 O%
na
14465 (22 - _cosax
cse ax a
3 5 2n—1 on+1
14.466 J rescar de = 1 ax + (a2)? + Nazx)? 4+ -+ 2 LB (az) + .-
P 18 1800 @n+1)!
3 2(22n—1—1)B, (ax)2n—1
14.467 f cscax g 1 e Texp n
az T 6 T 1080 + @n—D)En)!
14.468 f zescZax dx = - TCotex + %Insin ax
14.469 f__dx___ = % _ Qf__ﬂ_ [See 14.360]
q + pescax q qJ p+ ¢gsinax :
14.470 f esctax dx = — escn”2 aw cot aw 4+ = 2 esen~2ax dx
a(n—1) n—1

INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

14.472

14.471 f sin—1 ‘%dm = zsin—1? 2 + Va2 — a2
) 22 a2\ . z  aVa?—x?
x sin—1 z de = sin—1 p —_—

4

3 2 4 2q2 2 2
14.473 fxzsin—li_vdx = Py (@2 + a)\/a .

sin~! (¢/a) _ x , (x/a)® | 1-3(w/a)® , 1+3-5(x/a)’ , .
14474 f @ @ = ot 3537 5455 T 24677 |
14.475 fwd _ _sin"l(@/a) _ lln <a+Va2—x2>

x X a x

2 2
14.476 f(sin—l £> dr = =z <sin—1 £> — 2z + 2Va?—«2 sin™? %
a a



14.477

14.478

14.479

14.480

14.481

14.482

14.483

14.484

14.485

14.486

14.487

14.488

14.489

14.490

14.491

14.492

14.493

14.494

14.495

x
f cos~ 1 = dx
a
3 T
J x cos™ ! = dx
a
x
f 22 cos™! = dx
a

cos 1 (x/a) de
x

cos— ! (x/a)

dz
2

INDEFINITE INTEGRALS

T

§1nx —f

_cos— 1 (x/a) + 1
x a

sin—! (x/a) da

[See 14.474]
x

In <a + \/az—x2>
x

2 2
x x x
f(cos“l —> dr = « <cos*1 —> — 2x — 2Va?2—~x2 cos1 P
a a

—

tan—1% de
a

x

tan-1 % _ %y (22 + a?)
a 2

-1 % = 1(x2 2 -1 z _—

fxtan adx (%2 + a?) tan 2 2

J.xgt 1 %45 = Ty —lf—a—xz+a—31n(m2+a2)
an—’ - gny 6 6

tan—! (z/a) - & _(@ap (/e (x/a)

L R R
—1 2 2

flntiwa g, _ Lz 1y, <m>

. z x a 2a 22

f cot-1Zdr = 4 cot=1 % 4+ Ly (22 + a?)

a a 2

x
x cot—! = dx
a

x
x2 cot—1 = dx
a

cot—1 (x/a)

x

J
J‘
f dx
cot—;z(x/a) da

f sec 1% dy
a

x
x sec”1 = dx
a

J

x
f 22 sec— 1= dx
a

{

1(g2 2 -1, ax
4 (22 + a?) cot a,+ 5

ax? a’

23 x
- —1 Z
g et 6

T
Elnx - f

__cot—1(x/a) n 1

In (22 + a2)

tan—1 (x/a)
x

dax [See 14.486]

In (2t
n e

x 2a
x
xsec“lg—aln(x—f-\/aﬂ—a,z) 0<sec’la<%
X
xsec“1§+aln(x+\/x2—a2) g<sec—1;<w
x2 x ayx2 — a2 x 7
L7 qee—1 X - GVEITT a7 12 <2
2 sec o 3 0 < sec @ )
x2 L ayx2 — a? T 1% -
—2—sec a+—2—— 2<sec p T
3 Vo2 — g2 3
Y osec—1Z . ZxVr T o —g—ln(ac+\/x2—a2)
3 a 6 6
3 V22 — a2 3
%sec*‘i-f- gué—a—-k%ln(x-k\/x?——az)

ol

x
< sec1l =<
a

x
< gec—1= <
a

83

IR
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14.496

14.497

14.498

14.499

14.500

14.501

14.502

14.503

14.504

14.505

14.506

14.507

14.508

fsec'l(x/a) dar
X

fsec—l(x/a) deo

x2

' x
J esc—1Zde =
a

x
f z ese™ 12 dx
a

x
f 22 ese—1 < dx
a

*ese~ 1 (x/a) da
Je=

fcsc“l(oc/a) d

x2

' . x
J x™m gin—1 o dx

x
f xm cos—1 = dx
a
X
f xm tan—1 . dx

f am cot—1 £ di
a

’ x
J ™ gec—1 - dx

) x
j xm ese—1 = do
a

INDEFINITE INTEGRALS

_ T a (a/x)3 1 3(a/x)5 1:3¢5(a/x)7
gime ot os s Y 3 a5.5 T 2o 4v6.7+7
-1 2_ 42
__sec™! (x/a) L Ve a 0 < sec-1% < T
= x ax a 2
-1 2 42
_sec”l(x/a) _ Vax a T ¢ osee-1% < o
x ax a
xcsc*lg-l— aln(x + VaZ—a?) 0 < csc—lg
xcsc—lg— aln(x + Va2 —a?) —g < csc_‘g
Va2 — g2 -
L oese1 T 4 T 0 <esc1Z <2
— a 2 a 2
2 Va2 — g2
Tese1Z - VT O < esem1Z <0
2 a 2 2 a

3 Va2 — a2 3
L ese—1Z 4 L’%————a— + %ln(oc+\/x2—a2)

3 a

3 2 — g2 3
%—csc‘lg — Fﬁ_% - %ln(x+\/x2—a2)

@ 2+3+3 2¢4-5-5 244677

_ _<g+ (@2 , 1:3(a/x) . 1-8-5/a) | >

_ese”l(x/a)  Va2—a?

2
0 < ese1=<
a

ks

x ax 2
~1(x/a Va2 —a? 7 x
_esel(wa) | Vai-oa —T < esem12 <0
x ax 2 a
+1 gmtl
T sin—1 2 — 1 ————dx
m+1 a m+1J \[g2 g2
gmt1 1 gm+1

x @ xm+1
= 1= -
pra S m+1fx2+a2dx

gmtl @ a fﬂi‘_
m+1COt a+m+1 x2+a2dx

gmtlgec 1(w/a) _ _ @ f x™ do
m+1 m+1J  re g

Mt sec— ! (x/a)

a f x™ dx
m+1 m+1J 2 g 2

+

am+1 ese—1 (x/a) a ™ dx

m+1 m+1J 2 g2

am*1 cse! (x/a) a f xm do
m+1 m+1

+

!

N 2

0 < sec—12 <
a

0 < csc"IE <
a

T

™o

-I< csc—lz <0
2 [

IR

T x
= < sec—la <7

0 < csc—IE <
a

” x
—5 < eseml =<

[
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INTEGRALS INVOLVING ¢&=

14.509 f oy = &

14.510 fxe‘”dx = gf—r<m-l>
a a

14511 fxzeazdx = ﬂ<x2_ﬁ+%>
a a a

14.512 f gnear gy = ¢ T f xn~1eax dp
a

eox xn — nxn ! nn—Llgxn=2 (—1)"n!
a? a®

> if » = positive integer

ar 2 3
14513 fe_ — ax (ax) (ax)
5 z & e+ 791+ 2ear Taear T

e = —e® a il
14514 fxn R fxn_l d

e _ x 1
st fEo = 2 L e
dx x 1 1
51 — = =4 _ - %
14.516 f (p + geo)? p? + ap(p + qe®*)  ap? In (p + gee)

1 tan—1<»\/72e”>
q
14.517 f de wre

e g L, (2o 3oh)

2aV/ —pq e + v/ —qlp
. _  e%(a sin bz — b cos bx)
14.518 f e gin bx de = praT

14.519 f 9% cos br dr = e**(a cos bx + b sin bx)

a? + b2
. — xze®(asinbx — b cosbr)  e{(a® — b?) sin bxr — 2ab cos bx}
14.520 f xze® gsinbx dx = Z e T 552

_  xe*®(a cos bx + b sin bx) e2x{(a® — b2) cos bx + 2ab sin bx}
14.521 f xe% cosbx dx = ( o — @ T bR

14.522 feazlnxdx - e“’”_inx_%fffidx

x
inn—1 —1)b2 .
14.523 f e gin® by dx = ‘ﬂ::f:_l—nﬁbzlm (@ sin bx — nb cos bx) + % €?® sin®*~2 bx dx
-1 . n(n — 1)b2 _
14.524 f e cos” bx dw = Waz—cz_s’;?z'gzﬁ{ (@ cos bx + nb sin bx) + a_(2+—n2)32— €% cos" 2 bx dx
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14.525

14.526

14.527

14.528

14.529

14.530

14.531

14.532

14.533

14.534

14.535

14.536

14.537

14.538

14.539

14.540

14.541

14.542

INDEFINITE INTEGRALS

INTEGRALS INVOLVING Inz

x2
fxlnxdx = ?(lnx—%)
_ gmti i
f g Ing de = o Ing — ——— [If m = —1 see 14.528.]
ln—xdac = 1lnzac
x 2
ln_:cd _Iny 1
x x x
fln‘é’xdx = zIn?2z — 2xlnx + 2z
Infzde _ Inntlg _
f p = T [If n = —1 see 14.532.]
dx _
“Inz = In (In x)
do In2 2 In3x
nze = In(lnz) + nz + 2.2!4—3—.3!
xmdr (m-+1)2In2x (m+1)3In3x
e - In(lnz) + m+1)Inz + 5251 + 3. 31
fln"mdx = xln"zx — nfln"—lxdac
fxmln"avdx = gtllnny % fxmlnn—lxdx
m+1 m+1

If m = —1 see 14.531.

f In@®2+a?)de = 2z2ln(x2+a?) — 22 4+ 2a tan—lg

Il

f In (x2 — a?) dx

a

zIn(@?—a?) — 20 + aln <§—t—a’>

5 0 _ amtlin(a®=a?) _ 2 f gm+2
fx'"ln(x * a?) dx i i o x—ziade

INTEGRALS INVOLVING sinh az

. h ax
f sinhax de = S080°%
a

. x h ax inh ax
x sinhax dx = o8 _ 8
a a?

2
f %2 sinhax de = z + 2 coshaxr — 2 sinh ax
a ad a2

4 e



14.543

14.544

14.545

14.546

14.547

14.548

14.549

14.550

14.551

14.552

14.553

14.554

14.555

14.556

14.557

14.558

14.559

14.560

14.561
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(ax)® (ax)5

sinh ax

sihar . = + S
f @ TS THLSY T

inh .
f __smxzax dux - —~—Sln2 2t a J‘ ‘cos}: 2% de [See 14.565]
dx _ 1 ax

f sinhaz _ g mtanh 2
f xdx _ 1 a — (ax)3 + T(awx)5 " 2(—1)n(22n — 1) B, (ax)2n+1

sinh az a? 18 1800 (@n + 1)1 to
f sinhZax de = Sinhawcoshar @

2a 2
J‘ © sinh?ax do — % Sinh2ax  cosh2x _ 22
4a 8a? 4
dx _ _cothax

sinh? ax a

f sinh ax sinh px dx = sinh (@ + p)z_ sinh (a — p)a
2(a+p) 2(a —p)
For a = *psee 14.547.
J' sinh az sin px de = a cosh ax sin px — p sinh ax cos px
a? + p?

J sinh ax cos px dx =

a cosh ax cos px + p sinh ax sin px
a? + p?

dx
fp%—qsinhax - P+ ¢

_ 1 <qe“+p—\/zﬂ+q2
qe? + p + Vp2+ g2

dx
f (p + gsinhax)2 ~ a2+ ¢2){(p + ¢ sinh ax) + P>+ q2

_ — ¢q cosh ax p f dx
p + ¢ sinh ax

1 tan—1 Va?— p? tanh ax —p2 tanh ax
apV ¢? — p?

dx
21 o2 si =
f p2 + ¢2 sinh2 qx 1 " <p + \/;2-——q2tanh ax>

2apVp2 — ¢2 » — Vp?— ¢% tanh ex

dx _
fpz — ¢2 sinh2 ax 2am /—‘pz e

1 In <p + Vp2+ ¢2 tanh ax>
p — Vp2+ g2 tanh ax

f zm sinhaz dp = Tocoshox %f xm~1 cosh aw dx [See 14.585]

J sinh® ax dx

a

inh®~! ax cosh ax n~—1 .
= 8 s — T Sll’lh"_2 ax dx

an
sinh ax _ —gsinhasx f cosh w
f — de = = 1)90"_1 po— o) [See 14.587]
de — cosh ax _n—2 do
sinh® aw a(n—1) sinh? 1 ax n—1/J sinhn—2ax
— z cosh ax 1 n—2 x dx

f xdx
sinh” ax

a(n—1) sinh" laz  a2(n— 1)(n— 2) sinh*2ax " n—1) sinhr2ax
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14.562

14.563

14.564

14.565

14.566

14.567

14.568

14.569

14.570

14.571

14.572

14.573

14.574

14.575

14.576

14.577

14.578

14.579

14.580

14.581

14.582

INDEFINITE INTEGRALS

INTEGRALS INVOLVING coshax

f coshax de = M
a
fx coshax de = % sinh ax __ coshax
. a aZ
2
f %% cosh aw do = _M_Sz_}ﬂ + <£— + %) sinh ax
- a a a
cosh ax _ (ax)? (ax)* | (ax)b .
f w9 T et ot Tt Geer T
J'cosh;uc dz = _coshax afsmh (L [See 14.543]
x x x
f dx — g tan~1 eax
cosh ax a
[ o Ll (e Sant L Bplaz)nr?
coshaz ~ o) 2 8 144 Grnt2mr T
fcoshz ax de = £ 4 sinhaw coshaw
2 2a
fxcoshz ax de = 2 + # sinh 2ax  cosh 2azx
4 4a 8a?
dx — tanhax
cosh? ax a

sinh (& — p)x sinh (a + p)x
2(a — p) 2(a -+ p)

f cosh ax cosh px dxz =

a sinh ax sin px — p cosh ax cos px

f cosh ax sin px dx = T P

a sinh ax cos px + p cosh ax sin px

f coshax cospx dz =

a2 + p?
f&?sh%_ﬁ = %tanhﬂzaf
f(ms—h—f:o_:_l = —%coth%
fm—%ﬂ = %tanh%ﬁ_ ;zilncosha—;
f&?h%%‘l_ = ——c th-——+ lnsmh_
fm = Elt;tanh“_; — glojtanh-“i 1295
fm = 2 coth— _1 cothﬁ%

M Gl 4
da a q2— qu—Pz
fp+qcoshax a <ea:c+p_,/p2_q2>

ear 4 P + ‘/p2__q2

dx - q sinh ax p

dx

(® +gcoshaz)?  a(g®—p?)(p + g coshaw) g2 — p?

]

p + q coshaz



14.583

14.584

14.585

14.586

14.587

14.588

14.589

14.590

14.591

14.592

14.593

14.594

14.595

14.596

14.597

14.598

14.599

14.600

14.601

f dox
p2 — ¢2 coshZax

f dx
p? + q2 cosh? ax

f xm cosh ax dx
.

2™ sinhax _ m

cosh” ! azx sinh ax

INDEFINITE INTEGRALS

89

1 In <p tanh ax + Vp2— q2>
2ap\/;trq? p tanh ax — m
-1 tan-1 P tanh ez p tanh ax
e Ve
1 In <p tanh ax + Vo2 + q2>
2apVP?+ @2 p tanhax — Vp2+ ¢2

_; ptanhoax tanh ax

\/p2+q2

a f 2™~ 1 ginh ax dx

1
apVp?+ q2

[See 14.557]
a

f cosh®ax dx =

+ = 1 f cosh"~2 qx dx
n

an
cosh ax — cosh ax sinh ax
f zn ¢ (n— l)oc"“1 n—1 f gn—1 [See 14.559)
f dx _ sinh ax n— 2 dx
J coshrax = a(n—1) cosh" Lax n—1_ coshn2ax
J‘ x dx - x sinh ax 1 n-—2 x dx
coshtax ~  a(n—1) cosh*1agx (n ~1)(n — 2)a2 coshn—2 gx n—1_) coshn—2ax

INTEGRALS 1Nvowmc7smhax' AND cosh az

f sinh ax cosh ax dx
f sinh px cosh qx dx
f sinh” ax cosh ax dx

f cosh” ax sinh ax dx

f sinh? ax cosh? ax dx

f dx _
sinh ax cosh ax

dx

f sinh2 ax cosh ax

dx

sinh? ax
2a

cosh (p — q)x
2(p—q)

cosh (p + q)x
2(p+q)

i n+1
— % [If n = —1, see 14.615.]

— coshntlag [If n=—1, see 14.604.]

(n+1a

sinhdax _ =
32a 8

1 In tanh ax
a

f sinh ax cosh? ax

I' dx

J sinh? ax cosh2 ax
sinh2? qx _
sinh”ax .. —
cosh ax
cosh? ax
— " dx
sinh ax

dx

I

sinh ax

cosh ax

-1 tan—1ginh ax — cschax
a a
sech ax + 1 In tanh @
12 2
__ 2 coth 2ax
a

1 .
-3 tan—1sinh ax

+ 1 In tanh &
a 2

f cosh ax (1 + sinh ax)

- 1
= 2a1n<

1 + sinh ax> + 1 ion—1caz
cosh ax a
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dx

1
14.602 f sinh ax (cosh ax + 1)

2a(cosh ax + 1)

= 1 ax
= 2alntanh ) +

dx 1 ex 1
03 [l = Cmenn - o

INTEGRALS INVOLVING tanhaz

14.604 f tanhax dxz = %ln cosh ax

14.605 f tanh2ax dx = « — tanhaz
o
14.606 f tanh3ax dx = lln cosh ax — tanh? ax
a 2a
14.607 f tanh” ax sech?ax dx = tanh"*!az
. (n+1a
14.608 f sech®aw 5. _ 1 In tanh ax
tanh ax a
14.609 9o = L1y sinh e
tanh ax a
1 J(ax)®  (ax)® | 2(ax)? (—1)n—1220(22n — 1) B, ()2 *1
14.610 = = - - ...
f x tanh ax dx az{ 3 15 T 105 @n+1)! +
2
14.611 f ¢ tanhZax de = = —  tanh az + —1~1n cosh ax
2 o a2
tanh ax _ _ {ax)® | 2ax)’ (—1)»—122n(2%n — 1)B (ax)?" 1
14.612 f————x dr = ay - @ 2aOR e
14.613 f da _ v _ g .
» T ¢ tanh az PR TR In (q sinh ax + p cosh ax)
14.614 f tanh® ax dx = “tanh""lax f tanh™~2 ax dx
a{n—1)
INTEGRALS INVOLVIN(
14.615 f cothax dx = % In sinh ax
14.616 f coth?az dz = o — cothaz
a
14.617 f coth3ax dx = 1 In sinh ax — coth® az
a 2a
14.618 f cothr ax esch2axr dx = — coth®*1ax
(n+1)a
14.619 J‘M de = —llncoth ax
coth ax a

14.620 f da -1 In cosh azx
coth ax a
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_ _1_ (ax)3 B (ax)5 o (_1)n—122an(ax)2'n+l .

14.621 f x cothax dx = ) {am + 9 225 + @t

2
14.622 zcothaw doe = % — zcothar + 1 In sinh ax

2 a a?

coth ax . _1  ar (ax)? . (=1)2*"B,(ax)—!
14.623 f Y ® T ety ot @n—1)@n)!
d _ pr q 1 .
14.624 f T geothas = P = n (p sinh ax + q cosh ax)
14.625 f cothrax dx = — cothn 7l az -+ f coth”—2 qx dx
a(n—1)

14.626 f sechax dx = %tan—l eax

14.627 f sech2ax doxr = tanh ax

@
14.628 f sech3ax de = sechaw tanh ax + L tan—1sinh ax
2a 2a
14.629 f sech”ax tanhax dx = — —s%ﬂ
14.630 f dx : sinh ax
sech ax a
S W) ) L 10 ) L 217 G i
14.631 fxsechaac de = a2{ 5 3 + 144 + @n T 2)2n)] +
14.632 f x sech2ax dx = xt%hax - 711—2 In cosh azx
sech ax _ _ (ax)? | Blax)t _ 6lax)® | (Z1)"E.(ax)™
14.633 f secho® gy = Ina - (2L 4 2 120t aamT—
14634 (- d¢  _ = _p f __dz See 14.581
fq+psechaac q q p + q coshax [See ]
14.635 J‘ sechrax dx = sech” 2 ax tanh ax + 2 2 sech”~2 ax dx
a(n—1) n—1

14.636 f eschax de = 7: In tanh (12—”

14.637 Jvcsch2 awds = -—Sothex
a
14638 [ cschtavds = —Schozeothar Ly, oo
2a 2a 2

14.639 f cschtax cothax de = — csch ag
na
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14.640

14.641

14.642

14.643

14.644

14.645

14.646

14.647

14.648

14.649

14.650

14.651

14.652

14.653

14.654

14.655

14.656

14.657

14.658

INDEFINITE INTEGRALS

f da = 1 cosh ax
csch ax a
1 (awp | Tawp , |, 2-1)@n~1—1)B(az)ir
fxcschax de = p {ax 18 1800 ~+ + @nF )
f x esch2ax dx = — % cothaw + % In sinh ax
a o
eschaw ,  _ 1 ez, Taz)® (—1)n2(22n~1 — 1) B, (ax)2n—1
x ax 6 1080 2n — 1)(2n)!
f_dx__ = £_7P f 48 [See14553]
q + p cschax q q p + g sinhax
— -2 —
f csch®ax dx = csch: w ixlfOth o _ : — f esch® 2 ax dx

INTEGRALS INVOLVING INVERSE HYPERBOLIC FUNCTIONS

. x . x
f sinh—1 ;dw = g sinh™—! P Va2 + a2

x2  a? x
iy hadiy 4 -1 Z
<2 +4>smh o

f g sinh-1Zdy =
a

. x
f z2sinh~1 = de =
a

fsinh‘l(x/a) da

X

22

fcosh—lgda: = {
a

f zcosh-1Zdx =
a

fsinh—l(x/a) de

x
f x2 cosh—1 o de =

J'cosh_1 (x/a) de =

x
+ if cosh—1 (x/a) > 0,

h—1 (x/
fcos xz(x a) dz

%3
- 8

3

_ sinh—!(x/a) _ lln
a

x cosh—1 (x/a) — V&% —a2,
x cosh—1(x/a) + V«2— a2,

oV a2+ a?

4

. x
inh—1=
a

x _ (x/a)®

1+3(x/a)

+ (2a2 — x2) V22 4 a?
9

1-3-5@/a) | ...

+

a 2:3-3 2+4+5+5H

In? 2z/a)  (a/x)?

2 2+2-

_ In? (—2x/a) (a/x)?

2

+

1:3(a/z)t

246277
1+3+5(a/x)®

4+ .

2:4+4+4

2+4-6-6+6

_ 1+3(a/x)t

1-3-5(a/n)8 _ .

2 2422

x

2+4+4+4

<a+\/;m>

+

2+4+6+6°6

cosh~—1(x/a) > 0

cosh—1(x/a) < 0

cosh~1(x/a) < 0

1(222 — ¢?) cosh—! (x/a) — dava?—a?, cosh~!(z/a) > 0
1(2x% — a?) cosh~1 (v/a) + LxVa?— a?,
{ 123 cosh—1(x/a) — L{x2+ 20?) Va2 —a?, cosh~!(x/a) > 0

3«3 cosh~1 (x/a) +

L1
* ‘:2 In2 (22/a)

1(a? +2a%) Va2 —a?, cosh™!(x/a) <0

+ (a/x)2 + 1+ 3(a/x)*

+

1+3
24666

2+2-2

— if cosh— ! (x/a) <0

_cosh™'(x/a) _ 1,
a

x

<a + Va2 + a2

f tanh—lgdx = =z tanh‘lg + %ln (a2 — 22)

f rtanh-1Zdx =
a

f #2tanh-1 £ dx =
a

ax 2 _ g2 1%
2 + 3(x? —a?) tanh p

ax?

6

3
+ Z tanh—1! LA
3 a

a®

6

x

In (a2 — x2)

2+4+4+4

)

* 5(a/x)6 .
g+

[— if cosh=1(xz/a) >0,
+ if cosh~1(x/a) < 0]

2] < a
x> a

x < —a
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tanh—1 (x/a) _ (x/a)® (x/a)® .
14.659 I_de__+ LI/
14.660 f tanh—1 (x/a) ds = - tanh~!(a/a) n 1 In x2
) x? x 2a a? — g2
14.661 f coth—1! s de = xecoth—lx + g In (22 — a2)
14.662 f wcoth-1 L gy = 2% 4 Hx? — a?) coth—1 = x
a 2 a
x ax?
14.663 f 22 coth—1 . de = e + ? coth—1 % + - ln (22 — a?)
14.664 fMl)dx - _E+(i/%_)3+(£/x_)5+...
) x x 32 52
14.665 coth—1 (x/a) de = — coth™!(x/a) 4 1 In x2
) x2 - x 2a 22 — g2
14.666 J coch—1 & 4y — x sech—1(x/a) + a sin—1(z/a), sech—1(x/a) > 0
« sech™! (x/a) — a sin~1(x/a), sech—1(x/a) < 0

1x? sech~1 (x/a) — lava®— 22, sech—1(z/a) > 0
14.667 fxsech—lﬂdx _ | desechTiwla) — g ch™ (w/a)
1x? sech=1 (x/a) + tava®—«?, sech—1(x/a) < 0

h1 (z/a) —4 In(a/x) In (da/z) — (x/za,)22 — ;i(xzﬁ): — -+, sech—l(z/a) > 0
14.668 f sech 1 (w/a) o _
v 4 In (a/x) In (4da/x) + (w/a)? + 1 3(z/a)* + .-, sech—1(x/a) < 0

222 204444
14.669 fcsch—lfdx = gz csch—t

SHE

xasmh—l% [+ if >0, — if 2 < 0]

2 2 2
14.670 fxcsch“lﬁdm = Lesch1Z 2 WELC 1y g5, — if 2 < g
a

2
1(w/@)2  1-3(x/a)* | . <z <
4 In (z/a) In (4da/z) + 5.2.3 2.4_4_44- 0<zx<a
csch™ ! (x/a) = 11n (— _ _ (z/a)? 1+3(x/a)* _ |, -

14.671 f——x-—dx = i (=e/0) In(—a/ta) — J2H 4 JISld) @<z<0

a  (a/x)3  1-3(a/x)5 | . s >

x+2-3'3 2¢4+5+5 + 21 > a
14.672 fxfnsinh-lfdx = 7 sinh—1Z f o

a m + a m+1 x2+a2

gmt1 osh-1 x f gm+1
7 ¢o8 ¢ m + 1) Vo e dex cosh—1(x/a) > 0

m"”’l

14.673 f am cosh=1 % dp =

gm+1

CSh 1"+m+1f\/7_—2dx cosh—! (x/a) < 0

\ _ 1_ _ xmt1
14674 [ ontanh-12gp = 2 o tanh1 Lo O [,
" L _ gm+1 1_ _ gm+1
14.675 f a™ coth~! — d 7 coth” poo + 1) o
amt1 o o J‘ ™ dx -
2 1 >0
o sech~1~ pra —— sech~1 (x/a)
14.676 f amsech 1 2dy = "
+1
"7 sech-1% f i sech~1 (x/a) < 0
m+ 1 a m + 1 a2—x2
+1
14.677 fxmcsch 12 de = ;m_i_lcsch—l%: mﬁ-lf o™ d [+ if >0, —if x <0

Va2 + a2



15 DEFINITE INTEGRALS

DEFINITION OF A DEFINITE INTEGRAL

Let f(x) be defined in an interval ¢ = z = b, Divide the interval into n equal parts of length Ax =
(b — a)/n. Then the definite integral of f(x) between 2 = a and x = b is defined as

b
15.1 f flxyde = lim {f(a)Ax + fla+Ax)Azx + fla+2A2)Ax + -+ + fla + (n—1) Ax) Ax}

The limit will certainly exist if f(x) is piecewise continuous.

If f(x) = d%cg(x), then by the fundamental theorem of the integral calculus the above definite integral

can be evaluated by using the result

b b
15.2 f flx)yde = f d%cg(x)dx = g)

a

b
= g{b) — g(a)

a

If the interval is infinite or if f(x) has a singularity at some point in the interval, the definite integral
is called an improper integral and can be defined by using appropriate limiting procedures. For example,

153 fw flx)ydx = l}im bf(ac) dx

15.4 Jm fle)dxe = lim bf(ac)dac

b oo a
b b—e€
15.5 f flx)dx = lim f(x) de if b is a singular point
a (2] a

b b
15.6 f f®)de = lim f f(x) dx if a is a singular point
a €0 YVigte

GENERAL FORMULAS INVOLVING DEFINITE INTEGRALS

b b b b
15.7 f {f(x) = g(x) = h(z) = -+ }dax = f flx)dx = f glx)de = f Mx)de = -

a

b b
15.8 f cf(xydr = ¢ f f(x) dx where ¢ is any constant
a

a

15.9 flxyde = 0
b a
15.10 flx)yde = — f(x) da
J, b
15.11 fb f@)de = f f@) de + fb 7(@) do
b
15.12 f flx)de = (b—a)f(c) where ¢ is between @ and b

This is called the mean value theorem for definite integrals and is valid if f(x) is continuous in
a=x=b.

94
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b b
15.13 f f@)gx)de = fle) f g(x) dx where ¢ is between @ and b

a

This is a generalization of 15.12 and is valid if f(zx) and g(x) are continuous in a=x =b
and g(a) = 0.

LEIBNITZ'S RULE FOR DIFFERENTIATION OF INTEGRALS

d byla) fd)z(a) oF doy des
15.14 = = &~ o) 1 _ it
51 det *I:m(a) Bl ) de &y (a) da o+ Flgz ) da Figy,e) da

APPROXIMATE FORMULAS FOR DEFINITE INTEGRALS

In the following the interval from « = a to x = b is subdivided into n equal parts by the points a = x,,
%y, Lo, ..., Xy, @, = b and we let yo = flwo), ¥y = floe)), o = f(®a), ..., yn = flx,), k= (b —a)/n.

Rectangular formula

b
15.15 f fyde ~ Ry +yi+yst e Yuo)

Trapezoidal formula

b
15.16 f fle)de = %(y0+2y1+2y2+"‘+2Mn-1+yn)

Simpson’s formula (or paraboelic formula) for n even

b
15.17 f flxyde = % (yo + dyy + 2y + dyg+ -+ + 2y, + o1+ Yy
a

DEFINITE INTEGRALS INVOLVING RATIONAL OR IRRATIONAL EXPRESSIONS ‘,‘f ,

“ dx _ 7
s Lt -
15.19 f wlde 1 g<p<i
1+ sin p7
> m +1—n
15.20 f ande - wan , 0<mFl<an
0 ETEat n sin [(m + 1)z/n]
15.21 w ™ dx _ r sinmB
) 1+2xcosB+ 22 = sinmz sinp

0

15.22 f de  _ 7
0‘/052__902 2

15.23 f V=22 do FZ—Z
0

am 1+ T[(m + 1)/n] T(p + 1)
nl[(m+1)/n + p + 1]

15.24 fﬂ xm(an — xn)P de =
0
© gmdy (—1)r—lggm+1—n77[(m + 1)/n]

1525 ) Gtay T wsin(mF De/n[r = DImT D/n =7+ 1)’ 0<m+l<nr
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DEFINITE INTEGRALS INVOLVING TRIGONOMETRIC FUNCTIONS

All letters are considered positive unless otherwise indicated.

15.26 f sinmz sin ne de =
0

0 m,n integers and m ¥* n
7/2 m,n integers and m = n

L 0 m,nintegers and m # n
15.27 f cos mx cos nx dx =
0 7/2 m,n integers and m = n

15.28 T 0 m, n integers and m + n odd
. inm d =
j; SHL MY €S L 4 2m/(m?2 —n?) m,n integers and m + n even

T/2 /2 -
15.29 f sinfx dx = f cos2xzdx = —
0 0 4

/2 /2 Ca.E ... _
15.30 f sin?mx do = f costmy dy = L°38 5 2m lf—, m=12,...
, \ 246 - 2m 2
/2 T/2
. 2¢4+6---2m
. 2m+1 = 2m +1 = — :1,2,...
15.31 J:) sin x de J; cos x de T8 6 Om i m
i T(p) I(q)
15.32 f sinZ?—1lg cos2¢ lax dx = 221
0 2T(p + q)
/2 p>0
15.33 f P gy = 4 0 p=0
0
—/2 p<0
0 p>q>0
® .
15.34 f SnpEeosr g = Ja2 0<p<gq
0
w4 p=q>0
15.35 J‘m sinpx singr o, _ Tp/2 0<p=gq
o x? 7q/2 pZq>0
* sin? px _ wp 15.41 J‘“" x sin ma . T ma
15.36 J;-———xz daw 2 5 gt dex o
*1 — cos px — T 1 f“ sin max — T (] — o—ma)
15.37 fo Locospr gy = o 542 [ s = gh-em
o0 2w
— dx 27
15.38 COSPT — COSQE g = 1y 4 15.43 f =
fo x x np 0 a+ bsinx vVaz — b2
15.39 f T cospr —cosgr g, - Tl —P) 15.44 f Y__dw o
A x 2 o a+becosax Va2 — b2
* cos mx T w/2 dx _ cos~1(b/a)
1540 [ LSME gy = Tooma 1545 g oo
0 0 Va —b



15.46

15.47

15.48

15.49

15.50

15.51

15.52

15.53

15.54

15.55

15.56

15.57

15.58

15.59

15.60

15.61

15.62

15.63

15.64

15.65

15.66

15.67

DEFINITE INTEGRALS

fQ"_ dx _ f‘% dux _ 2ra
0 (a + b sin x)? . (@ + b cos x)? {a? — B2)3/2
2m
dx 2w
= , I<a<1
J; 1 — 2a cosx + a2 1 — a? a
fﬂ' x sinx dx _ { (@/a) In(l+a) laj<1
o 1~ 2acosz + a? |7 In (1 + 1/a) o > 1
ki
f cos mx dx _ mzm.’ @<1, m=012,...
s 1—2acosx + a? 1—a?

=3

* * 1 T
3 2 p— 2 —_—
j‘ sinax? de = J; cosax?dr = 5 ’ %

® _ 1 o7
j; sinaxnr de = WI (1/n) sin o n>1
® 1 T
cosax™ dx = T(1/n) cos —, n>1
0 nal/n 2n
f” sin x de = “ cos® de = T
0o V& o V= V 2
“ sin — T ) 0<p<1
fo xP dz 2I'(p) sin (pz/2) b
“ cosx 7
= —* 0<p<l1
j(; xP dz 21 (p) cos (pw/2) P

£=

“ 2 2
sin ax? cos 2bx dx = 1./=z cos b _ sin b2
2 20 a a

i 2 . b2
f cos ax? cos 2bx de = % -2%<cos%—+ sin ;>
0
* sind x . 3z
Jimre =
0
w0 '4
f Sm4xdx — %
o x
“ tanx T
= dx = =
J; x * 2
fﬂ'/? dux _ 7
0 1+ tan™ 4
T/2 1 1 1 1 bl
x
dt = 23—+~ +
J; sinx 7 {12 32" 52 T2 f
1
tan— 1y 1 1 1 1 .
1oy
f SINTTT gy = 31n2
2 2
0
1 _ o0
f 1 cosxdx_f COST g0 =
x x
0 1
f” R SRR Y. -
o \T+a2 %)% Y
“tan—lpxr — tan—1qx de = Zmm?
0 x 24

C X
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15.68

15.69

15.70

15.71

15.72

15.73

15.74

15.75

15.76

15.77

15.78

15.79

15.80

15.81

15.82

15.83

15.84

15.85

15.86

DEFINITE INTEGRALS

©

—az by de = a
"; e cos bx dx pr—
fw e~ ginbx dx = —z—b_bz
0 a? +
J‘w e~ar gin by de = tan-12
o x
% g—ar — g—b
f e e e = 1l
o x
fw 1 2
e—a’ dey = —4f—
o 2 a

=)

2 1
f e 9 cosbrdr = =4 Ze—b'/da
0 2 a
® o —(axttbrto) 1 T (b*—4ac)/4a
e—(ax T+te) dpy = = Te erfec
0 a

2

b
2Va
2 ®© 2
where erfe ( = — I‘ e~* dx
P) V7.

P

o«
f e-—(a12+bx+c) dx = Ee(b2—4ac)/4u
Cw a

= T[(m + 1)/2]

2
Mmeg—ax = ———
rTe de 2q{m+1)/2

® gde _ 1 .1 1 1. _ 7
e —1 12+22+32+42+ 6

1n " 2n T 3n

S
J
fwe—(axz+b/x2)dx = L [Te—2va
0
fo
J

Q n— 1
A P 1‘(n)<1 +—~+l+--->
e* — 1

For even n this can be summed in terms of Bernoulli numbers [see pages 108-109 and 114-115].

* @de _ 1 _ 1.1 1., . _ =7
f e +1 12 pteE E " 12
0
© ant = peaf(L L1 _ .
J; eri® = 1(")<1n on T 3n
For some positive integer values of n the series can be summed [see pages 108-109 and 114-115].
® sin max _ 1 m _ 1
1 de = 4 coth 2 2m

L1 L\de _
<1+xe>x L4

e—x — g~ %

de = Ly




DEFINITE INTEGRALS

X H— — p—bx 1 b2+p2
15.87 f T —ethm 1y
x sec px ¥ 2 n a? + p?

0

© L—qx — g—b
15.88 f e e ge = t;an—lé~tan—1g
° X cse px V4 y4
15.89 f e—_ax(—l—g——@i)dx = cot—la—gln(a2+1)
x
0

 peniTe inteo

L . = (=)l —0.12
15.90 fox(lnx) de = TSR m>—-1, n=0,1,2,...
If n++0,1,2,... replace n! by I'(n+1).
! lnz 72
15.91 f ds = —T
Tz 12
1 2
15.92 f dnx g, - T
o 11— 6
1
15.93 f Ind+a) g - =2
o x 12
15.94 f‘ In(l-2) ,. _ _m
0 x 6
1 _‘72
15.95 f Inzln(l+2x)de = 2—21n2~1—2-
0
1 2
15.96 f Ingln(l—x)de = 2 -5
)
© p—1
15.97 f wdw = —x2cscpr cobpr 0<p<l1
o 1+
1
15.98 f Bm gy = el
0 Inx n+1
>15.99 f e *lnedx = -y
0
15.100 f e Inxde = —\—/Z—;(Y+2ln2)
0
* e +1 _ =2
15.101 fo In (ex__1> w = =
/2 /2
lS.'IOZf Insinz dz = f Incosx da = ——gln2
0 0
T/2 /2 T 3
15.103 f (Insinz)2de = f (Incos x)2dx = §(1n2)2 +§4-
0 0
"’ 2
15.104 f zlnsinx de = —F2—1n2
0

w/2
15.105 f singInsinzde = In2 —1
0

27 27
15.106 ‘f In(a + bsinz)dx = f In(a + bcosx)der = 27ln(e+ Va2—b2)
0 0
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15.107 f In(a+becosz)de = =1In <L__ \/20,2—bZ>
0

2rlna, aZ=b>0

w
15.108 f In (a2 — 2ab cos @ + b2 dx =
0 27Ilnb, b=Za>0

T/4
15.109 f In(1+4+tanz)dx = %1112
0

/2 1+ bcosw
15.110 f 2 T oeos® = 1 -1g)2 — —1p)2
, secx In <1 e x> dx 1{(cos—1a) (cos—1b)2}

a . . .
15.111 j;ln<2sin—92-c->dx = —<S‘1”2“+S‘gf“+s"§23“+-~>

See also 15.102.

_ DEFINITE INTEGRALS INVOLVING HYPERBOLIC FUNCTIONS.

15.112 ( sinex 5 _ 7 ar
fo sinh bz ¥ 35 t2nh o
15.113 (cosax g _ 7 o7
J; cosh bx v 2b sech 2b
15.114 f” vde  _ 7%
: o sinh ax 4q2
® grdy 2n+l1 — 1 1 1 1
15'115 J(; sinh ax = ongn+1 I‘(n+1) {m—*- on+t1 + ?,n—'i'i + ...}

If » is an odd positive integer, the series can be summed [see page 108].

15.116 f“’sinhax dx = Zoese® - L

AR b 2
15. * sinh ax _ 1 _ = o
57 smherg, o Lo Zetd

_ MISCELLANEOUS DEFINITE INTEGRALS
? flax) — fbx) 5. — f(w [
15.118 fo fa) =109 4 = {0 = (=)} I
This is called Frullani’s integral. It holds if f'(x) is continuous and J‘m %ﬂﬂ dx converges.
1

1
15.119 e _ 1,1 1.,

15.120 f (a+2)ym~1(g —x)yn—1dx = (2a)m+n-1;((:nn)£(71:))

-a
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]6 THE GAMMA FUNCTION

DEFINITION OF THE GAMMA FUNCTION I'(n) FOR >0

16.1 r(n) = f tn—le=tdt n>0
0

RECURSION FORMULA

16.2 I'm+1) = nl(n)

16.3 T(n+1) n! if n=20,1,2,... where 0! =1

il

THE GAMMA FUNCTION FOR # <0

For n < 0 the gamma function can be defined by using 16.2, i.e.

T(n+1)
n

16.4 I'(n) =
GRAPH OF THE GAMMA FU#CTlON

{n)

[ L

= -1
\ =
. ',—3
“{\”.—4
-5

Fig.16-1

SPECIAL VALUES FOR THE GAMMA FUNCTION

16.5 rg) = Vr
C8eB ... (2m— \
16.6 rm+y = Z3BEmoDyn m=13,. M
~ "
16.7 r(-m+3) = (nm2nyr m=1,23,... .

1235 (2m—1)
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102 THE GAMMA FUNCTION

RELATIONSHIPS AMONG GAMMA FUNCTIONS

16.8 T'(pT(1l—p) = sinvpn'
16.9 22-1T(@) Dw+4) = Val(22)

This is called the duplication formula.

16.10 I‘(ac)I‘<x +l> I‘<x + i) e I‘<x +m= 1> = m¥%—mz (27)(m—1/2 D(ma)
m m

m

For m = 2 this reduces to 16.9.

OTHER DEFINITIONS OF THE GAMMA FUNCTION

.' — . 1.2-3..-k x
16.1 I +1) f R e Yooy ) s pearny £
16. L = z - x —z/m
6.12 @) xeY mH=1{<1+m>e }

This is an infinite product representation for the gamma function where y is Euler’s constant.

DERIVATIVES OF THE GAMMA FUNCTION

16.13 1) = Jm e zlnxdx = -y

0

I'(2) - 1_1 11 i__ 1
16.14 T(x) v+ <1 x> + <2 x+1> + + <n x+n-—1> +

ASYMPTOTIC ’EXPANSIONS FOR THE GAMMA FUNCTION

1 1 139
_ ., 1o, 1139
16.15 Iz + 1) Verz ate {1 * 12z * 28827  Bisa0m }

This is called Stirling’s asymptotic series.

If we let x == a positive integer in 16.15, then a useful approximation for n! where n is large
[e.g. = > 10] is given by Stirling’s formula

16.16 n! ~ V2rnnre n

where ~ is used to indicate that the ratio of the terms on each side approaches 1 as n - =.

~ MISCELLANEOUS RESULTS

)2 = — 7T
16.17 | (i) poaprI —



1/ THE BETA FUNCTION

DEFINITION OF THE BETA FUNCTION B(m,n)

1
171 B(m,n) = f tm—1(1—¢t)n—1 dt m>0, n>0
0

RELATIONSHIP OF BETA FUNCTION TO GAMMA FUNCTION

17.2 Bm,n) = %)f%)

Extensions of B(m,n) to m < 0, n <0 is provided by using 16.4, page 101.

SOME IMPORTANT RESULTS

17.3 B(m,n) = B(n,m)
w/2
17.4 B(m,n) = 2f sin2m—1¢ cos2n 19 dg
]
17.5 B - fo g
. (m,n) = | T pmen
~1
_ " m tm—l(l_t)n—l
17.6 Bmw = mr+1m | -

0
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”BAsic DIFFERENTIAL EQUATIONS
and SOLUTIONS

DIFFERENTIAL EQUATION

SOLUTION

where oM/dy =

aN/ox.

18.1 Separation of variables
B 4(®)
1 9:(v)
F(@) 0:) do + Fol@) o) Ay = 0 o+ [ 28y
falx) 91)
18.2 Linear first order equation
Wy Py = Q@ yelrae = ( Qefrards + ¢
18.3 Bernoulli’s equation
vell—m) fPdz = (1—n) er(l—n) fPde gy + ¢
% + Plx)y = Q(x)y» where v =yl—n. If n =1, the solution is
ny = [@-Pds+e
18.4 Exact equation
M(z,y)dx + N(x,y)dy = 0

fMax+f<N—%fMax>dy = ¢

where 3z indicates that the integration is to be performed
with respect to x keeping y constant.

18.5

Homogeneous equation

d ¥
dx_F<x>

_ dv
Inz = Flo) — v +

where v = y/x. If F(v) = v, the solution is ¥y = cx.
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BASIC DIFFERENTIAL EQUATIONS AND SOLUTIONS 105

DIFFERENTIAL EQUATION

SOLUTION

18.6

yFlzy)de + zGxy)dy = 0

- G(v) dv
o = f Gy —Fy | °

where v = zy. If G(v) = F(v), the solution is zy = ¢.

18.7 Linear, homogeneous
: second order equation

a, b are real constants.

Let m;, m; be the roots of m2+4+am+b =0. Then
there are 3 cases.

Case 1. m,, m, real and distinet:

Y = ¢1e™T - cpeMet
Case 2. mq,m, real and equal:

Y = c1e™? + coxe™T
Case3. m; =p+gqi, my=p—qi

¥y = eP¥(cqy cos gx + ¢y sin qx)

where p = —a/2, ¢ = Vb—a2/4.

18.8 Linear, nonhomogeneous
) second order equation

2y L dy =
it ety = E@

a, b are real constants.

There are 3 cases corresponding to those of entry 18.7
above.
Case 1.
Yy = cemT + cpemat
+ et fc‘mﬂR(x) dx
my — Mgy

eMmaT

+ f e=m2% R(x) das

my — my
Case 2.

Yy = ce™T + coxe™T

+ xemlrj e~ ™% B(x) dx

— em= f xe~™% R(x) da
Case 3.
y = eP¥cq cos gx + ¢, sin qx)
+ €% sin g f e~ < R(x) cos qx dx
q

_ e cosqr fc—m‘ R(z) sin qx dz
q

18.9 Euler or Cauchy equation

x2—2 + ax + by = S(x)
x dx

Putting x = ef, the equation becomes

d?y — gﬂ = t
W + (a 1) dt + by S(e)

and can then be solved as in entries 18.7 and 18.8 above.
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18.10  Bessel’s equation

2
ng—xyi-i- x% +2—nty = 0 ¥y = e1dy() + oY, ()

See pages 136-137.

18.11 Transformed Bessel’s equation

2 d -
x2:§—xz + @p+ l)xE% + (@2 + 8%y = 0 y = x°F {01 Jarr <;x’> T Yy <£ x'>}

where g = Vp2— g2.

18.12 Legendre’s equation

2 d
A=Al 9ot wmt1y = 0 ¥y = ¢ Py(@) + Q. ()

See pages 146-148.




19 SERIES of CONSTANTS

ARITHMETIC SERIES

19.1 a+t (at+d) + (@+2d) + - +{a+m~1)d} = In{2¢+ (n—1d} = An(a+ 1)
where ! = a-+ (n—1)d is the last term.

Some special cases are

19.2 1+2+3+4+ - +n = lar+l)

19.3 14+34+56+ -+ 4+ 2u—-1) = n2

GEOMETRIC SERIES

19.4 atar+ar+ard+ o a1 = M a—vl
1—r 1—7
where [ = ar®~1 is the last term and » #* 1.
If —1 <r <1, then

19.5 a+ ar+ ar2 4 ard + -0 = a

ARITHMETIC-GEOMETRIC SERIES

196 o+ (@+dr + (a+2d2 + o+ + {a+ (n—Dd}yn—1 = a(llz’;") 4 orefl — m’(’;‘_‘ :}2@—1)7‘”}

where r # 1.
If -1 <7 <1, then

v 2 R — a _rd__
19.7 a+ (a+dyr + (a+2d)r2 + T, a2

SUMS OF POWERS OF POSITIVE INTEGERS

npt1 Bypnp—1 Bop(p—1)(p — 2)nr—8 +
p+1 2 21 41

where the series terminates at n2 or n according as p is odd or even, and B, are the Bernoulli
numbers [see page 114].

19.8 1P + 20 4 80 4 e 4 oo

107



108

Some special cases are

SERIES OF CONSTANTS

199 1+24+3+ -+ = n('n2+1)
1910 12 4 22 4 32 4+ ... 4 g2 nn+ D@2 + 1)
6
1901 15 4+ 28 4 38+ o0 + 8 = _”2(”:1)2 A+2+3+ -« +n)
19.12 14 + 24 & 34 4 -+. F pt nn+1)(2n+1)(3n2+3rn—1)

30

If S, =1%¥+2k+8k+ --. 4 % where k and n are positive integers, then

19.13 <k;rl>sl+<k;rl>sz+ +<k:1>sk = (A 1FH — (w41
SERIES INVOLVING Rec;pgocmsegmwggsopposmv&' INTEGERS |

1904 12124l = me 5. EQDWMTIROE

1905 1 -1l -241 = (5 1%539R |63

R R - R s N L o

a7 1-Lplolo Lo 0 VEAHYE) (366912973

1918 JofEgod g = o dme (550 728)

1919 Lagtgtat o = T LedYYBU067

1920 Ltgtgtgto =5\ 0R23232>Y

192 GGttt = g .0173u30e 3

w22 LoLlilo ol o2 0 9204670357

w2 1oLl L. - ;_2”% 6 q47032¥3Bco

1924 GoGtuomt o = gan O G8ESIOU

1925 Sigrmtator = § (23370085 )

1926 L+l L+. = 2 o1l Yol

1927 Ltgrptat o = a0 0014077

1928 Sogrgonto = g 09699l (66

1920 LeloLola.. o VI 09990058

w3 Lo+ L oLy 21

wa Ly e 23

192 Gnptmmtmatmwt = S (/165502753



.'fl Le- L \ \ 1 1 I PN
) 1ﬂu.4' G 8 a!’% 4 ﬁ?zb t 6_;\‘;30@* 4-7,]‘(—@*
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19.33 1 1 1 o = 4289

12.22.32+22.32.42+32.42.52+ 16

1 1 1 1 L ua—1dy @
1934 1 _ S /

o atd at2d a+sd fo 1+ ud % ‘

1 1 1 1 _ 2plpwp,
19.35 i2—p -+ '2—2; + §-2'; + 4Tp R "W

1 1 1 1 (2°» — 1)z%*B,,
19.36 ﬁ + 3Tp + 3'2; + 7Tp + _2(2p)‘

2p—1 — 2
1937 L 1 .t 1, _ &b

12p 2%p 32p 42p (2p)!
1 1 1 1 - B,
19.38 {71 T 3mFi T OBmAl T TEed T = 220+2(2p) 1

MISCELLANEOUS SERIES

1 sin (n 4+ Da
19.39 = 2 = 2
5 + cosa + cos2a -+ + cos na S sin (@/2)

sin [1(n + 1)]a sin §na

19.40 sing + sin2a« + sin8a + -+ + sinna = - 2
sin (a/2)
1941 1 + rcose + 72 cos2a + P cos3a + -+ = -—lw—:, |r] <1
1—2rcosa+ r?
19.42 rsina + 72sin2 + B sin8a + -+ = —rs_m_a___’ rl <1
1— 2rcosa+ 72
1943 1 + rcosa + 72¢052¢ + -+ + rmcosna = rmrEcosna — rmlcos(nf Do — reosat 1
1—2rcosa+ r2
1944 rsine + 72sin2a + -+ + rsinne = rsine =t sin(nt o + r1*2 sinna

1 — 27 cosa+ r?

THE EULER-MACLAURIN SUMMATION FORMULA

19.45 El Fk) = an(k) dk — LF) + Fay
) k=1 B 0 2

+ 5 E@) = PO} = s (o) = F(0))

1 1 ) )
————— ) _— ) _— (vii) — vib) { O\
+ oa00 FV0) — FOO)} — 3550500 P (m) — FOD(0)]
B
+ e (m1)pm1 P (FCr-D(n) — FC-D(Q)} + ---

(2p)!

THE POISSON SUMMATION FORMULA

o0

19.46 S Fy = i {f e?mimz F(x) dx}

= m=—w —w



20 TAYLOR SERIES

TAYLOR SERIES FOR FUNCTIONS OF ONE VARIABLE

20.1 f@) = f@ + flaw—o + T@Eza? o S PEe e g
21 (n—1)! n

where R, the remainder after n terms, is given by either of the following forms:

fE) (@ — a)n

n!

20.3  Cauchy’s form R, = PO z—a)
n (n—1)!

The value ¢, which may be different in the two forms, lies between a and z. The result holds if f(x) has
continuous derivatives of order n at least.

20.2 Lagrange’s form R,

If lim R, = 0, the infinite series obtained is called the Taylor series for f(x) about 2« =a. If
ne=—+ o

a =0 the series is often called a Maclaurin series. These series, often called power series, generally
converge for all values of x in some interval called the interval of convergence and diverge for all x outside
this interval.

BINOMIAL SERIES

n(n—1) nn~—1)(n —2)

204 (@+x)» = a* + nanlx + 37 ar— 262 + 31 an—3g3 + - --
= an+ [MVan—1g + (" Van—202 + (") an—5g8 + -+
1 2 3
Special cases are
20.5 (a+x2 = a® + 2ax +
20.6 (a+x3 = a® + 3Ba2x + 3ax?2 4+ 3
20.7 (a+x)* = at + 4a3x + Ba2x? + daxd + ¢
20.8 A+ax)y"1 = 1 — 2+ 22— 23 + ot — - —1<z<1
209 1422 = 1 — 20 + 322 — 423 4+ Hxt — -+~ —1<z<1
2010 (1+z)~—3% = 1 — 3z + 622 — 1043 + 15x% — --- —1<xe<1
1 1-3 1-3+5
v — = 2 _ 3 — =
20.11  (1+42) 1—50 g™ — e ® t 1<x=1
1 1 13 .
2 = 1,1 o2 3 e —“1<z=1
20.12 (1+2) 1+2x 7 q” +2.4.6x x
1 1-4 1+4+7
-1/3 = - = R RN S S ST — =
20.13 (1+2x) 1—ga + 576w 3 6.9°% + 1<z =1
2014 (1428 = 1+ oo — 2w+ 28 3 ... d<e=1
) 3 3-6 369



20.15

20.16

20.17

20.18

20.19

20.20

20.21

20.22

20.23

20.24

20.25

20.26

20.27

20.28

20.29

20.30

20.31

20.32

TAYLOR SERIES 111
SERIES FOR EXPONENTIAL AND LOGARITHMIC FUNCTIONS
_ x2 x3
ex—1+x+2—!+§Y+"' —o J g <@
a® = eflna — 1+xlna+(x1n'a)2_‘_(xlna)3+ —w g < w©
21 3!
2 3 4
In(1+ = T A A T 1<y =
n ( x) x s T3 4 r=1
1, /1ty _ o8 w2t
21n<1—x> = x+—§+€+7+ 1<z<1
e—1\ , 1/{e—1\* 1 1\*
= — —_ — — x— - o« we
lnx = 2{<x+1>+3<x+1> +5<x+1> + } x>0
2 3
_ [x—1 1/{x—1 1/z-—1 = 1
lnoz:—<x>+2<‘76 +3<x + L=
SERIES FOR TRIGONOMETRIC FUNCTIONS
3 5 7
sinm=x—%+%_%+... << ®
2 4 8
cosx:1—%+%_%+-.. << w
_ 2 | 205 | 1727 22n(22n — 1)B g2n—1 x
tanz = x + > + 15 + 55t + @t + [x1<2
1z 28 25 22 B, g2n 1 T
= 1l_z_ = 2 — ... 0< x| <
cotz 2 3 45 945 @n)! el <=
_ x2 524 | 618 B x?n 7
seer = 1+% + 50 + o0 T e T o <5
_ 1z, T8 3125 2(22n~1—1)Bx2n-1
eer = ot ettt T @ + 0<l|e] <m
1 o3 1+3 a5 1:3+5 a7
in—1 = = x x AT
sin~leg x+23+2.45+2.4.67+ le| < 1
1 23 1+3 25
cosle = Z—sin-lz = %—<x+§%+2.4%—+ > o] <1
23 | xS x7 ‘
g w X, <1
R |z
tan—1lx = 1 1 1
T . . _
ia_;+@—5?+--- [Fif ezl —if =1
T x3 x5
T _ . .. <
. 2 <" 315 > o <1
cot71x = E—tan—lx = 1
1 1 . .
- - = — ... = = < —
p7r+x 3x3+5x5 [p=0ifx>1 p=1if « 1
-1 = —1 - r_(1, 1 1-3 >1
sec—lx cos— ! (1/x) 2 <x+ 2-3x3+2'4‘5x5+ o]
. 1 1 13
-1 et -1 = = 4+ .- >1
eselx sin—1 (1/x) x+2-3x3+2'4'5x5 |ac]
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20.33

20.34

20.35

20.36

20.37

20.38

20.39

20.40

20.41

20.42

20.43

20.44

20.45

20.46

20.47

20.48

20.49

20.50

20.51

TAYLOR SERIES

SERIES FOR HYPERBOLIC FUNCTIONS

+ e

3 5 7
sinh » =x+%+§—,+%+~- —o < g < w®
2 4 6
coshz = 1+ Zo+ T+ 5+ - —o < g < o
_ a3 | 25 1Ta7 (—1)n—122n(22n — 1)B 201
tanhe = =z =5 + 35— 75+ o @n)!
I 225 (=1)n122mB g1
coth = - +3 % Tt @)1
g _ % bxt  6lad (ZL)nE ya?n
sechz = 27T 24 T 20 " T @n)t
he = L_z T3 3143 (—=1)n2(22»~1 — 1)B, x2n~1
esenT = 776 T 360 15,120 @n)!
23 1+ 3x% 1+3- 527
‘ T T 38T 345 Bede6e7
sinh—1z = Leaes
1 1+3 N .
i<1n|2901+2~2a;2 2 4+dzh | 2:476-6a0 >
1 13 135
1 = =+ _
cosh—1g +{ln(2m) <2 2x‘2+2'4-4x4+2'4-6~6x6+ )}
3 5 7
-1y = + 5L LT
tanh—1g x 3 + 5 + 7
1 1 1
—1 = = — - —
coth—1x x+3x3+ m5+ x7+
MISCELLANEOUS SERIES
2 4 5
esinx:1+x+%_%_%+.
_ x2 | x*  3l1ab
ot = e<l_? % "m0 >
2 3 31174
tanr = x ¥ o
etan 1+o+ T+ 5 + 5+
. _ 223 a5 ab . 2%/2 sin (nx/4) xn
ezs1nx—x+x2+—§——3—0——§6+ +——————n!
3 4 /2
efeose = 14+a— 2= -2 4 ~+gi_c°i(l¢M+...
3 6 n!
. _ x2 x4 x8 22n—1B a0
Injsing] = Inlel =% — 155~ 2835 ~ " T “a@ay
x2 ozt 28 17a8 22n—1(22n — 1)B, 2"
In feos | % T 13 15 2520 n@n)!
_ 22 Txdt 626 22n(22n—1 — 1)B, %"
Injtanz] = Inlx| + 3 + 50 t g3 T + @)
mA+2) - 5 q4+pe?+ Q+3+Pad — -

1+ 2

[

K

<7

0<|z] <7

lx] <1

4+ ife=1
—if x =1

]

+ if ecosh—lx >0, =1
— if cosh—12 <0, z =1

[} <1

lx] > 1

- < g <

—n <<

o] < 2

— < x <
—o < <
0<z| <=

ks

o] < Z
T
0<[ac|<2

jx} <1

]



If

20.52

then

20.53

where

20.54

20.55

20.56

20.57

20.58

20.59

20.60

TAYLOR SERIES

WER SERIES
Y = ¢ + cox? + c30® + cqgxt + c5x5 + cgxb + -

z = Cly + C2y2 + ng3 + C4y4 + C5y5 + Csy(i + e

¢C; =1

A3Cy = —¢y

6;C3 = 2¢f — ¢16q

¢7Cy = Bejoyes — ey — ciey

¢?Cs = 6¢icoey + Bejcs — cles + 14c; — 21cy65¢s

j'Cg = Teleaes + 8deycies + Telegey — 28c7cse2 — cfcg — 28clcie, — 42¢]

 TWO VARIABLES

fle,y) = fla,b) + (x—a)fzla,b) + (y—b)fyla,b)

+ % {(x — @)*fz5(a, B) + 2(z — a)(y — b)fuy(a, B) + (y — b)%fyy(a, b)} + -+

113

where f,(a,b), f,(a,b), ... denote partial derivatives with respect to «,y, ... evaluated at x = a, y = b,
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BERNOULLI and EULER NUMBERS .

DEFINITION OF BERNOULLI NUMBERS

The Bernoulli numbers B,, B,, B,, ... are defined by the series

® _ xz , Bx? Byxt Bgxt
S S T lol < 2n
Bx?2  B,x*  Bgxt
21.2 1—§cot§:21_'+_42'_+%_+... o] < =

DEFINITION OF EULER NUMBERS

The Euler numbers E, By E3, ... are defined by the series

_ Ex2 E.,;x¢ Ez8 -
21.3 seche = 1 — 51 + i el || <z
_ Ew? Eut Egpb i
214 secx = 1+-_2—!—+_4—!_+T+.” le<2

TABLE OF FIRST FEW BERNOULLI AND EULER NUMBERS

Bernoulli numbers

Euler numbers

B, = 1/6
B, = 1/30
By = 1/42
B, = 1/30
By = 5/66
By = 691/2730
B, = /6

By = 3617/510

By = 43,867/798

By, = 174,611/330

B, = 854,513/138
By, = 236,364,091/2730

1

5

61

1385

50,521

2,702,765

199,360,981
19,391,512,145
2,404,879,675,441
370,371,188,237,5625
69,348,874,393,137,901
15,514,534,163,557,086,905
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~ RELATIONSHIPS OF BERNOULLI AND EUL

4

2n 2 9
21.6 E, = <2 )E’n_1 - <:’> E,_ s+ <6n> E,g— + (=1)n
21.7 B. = 2n 2n—1 E 2n — 1 E on — 1 o
' T oD\ 1 )t T g )ty ) B e (D)

2n + 1 2n+ 1 2n + 1
21.5 < >2231 — < >2432 + ( n6 >26B3 — oo (=) "2n+1)220B, = 2n

T v

777 ey 1,1
g n hd —— — LR V7 —
218 B, = m{l tTomtgmt } Ml
N
\(r,f/[v 2(2m)! 1 L
21.9 Bn = m{l + 3_3'27 -+ 327; [/Lf\ /f/)
\/ N
o (2n)! 1, 1 ——
21.10 B, = Tieml T T M|
" g 22n+2(90)1 1 ~T
2111 E, = ,Tzn(+1) {1 T gl T Remdl AE i

21.12 B, ~ 4n?(ze)—2n\on




22 FORMULAS from
VECTOR ANALYSIS

VECTORS AND SCALARS

Various quantities in physics such as temperature, volume and speed can be specified by a real number.
Such quantities are called scalars.

Other quantities such as force, velocity and momentum require for their specification a direction as
well as magnitude. Such quantities are called vectors. A vector is represented by an arrow or directed
line segment indicating direction. The magnitude of the vector is determined by the length of the arrow,
using an appropriate unit.

NOTATION FOR VECTORS

A vector is denoted by a bold faced letter such as A [Fig. 22-1]. The magnitude is denoted by |A| or
A. The tail end of the arrow is called the initial point while the head is called the terminal point.

FUNDAMENTAL DEFINITIONS

1. Equality of vectors. Two vectors are equal if they have the same
magnitude and direction. Thus A =B in Fig. 22-1.

A
2. Multiplication of a vector by a scalar. If m is any real number B
(scalar), then mA is a vector whose magnitude is |[m| times the
magnitude of A and whose direction is the same as or opposite
to A accordingas m >0 or m<0, If m =0, then mA =0 is
called the zero or null vector. .
Fig. 22-1

3. Sums of vectors. The sum or resultant of A and B is a vector C = A+ B formed by placing the
initial point of B on the terminal point of A and joining the initial point of A to the terminal point
of B [Fig. 22-2(b)]. This definition is equivalent to the parallelogram law for vector addition as in-
dicated in Fig. 22-2(c). The vector A — B is defined as A + (—B).

\
50 B /\\\
/\ C=A+B “~_
/ C=Aa+E \ Ead
B g

(a) (b) (¢)

Fig. 22-2

116
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Extensions to sums of more than two vectors are immediate. Thus Fig. 22-3 shows how to obtain
the sum E of the vectors A, B, C and D.

c >
\ EsA+B+C+D

(@) ()
Fig. 22-3

4. Unit vectors. A unit vector is a vector with unit magnitude. If A is a vector, then a unit vector in
the direction of A is a = A/A where A > 0.

LAWS OF VECTOR ALGEBRA

If A, B, C are vectors and m, n are scalars, then

221 A+B =B+A Commutative law for addition

22.2 A+B+C) = (A+B)+ C Associative law for addition

22.3 mnA) = (mn)A = n(mA) Associative law for scalar multiplication
22.4 (m+n)A = mA+nA Distributive law

22.5 m(A+B) = mA + mB Distributive law

COMPONENTS OF A VECTOR

A vector A can be represented with initial point at the
origin of a rectangular coordinate system. If i,j,k are unit
vectors in the directions of the positive x,y,z axes, then

22.6 A = Aji+ Ay + Ak

where Ai, A,j, Azk are called component vectors of A in the
i, j, k directions and A, A,, A3 are called the components of A.

Fig. 22-4

DOT OR SCALAR PRODUCT

22.7 A‘B = ABcose 0

A
@
iA

where ¢ is the angle between A and B.
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Fundamental results are

22.8 A*‘B = B-A Commutative law
22.9 A-(B+C) = A*B+ A-C Distributive law
22.10 A'B = A,B, + A,B, + A,B,

where A = Ai+ 4,j+ Azk, B = B,i+ Byj+ Bsk.

CROSS OR VECTOR PRODUCT

22.11 AXB = ABsingu 0

1A
A

g T

where ¢ is the angle between A and B and u is a
unit vector perpendicular to the plane of A and B
such that A,B,u form a right-handed system [i.e. a
right-threaded screw rotated through an angle less
than 180° from A to B will advance in the direction

u
™~
s%é
of u as in Fig. 22-5].
Fundamental results are ‘A‘
i §j k 2
22,12 AxXB = [A; A, A4,

B, B, B, Fig. 225
= (AyBs— A3By)i + (A3By — A By)j + (A,By— AsB)k

2213 AXB = —-BXA
2214 AX(B+C) = AXB + AXC
22.15 |AXB| = area of parallelogram having sides A and B

MISCELLANEOUS FORMULAS INVOLVING DOT AND CROSS PRODUCTS

A, A, Ag

2216 A-(BXC) = |B; By Bsy| = A,B,Cs+ AyB;Cy + AgB,Cy — AgBoCy — AuB,Cy — AB3Cy
C; Cy C;

22.17 |A-(BXC)| = volume of parallelepiped with sides A, B, C

22.18 A X(BXC) B(A*C) — C(A*B)

22.19 (AXB)XC = B(A*C) — AB:C)
2220 (AXB)*(CXD) = (A*C)(B+*D) — (A-D)(B-C)
2221 AXB)X(CXD) = C{A-(BXD)} — D{A-(BXC)}

= B{A-(CXD)} — A{B-(CXD)}
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DERIVATIVES OF VECTORS

The derivative of a vector function A(x) = A ()i + As(u)j + Ag(w)k  of the scalar variable u is
given by

A Au) — A dA dA dA

22202 A _ | Altdu)—A@) _ d4,. Y 3

du Au—0 Aun du ! du !} du k

Partial derivatives of a vector function A(x,y,2) are similarly defined. We assume that all derivatives
exist unless otherwise specified.

FORMULAS INVOLVING DERIVATIVES

d _ ..dB dA
2223 La-p = A B D

d _ dB dA
22.24 %(AXB) = AXETA_+HXB

d = dA, (e (B % 9€
22.25 d—u{A-(BxC)} = BXC) + A <du><c> + A <Bxdu>

2226 A.9A - 494

du du
22.27 A-ZI: = 0 if |A|is a constant

THE DEL OPERATOR

The operator del is defined by
.9 .9 K
22.28 vV = 'ax+’ay+kaz

In the results below we assume that U = U(x,y,2), V = V(z,v,2), A = Az, y, z) and B = B(z,y,2)
have partial derivatives.

THE GRADIENT

: _ c v = (12432 ex2\p = U, U, U
22.29 Gradientof U = grad U = VU = (la+]a—zl—+k£>U = Syt ay]+ azk
THE DIVERGENCE
22.30 Divergence of A = divA = V-A = <i%+i%+k%>-(Ali+A2j+A3k)

A 94 94
41 9% 943
dx oy 0z
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22.31

22.32

22.33

22.34

22.35
22.36
22.37
22.38
22.39
22.40
22.41
22.42
22.43
22.44
22.45

FORMULAS FROM VECTOR ANALYSIS

Curlof A = curlA = VXA
= 3 d . 09 9 . ‘
= x;;;+J@+ka—z X (A4i + Ayj + Agk)
i § k
— i i i
- dx oy 9z
Ay A2 A3

dA 94 dA A 0A A
S i e PO (0 W D P (i B A
Iy dz 0z dx dx oy

THE LAPLACI

_ 2U | 2U | U
—_ 2 = . = — —_— —
Laplacian of U VU V-(VU) FY Y2 922
92A d92A 92A

Laplacian of A = V2A = Fr W =

THE nmgmiting

Biharmonic operatoron U = V4U = VV2D)
a*U | 94U |, 84U MU 34U U
dxt + dyt + dz + 26:)::2 dy2 +2 oy 322 +2 0x2 922

viu+v)y = VU + VvV

V:(A+B) = V+-A+ VB

VX(A+B) = VXA + VXB

VeUA) = (VU)+*A + U(V-A)

VX(UA) = (VU)XA + U(V XA)
V-(AXB) = B+(VXA) — A+(V XB)

VX(AXB) = (B*V)A — B(V+A) — (A+-V)B + A(V*B)
V(A*B) = (B+V)A + (A*V)B + BX(V XA) + AX(V XB)

V X(VU) = 0, i.e. the curl of the gradient of U is zero.
V+(VXA) = 0, i.e. the divergence of the curl of A is zero,

VX(VXA) = V(V:A) — V2A
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INTEGRALS INVOLVING VECTORS

If A(u) = %B(u), then the indefinite integral of A(u) is
22.46 f Aw)du = Bu) + ¢ ¢ = constant vector

The definite integral of A(u) from w =a to u = b in this case is given by

b
22.47 f Au) du B(b) — B(a)

The definite integral can be defined as on page 94.

LINE INTEGRALS

Consider a space curve C joining two points P,(a,,@as, ;) and
Py(by, by, by) as in Fig. 22-6. Divide the curve into » parts by points
of subdivision (%1, ¥;,21), ..., (®n—1,¥n—1, Zn—y). Then the line integral
of a vector A(x,y,2) along C is defined as

PZ

n
22.48 f A<dr = Acdr = lim 3 Az, ¥, 2,) * Ar,
Je 1

P, n=+0 P=
where Ar, = Ax,i+ Ay, j+ Az, k, AZp = Xy — Xy, AYp = Yps1— Yps
Az, = 2,11 — 2, and where it is assumed that as n - « the largest

of the magnitudes |Ar,| approaches zero. The result 22.48 is a gen-
eralization of the ordinary definite integral [page 94]. Fig. 22-6

The line integral 22.48 can also be written
22.49 f Ardr = f (Ayde + Aydy + Agdz)
c c

using A = 4;i+ A,j+ Ak and dr = dei + dyj + dzk.

e PROPERTIES OF LINE INTEGRALS
Py Py
22.50 Adr = — | Acdr
J, .
P, Py Py
22.51 A<dr = A«dr + A-dr
P,y Py Py

INDEPENDENCE OF THE PATH
In general a line integral has a value which depends on the particular path C joining points P, and P,

in a region K. However, in case A= V¢ or VXA =0 where ¢ and its partial derivatives are con-

tinuous in R, the line integral f A - dr is independent of the path. In such case
c

Py
22.52 f A.dr = f A-dr = ¢(Pg) — ¢(Py)
Je P,
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where ¢(P;) and ¢(P,) denote the values of ¢ at P, and P, respectively. In particular if C is a closed curve,

22.53 fA-dr = §A-dr ~ 0
C C

where the circle on the integral sign is used to emphasize that C is closed.

MULTIPLE INTEGRALS

Let F(x,y) be a function defined in a region ® of the

xy plane as in Fig. 22-7. Subdivide the region into n parts ¥ c
by lines parallel to the x and y axes as indicated. Let AA, = di- — - —
Ax, Ay, denote an area of one of these parts. Then the in- AA:”A: /] \\
tegral of F(x,y) over R is defined as v p/( \\
yp +1[(-— -
n
22.54 f Fr,y)dAd = 1lim I F(x,u,) A4, Yp |~ [+
a / x| e
provided this limit exists. P\ 7l
. . I |
In such case the integral can also be written as N e
b fa(2) c‘_%,,,:__:_;i\_;{/ :
22.55 f F(x,y) dy dx | L |
z=a v y=Ff(x) a Tp Xpiy b
b falx)
= f {f F(x,y) dy} dx
r=a y=fi(x) Fig. 22-7

where y = fi(x) and y = f,(x) are the equations of curves PHQ and PGQ respectively and a« and b are
the x coordinates of points P and @. The result can also be written as

go(y)
{f F{x, y) dx} dy

z=g,(y)

g2(y)

d d
22.56 f Flo,y)dedy = f
Yy=c

z=g;(¥) y=c

where « = g,(y), *x = go(y) are the equations of curves HPG and HQG respectively and ¢ and d are the y
coordinates of H and G.

These are called double integrals or area integrals. The ideas can be similarly extended to friple or
volume integrals or to higher multiple integrals.

SURFACE INTEGRALS

Subdivide the surface S [see Fig. 22-8] into n elements of
area AS,, p=1,2,...,n. Let A(x,,¥p, 2p) = A, Where (%, ¥, 2,)
is a point P in AS,. Let N, be a unit normal to AS, at P. Then
the surface integral of the normal component of A over S is
defined as

n
22.57 fA-Nds = lim 3 A,°N,AS,
S

n=+w p=1
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RELATION BETWEEN SURFACE AND DOUBLE INTEGRALS

If R is the projection of S on the zy plane, then [see Fig. 22-8|

22.58 fA'NdS = ffA-Ndid—y
s % IN K|

THE DIVERGENCE THEOREM

Let S be a closed surface bounding a region of volume V; then if N is the positive (outward drawn)
normal and dS = N dS, we have [see Fig. 22-9]

22.59 fV-AdV = fA-dS
v s

The result is also called Gauss’ theorem or Green’s theorem.

Fig. 22-9 Fig. 22-10

STOKE’S THEOREM

Let S be an open two-sided surface bounded by a closed non-intersecting curve C [simple closed curve]
as in Fig. 22-10. Then

22.60 §A-dr = f(VXA)-dS
C S

where the circle on the integral is used to emphasize that C is closed.

GREEN’S THEOREM IN THE PLANE

22.61 § (Pds + Qdy) = f <g_%§> dx dy
(o4 R

where R is the area bounded by the closed curve C. This result is a special case of the divergence theorem
or Stoke’s theorem.
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GREEN'’S FIRST IDENTITY
22.62 {8 Vi + (Vo) (V)3 dV = (¢ Vy)-dS
J, S
where ¢ and ¢ are scalar functions.
GREEN’S SECOND IDENTITY

22.63 f (p V2y — ¢ V20)dV = f (6 Vy — ¢Vg)+ds
A4 S

MISCELLANEOUS INTEGRAL THEOREMS

22.64 foAdV = fdsxA 22.65 qudr = fdsst
v S c S

CURVILINEAR COORDINATES

A point P in space [see Fig. 22-11] can be lo-
cated by rectangular coordinates (x,y,z) or curvi-
linear coordinates (uy, u,, #3) where the transforma-

tion equations from one set of coordinates to the 2
other are given by uz curve
22‘66 r = x(uly Ug, u3)

Yy = y(ul’ U, u3)

I

z 2(uy, g, us)

If u; and u; are constant, then as u, varies, the
position vector r = xi+ yj + 2k of P describes a
curve called the u; coordinate curve. Similarly we
define the %, and u3 coordinate curves through P. The
vectors dr/duy, or/du,, dr/dug represent tangent vec-

tors to the u,, s u; coordinate curves. Letting x
e, €, €3 be unit tangent vectors to these curves, we
have Fig. 22-11
ar or ar
22.67 W]— = hlel, @ = h2e2, au3 = h303
where
ar or ar
22.68 hy = 30, | hy = Fug |’ hy = duz

are called scale factors. If e;, e, e; are mutually perpendicular, the curvilinear coordinate system is

called orthogonal.
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FORMULAS INVOLVING ORTHOGONAL CURVILINEAR COORDINATES

ar Jr or
22.69 dr = a_’uldul -+ 572111@ + @;du:; = hl dul € + hz du2 €y + h3 du3 €3

22.70 ds? = dre-dr = hidu?+ hidul + h2dul
where ds is the element of arc length.

If dV is the element of volume, then

22.71 dV = | (hyey duy) * (hoey duy) X (hyey dus) | = hyhohg duy du, dug
= [Or or  or = | 9®y,2)
= aul auz aus dul duz du3 - l a(ul, Uy, u3) dul du2 dua
where
ox/ou; ox/duy dx/ou,
22.72 L P R W

a(‘ll,l, Ug, u3)

0z/0u; 02/du, 9z/dug
is called the Jacobian of the transformation.

TRANSFORMATION OF MULTIPLE INTEGRALS

The result 22.72 can be used to transform multiple integrals from rectangular to curvilinear
coordinates. For example, we have

22.73 ff F(z,y,2z) dxdydz = ff Guy, uy, ug)
' R’

where R’ is the region into which ® is mapped by the transformation and G(u,,u,, u;) is the value of
F(x,y, z) corresponding to the transformation.

8z, y, 2)

duy duy du
0(uy, Uy, ug) 1R

GRADIENT, DIVERGENCE, CURL AND LA

In the following, 4 is a scalar function and A = Ae; + Ase, + Azeg a vector function of orthogonal
curvilinear coordinates u,, u,, us.

; _ _ Llow  13e 100
22.74 Gradientof¢ = grad® = V& by 9wy T g v T g Bt
. . 1 /] d [i]
22.75 Dlvergence of A = divA = V- A = thghg [a_ul (h2h3A1) + 3'1;; (h3h1A2) + 6—143 (‘h’lh2A3):,
hlel h2e2 h3e3
_ _ = 1 |4 8 9
2276 CurlofA = curlA = VXA = hahoa | 30, g 5
hd; hyd, hgAg
1 a ;] 1 i} a
-— | 2L - = i | — (R A4) — —— (hA
Taha [au2 (had ) EN (thz):I e + Tk [6143 (h1A4,) aul( 3 3):] ey
1 [i] d
+ Tk, [E (haAy) e, (h’lAl):I e;
1 3 [ hohs 50 a <h3h1 Jdp d (hlhz P >:|
i = 2 = —— | {2207 —_ — ) 4 — ==
22.77 Laplacian of ¢ Vg Fhghy l:aul < Wl au1> + 5uz \ Ry 3, Bz \ hy g,

Note that the biharmonic operator V4é = V2(V2®) can be obtained from 22.77.
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g SPECIAL ORTHOGONAL COORDINATE SYSTEMS

Cylindrical Coordinates (r,60,2) [See Fig. 22-12]

22.78 * = rcosg, Yy = rsine, 2z = z
22.79 R =1, hy =12, hE=1

2d 1 0@ 1 42¢ 2d

2 = 22 4 2o¢  1o% 0%

22.80 Ve or2 r or r2 962 322

Fig. 22-12. Cylindrical coordinates. Fig. 22-13. Spherical coordinates.

Spherical Coordinates (r,0,¢) [See Fig. 22-13]

22.81 x = rsingcose¢, Y = rsindsing, z = rcosed
2 2 2 .
22.82 hi = 1, hy = 72, hz = 72sin2¢
1 9 od 1 i} 0P 1 d2d
2p = — 9f,29%® — L % sne® —_— *
22.83 Vi 72 6r<r ar> + 72 sin ¢ 09 (sm g 60) + 72 sin2 ¢ 9¢2

Parabolic Cylindrical Coordinates (u,v,?)

22.84 r = Lu2—v?), y = w, 2z =z

22.85 B2 = hy = w2402, RE =1
1 92d 92® 2%
2 = [ — —— —_—
22.86 Ve g <au2 + 6v2> + 53

The traces of the coordinate surfaces on the xy
plane are shown in Fig. 22-14. They are confocal
parabolas with a common axis. Fig. 22-14




FORMULAS FROM VECTOR ANALYSIS

Vg

- 1 o feeN, 1 af sy, 1
T w+?) su\ Y on v(u? 4 v?2) gv av) u2v2 gg2

Two sets of coordinate surfaces are obtained by revolving the parabolas of Fig. 22-14 about the
2 axis which is then relabeled the z axis.

127
Paraboloidal Coordinates (u,v, ¢)
22.87 € = uvcosg, y = wvsing, z = L(u?—1?)
where u =0, v =0, 0=¢ < 27
22.88 RS = ki = w2+ 02, hE = w22
22.89

Elliptic Cylindrical Coordinates (u,v,2)

22.90 ¥ = acoshucosv, y = aesinhusinv, 2z = z
where U =20, 0 =20 < 27, —x <z <
22.91 R = hg = oa?(sinh2 4 + sin?v), h32, =1
1 2 32 92
22,92 V2p = =+ — —
a?(sinh? u + sin2v) \ du® = 9o? 922

The traces of the coordinate surfaces on the zy plane are shown in Fig. 22-15. They are con-
focal ellipses and hyperbolas.

%

<
N v = 3072 k=

Fig. 22-15. Elliptic cylindrical coordinates.
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Prolate Spheroidal Coordinates (£, 7, ¢)

22.93 ® = asinh{singcosg, ¥ = asinhtsingsing, 2z = acosh¢cosy
where £ 20, 029 =47 05=4¢<2r
22.94 R = R = a¥(sinh? ¢ + sin%y), hZ = a2 sinh2 ¢ sinZ 4
1 d /.. iny
229 2p = — heg =
5 v a?(sinh? ¢ + sin? 4) sinh ¢ a¢ <sm ¢ ag>

+ 1 9 sin AL -1 ———a%
a?(sinh2 ¢ + sin2y) sing oy K ay a? sinh? ¢ sin2 n 942

Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 22-15 about the
x axis which is relabeled the z axis. The third set of coordinate surfaces consists of planes passing
through this axis.

Oblate Spheroidal Coordinates (£, 17, $)

22.96 % = acoshfcospcosgy, y = acoshfcospsing, 2z = asinhtsing
where £ 20, —/2 =9 =24/2, 0= ¢ < 2
22.97 R = R = a?(sinh2¢ + sin%y), A5 = a2 cosh2¢ cos?y
22.98 vip = 1 2 (cosh £ 2%
a?(sinh2 ¢ + sin2 ) cosh ¢ a¢ €os gag

-+ 1 —{cos g % + 1 o
a2(sinh2 ¢ + sin29) cosy a7 an a? cosh? ¢ cos?y 9g2

Two sets of coordinate surfaces are obtained by revolving the curves of Fig, 22-15 about the Yy
axis which is relabeled the z axis. The third set of coordinate surfaces are planes passing through
this axis.

Bipolar Coordinates (,v,z)

22.99 = _@asinhw = __gesinu =z
coshv —cosu’ Y coshv — cosu’
where 0= u<2ry, - <pv< o —w<z<
or
22.100 22+ (y —acotu)? = a?ecscu, (v —acothv)2+ y2 = a2eschv, z = 2
2 2
22.101 R = hf = —— % | Rl=1
1 z (cosh v — cos u)2 8
2¢ — (coshv —cosw)? (9% 32 %P
22.102 Ve 2 + e + 7

The traces of the coordinate surfaces on the xy plane are shown in Fig. 22-16 below.
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Fig. 22-16. Bipolar coordinates.

Toroidal Coordinates (u,v, ¢)

22.103 v = a sinh v cos ¢ _ asinhvsing 2 = a sinu
coshv — cosu’ coshv — cosu’ cosh v — cosu
2 a? sinh? v
22.104 Ri=hy = %, p}=._osiihlv

(coshv — cos u)2’ " (coshv — cos u)?

a? du \coshv — cosu du

22.105 V2o - (coshv — coswu)’ i< 1 8_<b>

(cosh v — cos u)3 9 sinh v Ll (cosh v — cos u)? 92
a? sinh v dv \ coshv — cosu v a? sinh2 v g2

The coordinate surfaces are obtained by revolving the curves of Fig. 22-16 about the y axis
which is relabeled the z axis.

Conical Coordinates (A, y,v)

_ A A ,(#2—02)(112—!12) — A /(#2—1)2)(”2—172)
22.106 T YT . a? — b2 CET Y b2 — a2

r > 2 Ap2—s?) 2 _ N2 —?)
22.107 hy 1, ks E=aB— )’ hy % — ad) (2 — b?)
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Confocal Ellipsoidal Coordinates (A, y,v)
22 y? 22
a2—)\+b2—>\+c2—>\ = 1 A< e2<bh2<a?
22.108 2y 2 pcucpca
: a?—p  b2—p E—y #
x2 2 22
Tt ta =1 2<b2<y < q?
or
o2 = (@M@ —p)(e®—»)
(a? — b%)(a?— ¢?)
2 — (B2 —=N)(B%— u)(B2 —»)
22.109 y TR
2 = (=N — ()
(e — a?)(c? — b?)
B2 = (e —=NE—N
1 4(a — 2)(b2 — N)(e2 — 1)
22110 {2 = (0= W — )
2 4a? — p)(b%2 — p)(c® — p)
2 _ A=) p—r)
ks 4(a2 — ») (B2 — ) — 1)
Confocal Paraboloidal Coordinates (A, u,v)
x? y:
T T oy = 22 —w <A< B2
2 2
22.111 {af_unub;’_ﬂ = z— 4 b2 < p < a2
2
azx_,,+bzyj,, = z - a2 <y <
or
[ 2 (@2 —N)(a? — u)(a?—»)
b2 — o2
2 —_ —_
22112 {2 = @ k)fl’f_ gz)(bz )
2z = ANt pt+r— a2 — b2
r h2 — _(ﬁ— >‘)(" _ >\)
1 4(a? — N)(b2— 1)
2 _ (v — W) (A — )
22113 1k = gt
B2 = _(=ne—y)
3 16(a2 — ») (b2 — »)
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X

RS SRS A =

DEFINITION OF A FOURIER SERIES

The Fourier series corresponding to a function f(x) defined in the interval ¢ = 2 < ¢+ 2L where ¢
and L > 0 are constants, is defined as

a 0
23.1 ?0 + 3 <an cosy%ag + b, sin ﬂ%‘?>
n=1
where | (et -
@ = T J; f(x) cos A dz
23.2

by

It

c+2L
% f f(x) sin nLﬂ dx

If f(x) and f'(x) are piecewise continuous and f(x) is defined by periodic extension of period 2L, i.e.
flx +2L) = f(x), then the series converges to f(x) if « is a point of continuity and to Hf(x+0) + flx—0)}
if x is a point of discontinuity.

COMPLEX FORM OF FOURIER SERIES

Assuming that the series 23.1 converges to f(x), we have

23.3 flx) = E e, einTe/L
n= —w
where .
?zl(an —b,) n>0
1 c+2L
23.4 & = T f f(xye—inmz/L de = a—p+ib_,) <0
¢ $ag n=0

 PARSEVAL’S IDENTITY

23.5 lfcm{f( Nede = D40 S (a2+B2)
. L) x ¢ = 5 Gt b,

GENERALIZED PARSEVAL IDENTITY

Ms

1 c+2L apCo
23.6 Hf @@ = 2+ 3 et b

1l

n

where a,, b, and ¢,, d, are the Fourier coefficients corresponding to f(x) and g{(x) respectively.
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SPECIAL FOURIER SERIES AND THEIR GRAPHS

23.7 1 <<y i)
. = x
/(=) ~-1 —r<2<0
_ L —
| | ] |
. . . ! | | |
4 /sinx sin 3z sin bx ; x
-— oo L T—
,n,< 1 + 3 + 5 + > l 27 | T 0 :ﬂ' {2#
J ! 1 [ |
Fig. 23-1
23.8 © <<y
) fo = ol = - —r<x<0 f(x)
-
7w _ 4 (cosx , cos3x cos bx
§;<12+32+52+> .
_'2,, _]‘n' Y 7lT 2:7
Fig. 23-2
23.9 fxy=2, —r<zx<gqg f(x)
| |
. . . |
9 smx_sm2x+sm3x_ ! | /
1 2 3 ; | x
-2z [“77 0 ITT 27
| I
! !
Fig. 23-3
23.10 flxy=2, 0<x<2r
flx)
. in2 in 3 | | 27
17__2<smx+sm x+51n3x+.__> /i ! | i
1 2 ] ! i |
I
| | l W/
4 f 0 f f x
—dr —27 27 4r
Fig. 23-4
23.11 flx) = |sinz|, -z <ax<nr F(x)
2 _ 4 fcos2x , cosdx cos 6x
- ;<1-3+3-5+5»7+ > .
L] T T 1) x
—2r - [0 w 2r
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183
sinz 0<x<
23.12  fz) = v
0 w<ax<2r f(=)
1 1.~ 2[cos2¢  cosdxr  cosbx
, Tosin® r<1~3+3-5 tgeg /\ . /
—27 —r 0 - P
Fig. 23-6
0<a<
23.13 @) = cos & x 'S
—cosx —T7<x<0
™~

8 /sin2x | 2sindx | 3 sin6x
;(1.3+ 35 1 51 +>

Fig. 23-7
23.14 f(x) = xz, T <x<g7 f(x)
77'2_.
72 cosx cos2x |, cos3x
'3__4< 1z e, o _>
*I377 —2r — U 27 3'17 ¥
Fig. 23-8
23.15 f@)y=xr—2z), 0<2x<g7
fx)
72 cos2x | cosdx | cos6bx
?_< 2 T T +>
o - 0 r 2
Fig. 23-9
23.16 fle) =x(z—x)ztx), v<zx<7w fx)
sinx sin2x | sin3x /
12< 5o tog >
- 0 T 3

Fig. 23-10
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0 0<e < zp—g f(x)
23.17 flg) = <1 z—a<zx<r7+a
= 2 == = 2 = [ = 2 = = 2y -
0 7t+ta<zx<2r — — — —
e
| | ] } |
@« 2 /[sinacosz sin 2a cos 2% I ' | I I I : !
@ _z — [ L r L
T T 1 2 | | | | | ! I ]
in3 3 B : T [ : [ T
4 sin a3cos x . > ~8: -2y =7 0 T 27 37
Fig. 23-11
x(r —x I<zx<
23.18  f) = (=) i flz)
—x(r—x) —7<x<0
sin sin 3x sin 5z — — / 2
13 + 33 %3 + .. .> / 27 T 0 T 27
Fig. 23-12
MISCELLANEOUS FOURIER SERIES
23.19 flx) = sinpx, —7<z<w upinteger
2sinur [ sine _ 2sin2¢ | 8sin8x |
— 12 — 2 22 — 2 32— 2
23.20 f®) = cospx, —7<z<m u+ integer
2usingr /1 cosx  cos2x cos3x _ .
P 2”2 12 — [,‘2 22 ,u2 32 — #2
23.21 flz) = tan~l[(asina)/(1 —acosz), —r<x<z o<1
2 3
asinz + %sian + %sin3x + .-
23.22 fle) = In(1 —2acosx +a?), —rw<z<qz |af<1
a? a?
—2(acosx + ?cos2x + ?cos3x + o
2323 f@) = Ltan-1[@esine)/(1-aY], -w<z<r, |o<1

. ad . ad .
asinx + -sin3x + —sinbx + ---

3

b
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2324  f(z) = %taxrI (0 cosx)/(1—a?)], —-r<wz<wm o<1
acosx — %Ecos&c + %icosfm —
23.25 flx) =evr, —z < x <7
2 sinh ur <L n § (—1)*(u cos mx — m sin mc)>
T G =s] p2 A+ n2
23.26 flx) = sinhpx, —7<z<gz
2sinh,m—<sinx _ 2sin 2 351n3x_'”>
T 12+,U.2 22_}_‘“2 32_*_#2
23.27 f(x) = coshux, —w<ax<g
2p sinh pr <L_ COoS & cos2x  cos 3w + >
7 202 12+ a2 242 342
23.28 f®) = Inlsinla], 0<a<g7
_ <1n2 4 cosx cos 2% 4 cos 3x + >
1 2 3
23.29 fl®) = Imjeosdx|, —7<w<nx
_ <In2 _ colsx I co;2x _ cos33ac + >
23.30 f) = 4o — frx + 3a?, 0= =27
colszoc 4 co;ZZx 4 c0§23oc + e
23.31 flo) = Lale—n)(x—27), 0=x =27
si;13x + sir;32x I sir;33x +oees
23.32 flx) = 315774 - 1—1272902 + 1—1277903 — 4*18904, 0=z =27

cos & cos 2x cos 3x
i T T T
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BESSEL'S DIFFERENTIAL EQUATION

24.1 x%y” + 2y’ + (@2—nDy = 0 n=0

Solutions of this equation are called Bessel functions of order n.

BESSEL FUNCTIONS OF THE FIRST KIND OF ORDER n

Ju@) = ey =
@)= 20 T(n + 1) 2@n 2 2-4@n+2)@n+4)

3 (—1)%(a/2)n +2k
k=0 k!T(n+k+1)

24.2

L P at _ ..
243 Tonl@) = 2—nr(1—n){1 z<2—2n)+ 2-4(2 - 2n)(4 — 2n) }

S (—1)k(x/2)2%k—n
k§0 k! I‘(k +1 —n)
244 Joux) = (—DnJ,(x) n=0,12,...

If n+0,1,2,..., J,(x) and J_n(x) are linearly independent.
If n+0,1,2,..., J, (%) is bounded at % = 0 while J_, (x) is unbounded.

For n =0,1 we have

2 4 6
245 Jyw) = 1-5+ o rETE
3 5 7
246  Ji(w) = g_zf.4+22.af12.6_22.42%.62.8"’
247  Ji@x) = —J,(x)
BESSEL FUNCTIONS OF THE SECOND KIND OF ORDER n
I () cos-'mr —J_ () n<0,1,2, ...
Sin nmr
—J_ X
lim 2227 COSPT 7 Ty n=01,2,...
pesn sin p#

This is also called Weber's function or Neumann’s function [also denoted by N, (=)].

136



BESSEL FUNCTIONS 137

For n=0,1,2,..., L’Hospital’s rule yields
24.9 Yo@) = Z{n(@2) + e — LS @ZE=DL e,
™ T k=0 k'
1 & (2/2)2k+n
—— 1P b Ay
7S, COHe0 + atn+ Ry DS
where y = .5772156... is Euler’s constant [page 1] and
1,1 1
24.10 ®p) = LGt (0 = 0
For n =0,
2
24.11 Yo(x) = —7{1n(x/2)+y}J0(x) %{;—— 2242(1+2)+224262(1+ +4) - }
24.12 Y_, (@) = (—1)nY,(x) n=20,1,2,...

For any value n 2 0, J,(«x) is bounded at « = 0 while ¥, (x) is unbounded.

GENERAL SOLUTION OF BESSEL'S DIFFERENTIAL EQUATION

2413 y = AJ,(x) + BJ_,(x) n+#0,1,2,...
2414 y = AJ,(x) + BY,(x) all n

dx
2415 y = AJ,(x) + BJ,(2) fm all

where A and B are arbitrary constants.

GENERATING FUNCTION FOR J.(z)

24.16 ext—1/t/2 = % J, (x)tn

n=—w

RECURRENCE FORMULAS FOR BESSEL FUNCTIONS

24.17 Jori@) = 2@ — (@)
24.18 T = MIaa @) — Ty (@)}
24.19 2 @) = wdy_q(@) — nJ, (@)
24.20 2 @) = ndy@) — 2Jpeq(@)
24.21 d%{xn.]n(x)} = and,_q(@)

24.22 a%{x_",]n(x)} = —and, ., (@)

The functions Y, (x) satisfy identical relations.
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BESSEL FUNCTIONS OF ORDER EQUAL TO HALF AN ODD INTEGER

In this case the functions are expressible in terms of sines and cosines.

2423 J,,(x) = \/7—200 sin @ 2426 J_,,(z) = \/%(“S”‘ + sinx>
.

x
2424 J_ ,(x) = V -1%0 cos 24.27 Jg,(x) = ‘V ;2; {(% - 1> sinx — %cos x}
2425 Jy(x) = ;r% <Si: L _ cos x> 24.28 J_;,(x) = ‘\, ;_% {g sinz + <;32- - 1> cos z}

For further results use the recurrence formula. Results for Y, (%), Yg,9(2), ... are obtained from 24.8.

HANKEL FUNCTIONS OF FIRST AND SECOND KINDS OF ORDER

2429 HP @) = J,(x) + iY,(x) 2430 HP @) = J,(2)

— 1Y, (2)

BESSEL'S MODIFIED DIFFERENTIAL EQUATION
24.31 2y’ + xy’ — @2+ 02y = 0 nz0

Solutions of this equation are called modified Bessel functions of order n.

MODIFIED BESSEL FUNCTIONS OF THE FIRST KIND OF ORDER

2432 I(x) = i—nJ,(ix) =

= e—nmi/2 ] (ix)

" 22 xt o3 (w/2)n+2k
2"1‘(n+1){1 + 2(2n + 2) + 2+ 4(2n+ 2)(2n + 4) + } - kgok!l‘(n+k+1)
24.33
I, (@) = J_,(ix) = enmir2J_, (ix)
xn z2 xt ® (2/2)2k—n
= 1+ + + e = —_—
2—nr(1—n){ 22—-2n)  2.42—2n)4—2n) } kgo BTk +1—m)
24.34 I_,(x) = I,(x n=0,1,2,...
If n+0,1,2,..., then I, (x) and I_,(x) are linearly independent.
For n =10,1, we have
_ 22 ot x8
2435 Ix) = 1+ 2—2+m + F o 4o
- &, @ a5 7
2436 I,(x) = 2 + 2.4 + 27.42.¢ + PRV IT] +

2437 Ii(x) = I(x)
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MODIFIED BESSEL FUNCTIONS OF THE SECOND KIND OF ORDER n

{I_(x)y — I ()} n+*0,1,2, ...
2 sin ny
2438 K,(x) =
:iir:‘ m— {I_p(w) — I(x)} n=0,12,...
For n=10,1,2,..., L’Hospital’s rule yields
n—1
2439 K,(») = (—1)»+tYIn(x/2) + vy}, (x) + %kz (—1)¥(n—k—1)! (x/2)2k—n
=0
(=nr 1)n L (w/2)n+2k
+ 20 e {#(k) + o(n+ k)}
where ®(p) is given by 24.10.
For n =20,
24.40 = o @t gy P 141 .
. Koy = —{In(2/2) + v} (z) + 5+ 22_42( +3 + RS 62( +1+4
24.41 K . (x) = K. n=0,1,2, ...
GENERAL SQLUTlQN OF BESSEL'S MODIFIED EQUATlON
24.42 y = Al,(x) + BI_,(x) n+#0,1,2,...
24,43 y = AI,(x) + BK,(x) alln
24.44 v = AI(x) + BI, () f dx all n
x I(x)

where A and B are arbitrary constants.

GENERATING FUNCTION FOR I.(2)

24.45 ex(t+1/)/2 = _2 L,(x)tn

n L]

RECURRENCE FORMULAS FOR MODIFIED BESSEL FUNCTIONS

2446 I.,0) = L) — I, 2452 K, = Kpoi@®) + 2K,
2447 @) = MIu_ (@) + L4 (@) 2453 K1) = MHE,_ @) + Kpei(@)
2448 xI,(x) = «xl,_,(x) — nl,(x) 24.54 K, (x) = —xK,_ (&) — nK,(z)
24.49 oI, (x) = wl,yq (@) + nl,(x) 2455 K, (x) = nK,(x) — 2K, . (x)
24.50 ;—x{xnln(x)} = o, () 24.56 d%{ann(x)} = K, (x)

24'51 diizi{x_nln(x)} = x_n1n+1(x) 24'57 %{x_nK'n(w)} = _xgnK'n+1(x)
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”:'];Mcﬁll?liga'sasssl. FUNCTIONS OF ORDER EQUAL TO HALF AN ODD INTEGER

In this case the functions are expressible in terms of hyperbolic sines and cosines.

2458 I () = wlsinhx 2461 I_j,(x) = 4 ’l<sinhx _COth>
LEd T x

2 2 3 . 3
2459 I_,,(x) = A / g cosh x 24.62 I;,(x) = = {<ﬁ + 1> sinha — o cosh x}
9 sinh x ) _ 2 3 3 ..
24.60 I;,(x) = 1 [ = <coshx —-T> 2463 I _;,(x) = 4 ’ = {(ﬁ + 1> coshz — 7 Sinh x}
For further results use the recurrence formula 24.46, Results for K, o(x), K3,9(x), ... are obtained
from 24.38.

_ Ber AND Bei FUNCTIONS

The real and imaginary parts of J o (xe3mi/4) are denoted by Ber, (x) and Bei, (x) where

R (/2)2k +n (8n + 2k)r
24.64 Ber, (x) = kgo FTTn+ E 1) S 1
. < (x/2)2k+n p Bnt 26)w
24.65 Bei, (x) = 2 T+ F T 1) 1
If n=0,
24.66 Ber (x) = 1 — (xT/'zz): + (_;1;/%)8 — e

@/2)6 | (z/2)10

24.67 Bei(x) = (@/2)* — S 512

~ Ker AND Kei FUNCTIONS

The real and imaginary parts of e—nwi/2 K, (xem/4) are denoted by Ker, (x) and Kei, (x) where

24.68 Ker, (x) = —{In(2/2) + v} Ber, () + 1z Bei, (z)
+1 :E: (n—k— 1I)cv’ (x/2)2k—n cos (8n Z2k)7r
kEO % {o(k) + @(n+ k)} cos (3—"1:12—"’)—”—
24.69 Kei, (@) = —{ln(2/2) + v} Bei, (%) — 1r Ber, ()

17 (m—k— 1)1 (2/2)2%k—n  (3n + 2k)r
-_ = sin
2 k§0 k' 4

%, k)
13 ———k(?g) o1 (#00) + a(nt B} sin 822 207

and ¢ is given by 24.10, page 137.

If n=0,
2470 Ker(s) = —(In@/2)+v) Ber(s) + JBei() + 1 — @y gy L @Ay 4y
2471 Kei) = —{In(x/2) + v} Bei(z) — 7 Ber (@) + (a/2)2 — (xg/!zz)e QA+I+H + -



BESSEL FUNCTIONS

DIFFERENTIAL EQUATION FOR Ber, Bei, Ker, Kei FUNCTIONS

24,72 2y’ 4wy’ — (@2 +ndy = 0
The general solution of this equation is
24.73 y = A{Ber,(») + i Bei, (x)} + B{Ker, () + i Kei, (x)}
GRAPHS OF BESSEL FUNCTIONS
Y Yy
L~ Jo(2) 14
Yq(x)
2 Py
0 T T é & ? T T ? T 0 T 2l T d T (? 7/
12 7 & 10 1 3 &X’
— 14 —11
Fig. 24-1 Fig. 24-2
Y Y
6 3
5]
4- I (x 2]
ol®) 1)
3 Kl(x)
2 1
14 Ky(x)
° i b ) LI ° 1 ! *
Fig. 24-3 Fig. 24-4
Y Y
34
Beix ]
f- Ber x :gi_ Ker z
0 - ; x .03+
~14 oz 024 Keizx
—od .01+
By TS 4/5—% —a
—4- —~.01 ‘
~ 5+ ~.02-]
—6- —.03-
~74 —.044
— 8 —.054
g4
_IOT

Fig. 24-5

Fig. 24-6
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142 BESSEL FUNCTIONS

INDEFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS
24.74 f edo(x) dv = xJ,(x)
24.75 f 2Jy@) dz = 22J,(2) + 2 Jy(z) — f Jo(®) dus

24.76 fmeO(x) dz. = amJ(x) + (m—Dam—1Jy(x) — (m—1)2 fxm—2Jo(x) dx

J J
24.77 f o) e = Jy(z) — Lx(x—)—f.lo(x) da

o
78 (104 - (m_";iflm-z - ;’01‘)”2,”,1 =y | 7o) 4o
24.79 f Ji@de = —Jy@)

24.80 f ey (@) de = —zJy(x) + f Jo (%) da

24.81 fxm.ll(x) de = —amJy(x) + mfxm—lJO(x) da

24.82 f J‘;’”) dw = —Jy(@@) + f Jo(@) dx

24.83 f J;ff) de = — 7:;,5,“_)1 + i—fifn(ﬁ o

24.84 f and, @ de = and, (@)
24.85 fx‘"JnH(x) de = —x—nJ,(x)

24.86 f g J (@) de = —xmJ,_ () + (m+n—1) f am—1J _ (x) de

w{a J,(Bx) Jn(ax) — B J,(ax) J,(B7)}
B2 — a2

24.87 f @ J,(ax) ], (Bz) dx =

)

24.88 f 2 J2(ax) dw = %Z{J,',(ax)}2 + %2<1 - ”—2> (J, (az)}?

The above results also hold if we replace J,(x) by Y, (x) or, more generally, A J,(x) + BY,(x) where
A and B are constants.

DEFINITE INTEGRALS INVOLVING BESSEL FUNICTIONS

1
(Va2 + b2 — a)r
T
1
2491 foo cosax Jo(ba) dx = <Va2—b2

0 0 a<b

24.89 f " ez gy (ba) dw =
0

24.90 f " emax ] (ba) dw =
0




24.92

24.93

24.94

24.95

24.96

2497

24.98

24.99

24.100

24.101

24.102

24.103

24.104

24.105

24.106

24.107

24.108

BESSEL FUNCTIONS

f J(bx) dx = 3 n>—1
0
* J, (bx)
e = L n=1,238,...
0 n
e—b*/4a

fo e~ Jo(bVw) de =

0

0

0

1
f x Jo(ax) Iy (Bx) dx
0

Jo ()

I ()

I (%)

Yy(2)

Iy(z)

I (®)

Y, (x)

I ()

Y, (2)

1, (x)

K, (x)

1
f xJ,(ax) J,(Bx) de =

INTEGRAL REPRESENTATIONS FOR BESSE

it

1

@ Jo(B) Jn(@) — B Ty(a) In(B)
B2 — a2

fl wJoex) dr = FHIn(@)32 + (L —n2a?){J, (2)}2

B Jofe) In(B) — a Jola) Io(B)
a® + p2

1 m
;f cos (x sin 6) de

0

1 ks

;f cos (ng — x sing) d¢, =n = integer
0

xxn

T
—_— cos (¢ sin 6) cos2r 6 dg, = > —1
2VrT(n+ 1) JO‘ p;

_Zf cos (z cosh u) du

Ty

1 m
—f cosh(x sing) dg =
T

2
f exsing dg
0

ASYMPTOTIC EXPANSIONS

e

2 cos[z -2 T where « is lar
o 271 ge
lsin - _T where « is 1
V T 2 4 s large
1 n
or where 7 is large
V2rn \ 2n
| 2(e - where 7 is large
an\ 2n &
e:c 4
where « is large
Vrx
e—x

where z is large
Vary

L FUNCTIONS
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144 BESSEL FUNCTIONS

ORTHOGONAL SERIES OF BESSEL FUNCTIONS

Let Ay, A9 A3, ... be the positive roots of RJ,(x) + Sz J. () =0, n>—1. Then the following series
expansions hold under the conditions indicated.

§=0, R0, ie. Ai,As s, ... are positive roots of Ja(x) =0

24.109 fl@) = AyJ,(\x) + AgJn(hgw) + AgJ(Ngz) + -+ -
where
2 1
24.110 4, = ——j % (%) I, (\etr) dao
* J?L+1(>‘k) 0 ni
In particular if n =0,
24.1M @) = AiJo(\x) + Ay Jo(Mgx) + AgJp(hgz) + -+
where
24.112 A 2 fl JoO\a) d
. = A
|3 J%O\k) \ z f(2) Jo (M) da
R/S > —n
24.113 f@) = Apd,(0z) + AgJy(gz) + Agd,(gz) + -
where .
24.114 A, = 2 f 2 f(@) J, (\z) dae
) — T 0 e ) Yo *

In particular if n =0,

24.115 f(ac) = A1J0(>\1x) -+ A2J0()\2x) -+ A3J0(X3x) + .-
where
2 1
24.116 4, = *—f 2 f(2) Ty (M) dt
T BR0wW+ 0w Jy oM
R/S = —n
24.117 fle) = Agm + A J,(\zx) + ApJ,(hg) + ---
where ;
Ay, = 2(n+1) f xntl f(x) da
0
24.118

2 1
Ju () d
Jf;()\k) —~ T 1 () Tmr 1(Mg) ‘L‘ % f(2) J, (\ez) do

In particular if n =0 sothat R =0 [i.e. Ai; Az, Ag, ... are the positive roots of J,(x) = 0],

24.119 @) = Ap + AyJo(nm) + AgJo(g) + -
where L

Ay, = 2 f z f(x) dx
24.120 0

A

1
m j; 2 f(x) Jo (\px) de
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R/S < —n

and we have

2412 f@) = AgL(gx) + A T (\x) + Agd, (Agz) + -
where
2 1 f(x) I, (\g) d
A, = f x f(x Aox) dx
24.122 ° B0 + Li_ (o) I+ 1(0g) J, e

2
Taw) = Jne 1) Ty s 1000

1
f 2 f(@) I (M) dae
0

In this case there are two pure imaginary roots =i\, as well as the positive roots PR VY P

MISCELLANEOUS RESULTS

24.123 cos(zsing) = Jy(x) + 2J,(x) cos 20 + 2J4(x) cosd46 + ---

24.124 sin(xsing) = 2J(x)sine + 2J3(x) sin3¢ + 2J5(x) sinb6 + ---

o0

24125 J,(x+y) = S Je@) J_p @) n=20,*1,%2, .. .
k=—w
This is called the addition formula for Bessel functions.

24126 1 = Jy@) + 2J50) + 0 + 2y (x) + oo

24127 © = 2{Jy(x) + 3J5() + BJ5(x) + -+ + @+ 1) Jyyeqla) + o)

24.128 22 = 2{4Jy(2) + 16J,(2) + 36J5(x) + -+ + (En)2Jon(x) + ---)
xJy(x)

24129 — — = Jy@@) — 2J,(2) + 3Js(x) — -+

24.130 1 = Jix) + 2J%(a) + 2Jix) + 2J%x) + -
24131 JJ(x) = L{Jn_2(@) — 2J,(2) + Jpia(@)}

24132 J (@) = FUn—s(@) — 8Jp1(®) + 8J,41() — Joyis(@)}

Formulas 24.131 and 24.132 can be generalized.

24.133  J,(0)J_n(2) — I J. (x) = %

24134 J,(2)J_pi (@) + J_p(@) Iy (@) = “—;’;”—’1

24135 U, @ Ya@ — L@ Yaii@) = @0 - L@V, = =
24.136 sinz = 2{J,() — J3(x) + Js(@) — -}

24137 cosz = Jolw) — 2Jy(x) + 2J,(®) — - -

24.138 sinhz = 2{I,(x) + Iy@) + Iy(x) + -}

24.139 coshz = Io(x) + 2{12(@) + 14(17) + Is(x) + - '}




725 LEGENDRE FUNCTIONS

LEGENDRE’S DIFFERENTIAL EQUATION

25.1 A—a2y"” — 2ay’ + nin+1ly = 0

Solutions of this equation are called Legendre functions of order m.

LEGENDRE POLYNOMIALS

If n=0,1,2,..., solutions of 25.1 are Legendre polynomials P,(x) given by Rodrigue’s formula

1 dr
25.2 P’n (x) = W -d—x-; (x2 — l)n

SPECIAL LEGENDRE POLYNOMIALS

253 Py(x) = 1 257 P,(x) = L(35w%— 30x2+ 3)

254 P(z) = « 258 P;(x) = L(63¢5 — T0u3 + 15z)

255 Py(x) = 1(32—1) 259  Pg(x) = ;1(231a6 — 3152t + 10522 — 5)
25.6  Py(x) = 4(5x3 —30) 25.10 P;(x) = -1(42927 — 693x5 + 3153 — 35x)

LEGENDRE POLYNOMIALS IN TERMS OF ¢ WHERE z = cos?

2511 Py(cose) = 1 25.14 Pj(cos6) = (3 cos 6 + 5 cos 36)
25.12 P (cos8) = cosé@ 25.15 Py(coss) = 4(9 + 20 cos 26 + 35 cos 46)
25.13 Py(cos6) = L(1+ 3 cos26) 25.16 Pjs(coss) = 11@(30 cos @ + 35 cos 36 + 63 cos 58)

25.17 Pg(cos6)

515(50 + 105 cos 20 + 126 cos 46 + 231 cos 66)

25.18 P;(coso) T124(175 cos 6 + 189 cos 3¢ + 231 cos 56 + 429 cos 76)

GENERATING FUNCTION FOR LEGENDRE POLYNOMIALS

25.19 - S p@n
=0

V1-—2tx + t2 n
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LEGENDRE FUNCTIONS 147

RECURRENCE FORMULAS FOR LEGENDRE POI.YNOMIAI.S

25.20 m+1)Pyiy(@) — @n+1DxP,(x) + nP,_(x) = 0
25.21 Poii@) — xPh(x) = m+1)P,(x)
25.22 xP,(x) — P,_i(x) = nP,(x)
25.23 Pyii(@) — Pp_i(@) = (2n+1)P,()
25.24 (@2—1)P(x) = nxP,(x) — nP,_q(x)
ORTHOGONALITY OF LEGENDRE POLYNOMIALS
25.25 fl Pu@)P,(x)dx = 0 m#mn
-1
1
25.26 f_ Py = -

Because of 25.25, P, (%) and P, (x) are called orthogonal in —1 = ¢ = 1.

~ ORTHOGONAL SERIES OF LEGENDRE POLYNOMIALS

25.27 fl@) = AgPy(x) + A Py(x) + AyPy(x) + -
where
2k +1 (!
25.28 A, = P, d
K 5 £1 f(x) Py (x) d

| SPECIAL RESULTS INVOLVING LEGENDRE POLYNOMIALS

2529 P,(1) = 1 2530 P,(-1) = (—L)n 2531 P,(-z) = (~)"P,(x)
0 n odd

R

25.33 P,(x) = %foﬂ @ + Va2 —1 cos ¢)* dg

25.34 an(x) dw = P"“(z)n;l;""‘(x)

25.35 o)l = 1

25.36 Pya) = = @D g,

ont1i,; g (z—a)n+t

where C is a simple closed curve having « as interior point.
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GENERAL SOLUTION OF LEGENDRE'S EQUATION

The general solution of Legendre’s equation is

25.37 y = AU, + BV.()
where
25.38 Ujw) = 1 — nntl) o L e 2mtmts)

2! 4!

v — (n—1)}n+2) o5 4 (n—l)(n—3)(n+2)(n+4)x

25.39 V@ = 3i 51

5

These series converge for —1 < z < 1.

LEGENDRE FUNCTIONS OF THE SECOND KIND

If =0,1,2,... one of the series 25.38, 25.39 terminates. In such cases,
U,()/U,1) n=0,24,...
25.40 P,(x) =
Va()/V, (1) n=13,5,...
where
2
25.41 U, (1) = (=1)n2 2n[<—;ﬁ>!} /n! n=024,...
n—1 2
25.42 Vo) = (=1)n-D/2 2n—1[<——2— 1] /n! n=1,3,5,...

The nonterminating series in such case with a suitable multiplicative constant is denoted by Q,(x) and
is called Legendre’s function of the second kind of order m. We define

U, V,(x) n=024,...
25.43 Qulx) =
V.U, (@) n=1,35,...
SPECIAL LEGENDRE FUNCTIONS OF THE SECOND KIND
1. [1+
25.44 Q@ = 3l (1 = ’;)
1+
25.45 Q@ = Zhn <1 —2) -1
o 3x2—1 1+e 3x
25.46 Qo) = = mn <1 - x) -5
_ bxd — 3x 1+« 52 2
25.47 %@ = = In <1 = x> —2 "3

The functions @,(x) satisfy recurrence formulas exactly analogous to 25.20 through 25.24.

Using these, the general solution of Legendre’s equation can also be written

25.48 y = AP,(x) + BQ,(x)



LEGENDRE’S ASSOCIATED DIFFERENTIAL EQUATION

2
26.1 1 —a2y” — 20y + {n(n-i— 1) — m }y = 0
1— a2

Solutions of this equation are called associated Legendre functions.

portant case where m,n are nonnegative integers.

ASSOCIATED LEGENDRE FUNCTIONS OF THE FIRST KIND

26.2 PMa) = (1—a2mr %Pn(x) = ¢ ;f:imlz ;:::n (@ —1)n
where P, (x) are Legendre polynomials [page 146]. We have

26.3 Pi@) = P,()

26.4 Prlx) = 0 if m>n

SPECIAL ASSOCIATED LEGENDRE FUNCTIONS OF THE FIRST KIND

265 Pix) = (1—a2)1/2 26.8  Pi(z) = I(5x2—1)(1— 212
26.6 Plx) = 3x(1—x2)1/2 269 Pix) = 15x(1—42)
26.7 PXx) = 3(1—a2) 26.10 Pix) = 15(1 — x2)3/2
GENERATING FUNCTION FOR Pj(x)
Zm)! (1 — a)ym/2¢m — R pMim
26.11 2mm! (1 — 2t gZym+1/2 — ,2,,, Prlo)t
RECURRENCE FORMULAS
26.12 (m+1-—m) Pl (®) — @n+ 1o Py + (n+m)P™ ,(x) = o0
26.13 Pr gy — ZOEDT pmsts )t mt 1) PMxz) = 0o

- (1—a2i/z"n

149

We restrict ourselves to the im-




150 ASSOCIATED LEGENDRE FUNCTIONS

ORTHOGONALITY OF Py(2)

1
26.14 f Pl@)PMx)de = 0 if nwv#1
-1
1
m - 2 (n+m)!
26.15 f_l Prl@yrde = o + 1 (n—m)!

ORTHOGONAL SERIES

26.16 f@) = ApPn@) + App Prii(@) + ApioPris@) + -
where

2+ 1(e—m)! J‘
26.17 A, = 2 Grm! fx) Py (x) d

ASSOCIATED LEGENDRE FUNCTIONS OF THE SECOND KIND

26.18 M) = (- a2
. Qn(®) = (1—a?) WQn(x)
where @,(x) are Legendre functions of the second kind [page 148].

These functions are unbounded at % = =1, whereas Py (x) are bounded at « = *1.

The functions Q7 (x) satisfy the same recurrence relations as Pj(x) [see 26.12 and 26.13].

GENERAL SOLUTION OF LEGENDRE’'S ASSOCIATED EQUATION

26.19 y = APXx) + BQI(x)



7 HERMITE POLYNOMIALS

HERMITE’S DIFFERENTIAL EQUATION

27.1 y' — 20y + 2ny = 0O

HERMITE POLYNOMIALS

If »n=20,1,2,... then solutions of Hermite’s equation are Hermite polynomials H,(x) given by
Rodrigue’s formula

27.2 Hy@) = (-1 %@‘Iz)

SPECIAL HERMITE POLYNOMIALS

273  Hyx) = 1 27.7  Hyx) = 16a* — 4822 + 12

274 H(z) = 2« 27.8  Hyx) = 3225 — 1602° + 120

27.5  Hyx) = 422 —2 279  Hgx) = 6425 — 4802t + 72022 — 120
27.6  Hy(x) = 823 — 12x 27.10 H,(x) = 12827 — 134425 + 336023 — 1680z

GENERATING FUNCTION

0 in
27‘1] e2t.’r—t2 — 2 Hn(x)

n=0 n!

RECURRENCE FORMULAS

27.12 H, () = 2xH,(x) — 2nH, {(x)

27.13 Hi(x) = 2nH,_,(z)
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152 HERMITE POLYNOMIALS
ORTHOGONALITY OF HERMITE POLYNOMIALS
27.14 f Y P H () Hy @) ds = 0 m*n

—o0

27.15 f Y et H @) ds = 2mlva

—c0

ORTHOGONAL SERIES

27.16 flxy = AgHylx) + A{Hi(x) + Ay Hy(x) + -+
where
1 “ 2
27.17 A, = -z H d.
k Zkk!\[y; . € f(x) Hy(x) dx

SPECIAL RESULTS

27.18 Hyx) = (2x) — W(zx)n—z + ”("‘_1)(”27 2 =3) pyn-t —
2719 H, (—x) = (—1)"H,(x) 2720 H,, (00 = 0
27.21 Hy(0) = (—1)m2n+1+3+5--- (2n—1)

< _ Hyyy(®)  Hyq(0)
27.22 fo Hdt = 30 = oD
27.23 L H@) = — Ho@)
27.24 f P H @A = H,_ ,0) — e H,_, )

0
27.25 f tne™" Howt) dt = Van!P,(z)
< 1
27.26 Hn(x+y) = kgo on/2 <Z>Hk(x\/§)Hn——k(y\/§)
This is called the addition formula for Hermite polynomials.
n Hy(x) Hy(y)  Hypya(®) Holy) — H, () Hy+1(y)

27.27 = 2kkc! - 2ntip! (@ —y)



78 LAGUERRE POLYNOMIALS

LAGUERRE’S DIFFERENTIAL EQUATION

28.1 2y’ + 1—2)y + ny = 0

LAGUERRE POLYNOMIALS

If n=0,1,2,... then solutions of Laguerre’s equation are Laguerre polynomials L,(x) and are given
by Rodrigue’s formula.
28.2 L (x) = e ;Z; (zne—7%)
"SPECIAL LAGUERRE POLYNOMIALS

283 Lyx) = 1 286 Lyx) = —x3+ 922 — 182z + 6
28.4 Li(x) = —x+1 28.7 Ly(x) = x* — 1623 + 7222 — 96x + 24
28.5 Lo(x) = 22 —4a + 2 28.8 Ly(x) = —ab% + 25x% — 20023 + 60022 — 600x + 120
28.9 Lg(x) = «f — 3625 4 4502¢ — 240023 + 540022 — 4320x + 720
28.10 L(x) = —a7 + 4925 — 88245 + 7350x¢ — 29,4003 + 52,920x2 — 35,2802 + 5040

GENERATING FUNCTION

e—at/i—t & Ly(x)tr

28.11 T = 2

RECURRENCE FORMULAS
28.12 Lyii(®) — @n+1—2)L,(x) + n2L,_;(x) = 0
28.13 Ly(@) — nLn_y(@) + nLl,_y(@) = 0
28.14 xL,(x) = nLy@) — n2L,_,()
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28.15

28.16

28.17

where

28.18

28.19

28.21

28.22

28.23

28.24

28.25

L,(0)

LAGUERRE POLYNOMIALS

ORTHOGONALITY OF LAGUERRE POLYNOMIALS

n!

L,(x)

f e *L () L(x)dx = 0 m = n
0

fw e *{L (x)}2dx = (n!)2
0

ORTHOGONAL sgfuasi ‘

f@) = AgLol®) + A;Li(x) + Ay Ly(x) + -+

28.20 f Ldt = Ly —
0

k

4, = (Tl,)gfo =7 f(&) Ly (x) da

SPECIAL RESULTS

Ly (®)
n+1

1 {x" _ m2gn1 n2(n — 1)2gn—2 B
1! 21

0 0 if p<m
f xPe~ 2L, (x) de =
0

n

p

0

(D)2 if p=mn

L&) Li(y) _ Ln(®) Ly 1(y) — Lyt1(2) La(y)

. (—1)”n!}

G WEE—1)
©  tk I,
3T = eV

L,(x) = on urer—« Jo (2vzu ) du

0
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29 ASSOCIATED LAGUERRE POLYNOMIALS

LAGUERRE’S ASSOCIATED DIFFERENTIAL EQUATION :

29.1 ay’ + (m+1l—a)y + m—my = 0

ASSOCIATED LAGUERRE POLYNOMIALS

Solutions of 29.1 for nonnegative integers m and n are given by the associated Laguerre polynomials

292 Li@) = 2L
dx™

where L, (x) are Laguerre polynomials [see page 153].

29.3 Lo@ = L)

29.4 L:l"(x) = 0 if m>n

SPECIAL ASSOCIATED LAGUERRE POLYNOMIALS

295 Liw) = -1 29.10 Lix) = —6
29.6 Lix) = 2¢c—4 29.11 Lix) = 4a3 — 4822 + 144x — 96
297 Lix) = 2 29.12 Li(x) = 1222 — 96z + 144
29.8 Li(x) = —32%+ 18x — 18 29.13  Li(x) = 244 — 96
299 Lix) = —6x + 18 29.14 Lix) = 24
GENERATING FUNCTION FOR Ly(x)
m
29.15 (Z)mem -t = g Ln@

(1= gm+1 nem !
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156 ASSOCIATED LAGUERRE POLYNOMIALS

RECURRENCE FORMULAS

29.16 nom Al @+ @tm—20—1)L™Na) + 2L 1@ = 0
n+1
29.17 d m _ m+1
. Lwtey = e
29.18 a%{xme*xL;n(x)} = (m—n—1Dam—te—z L' }(z)
29.19 x(—i%{L:.n(x)} = @-mL=) + m—n—1) L ')
ORTHOGONALITY
29.20 f xme=% Ly (&) Lp(x) dx = 0 pFEn
0
» m 1)s
29.21 I; ame= {Ln(@)}2 do = (n(f in)!

ORTHOGONAL SERIES

29.22 f@ = ApLm@ + ApsiLm+1(@) + ApioLmra(@) + <
where

k— m)! * m
29.23 A, = (_(75'—;2)_& x™me~* Ly (x) f(x) dx

SPECIAL RESULTS

29.24

L;n(ac) = (—1)”(7”—%{xn—m — n_(nl_!_m’).xn—m—l + n(n_l)(n_—z’”;)(n—m_l) gn—m—2 }

- —_ 3
29.25 f gmt+le—zx {L:;n(m)}2 de = 2n—m+ 1)(n!)
0

(n—m)!
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30 .~ CHEBYSHEV POlY’NOMIALS

CHEBYSHEV‘S DIFFERENTIAL EQUATION

30.1 AQ—ax2y” — xy’ + n2y = 0 n=20,1,2,...

CHEBYSHEV POLYNOMIALS OF THE FIRST KIND

Solutions of 30.1 are given by

30.2 T,(x) = cos(mcos—la) = zn — <;"> xn2(1 —x2) + <Z> an (1l —x2)2 — ..

SPECIAL CHEBYSHEV POLYNOMIALS OF THE FIRST KIND

30.3 Tox) = 1 307 T,(x) = 8x%—8a2+1

304 T,2) = « 30.8 Ti(x) = 165 — 2043 + bx

30.5 To(w) = 202 —1 30.9 Te(x) = 3226 — 48x% + 1822 — 1
306 T,(x) = 4a% — 3z 30.10 T,(x) = 6407 — 1125 + 564% — T

GENERATING FUNCTION FOR Tu(z)

30.11 _l=tr {3y ) e
1%tz + & 2, Tnl) ¢

SPECIAL VALUES

30.12 7T,(—x) = (-1 T, () 30.14 T,(—-1) = (-1» 3016 T,,.,(0) = 0

3013 T1,(1) = 1 30.15 T,,(0) = (-1)»
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RECURSION FORMULA FOR T, (z)

30.17 Tpy1(2) — 22 T,(x) + Tpq(®) = 0
ORTHOGONALITY
L Toplx) Ty ()
30.18 _— = 0 m #~
J‘—1 V1-—x2 ? "
1 {Tn (x)}2 T if n=0
.19 de =
301 f_l V1—2x2 v {77-/2 if n=1,2,...
ORTHOGONAL SERIES
30.20 f@) = 1AgTo(x) + A Ty(@) + Ay To(x) + - -
where
2 (! (@) Ty ()
30.21 A, = = —d
FT A e
CHEBYSHEV POLYNOMIALS OF THE SECOND KIND
30.22 Uy (x) = sin {(n + 1) cos—1 x}
" sin (cos—1x)
= n+1 n o n+1 n—2 — 2 n+1 n—4 — 52 — e
<1>x <3>x (1 x)+<5>x (1 — 22)2
SPECIAL CHEBYSHEV POLYNOMIALS OF THE SECOND KIND
30.23 Uy) = 1 30.27 U,z = 162t — 1222 + 1
3024 U, = 2 30.28 U, (z) = 3225 — 3225 + 6x
30.25 U,x) = 402 -1 30.29 Ugw) = 6405 — 80x* + 2422 — 1
30.26 Uyx) = 8% — 4x 30.30 U (x) = 12847 — 19245 + 8023 — 8x
GENERATING FUNCTION FOR Uw(x)
30.31 —1 — S U@
: -tz — =& Un®@t
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SPECIAL VALUES

30.32 Uy(-x) = (1)U, (x) 13034 Uy (—1) = (—)nn+1) 30.36 U,,.,(0) = 0

3033 U, (1) = n+1 3035 U, (0) = (—1)»

RECURSION FORMULA FOR U.,(z)

30.37 Ups1(@) — 20 Up(@) + Up_y(®) = 0
ORTHOGONALITY
1
30.38 f V1i—22U, (x) Upx)de = 0 m*n
—1
1
30.39 f Vi—@2 {U,x))2de = =
1 2

ORTHOGONAL SERIES

30.40 fl@) = AgUplx) + A Uy(x) + Ay Ugl) + -
where

30.41 4, =

ERI)

1
f V1—22f(x) Uglx) dx
<

RELATIONSHIPS BETWEEN T.(x) AND Ua(z)

30.42 To(2) = U, — a2U,_{(x)
30.43 A—2)Up_y(x) = T, (@) — Tpy(x)
1 (" Tpiq(v)dv
30.44 U, = = e —
@ 7‘_‘fﬂ (v—xyV1—o2
L VI 02U,y (0
30.45 T, (x) = %_f x——'vl—) dv

-1

GENERAL SOLUTION OF CHEBYSHEV'S DIFFERENTIAL EQUATION

AT, (x) + BVI—22U,_,(x) if n=1,2,8,...
30.46 y =

A + Bsin~lgx if n=0



~ HYPERGEOMETRIC FUNCTIONS

i ;ﬂ?rene:-om;rksc DIFFERENTIAL EQUATION

31.1 2x1—x)y”’ + {c—(a+b+ D}y’ —aby = 0

HYPERGEOMETRIC FUNCTIONS

A solution of 31.1 is given by
. _ a*b a(a+1)b(b+ 1) ) a(a+ 1){a + 2)b(b + 1)(b + 2) 3
312 Fabiem) = 14300+ Jogprn &+ 1°2:3-cct etz = T

If a, b, ¢ are real, then the series converges for —1 < x < 1 provided that ¢ — (¢ + b) > —1.

SPECIAL CASES

313 F(-p,1;1;—x) = (14 31.8 F({,§:3:#?) = (sin~la)/x

314 F1,1;2;—2) = [In(1+a)/x 319  F(, 13— = (tan—!a)/x
31.5 ,}TL F,n;1;2/n) = e 31.10  F(1,p;p52) = 1/(1—2)

31.6 F(4,—};4isin2x) = cosw 3111 Fn+1, —m1; 1—2)/2) = P,(x)
317  F@,1;1;8in22) = secx 3112 Fn,—m; & (1—2)/2) = T,(x)

GENERAL SOlUT!dN OF THE HYPERGEOMETRIC EQUATION

If ¢, a — b and ¢ — a — b are all nonintegers, the general solution valid for 2] <1 is

31.13 y = AF(a,b;e;2) + Bael=<Fla—c¢+1,b—c+1;2—¢; 2)

MISCELLANEOUS PROPERTIES

T'(¢)T(c—a—1b)

31.14 F(a, b; c; 1) Ie—a)T(c—b)
d _ab . .
31.15 —F(a,b;c;2) = —Fa+1,b+1;c+1;x)
dx c
1
31.16 F(a, b;c; ) = W)I;,((cc)—_b—)fub—l(l—u)c’b”l(l—ux)‘adu
0
31.17 Fla,b;¢c;2) = (1—2)— 2 bF(¢c—a,c—b;c;x)
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32 | LAPLACE TRANSFORMS

SRR S == e

DEFINITION OF THE LAPLACE TRANSFORM OF E(t)

32.1 LA{F(@)} = fw e StF(t)dt = f(s)
0

In general f(s) will exist for s > a where o is some constant. £ is called the Laplace transform
operator.

DEFINITION OF THE INVERSE LAPLACE TRANSFORM OF f(s)

If £{F(t)} = f(s), then we say that F(t) = £~ 1{f(s)} is the inverse Laplace transform of f(s).
L£71 is called the inverse Laplace transform operator.

COMPLEX INVERSION FORMULA

The inverse Laplace transform of f(s) ean be found directly by methods of complex variable theory.
The result is

1 c+ioo 1 c+ilT
32.2 F(t) = 5 estf(s)ds = E im est f(s) ds
7” c—iw L c—iT

where ¢ is chosen so that all the singular points of f(s) lie to the left of the line Re {s} = ¢ in the complex
s plane.
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162 LAPLACE TRANSFORMS
TABLE OF GENERAL PROPERTIES OF LAPLACE TRANSFORMS
f(s) F(1)
32.3 @ fy(s) + b fals) aFy(t) + bFy(t)
32.4 f(s/a) a F(at)
32.5 fis—a) eat F(t)
32.6 e=as f(s) Ut —a) = {F(t_ W t>a
0 t<a
32.7 8 f(s) — F(0) F(t)
32.8 82 f(s) — s F(0) — F(0) Fr(t)
32.9 | snf(s) — sn~1F(0) — sn—2F'(0) — - -+ — F(n=D (0) Fom(t)
32.10 F(s) ~t F(t)
32.11 f'(s) 2 F(t)
32.12 F(s) (=1t F ()
32.13 f_(sjﬁ fot F(u) du
32.14 —fg fot fot F(u) dun = ;%F(u)du
32.15 #(s) 9(s) f " P 6t — ) du
0
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f(s) F(t)
32.16 f:f(u) du fn
32.17 1_—;T£T e—su F(u) du F(t) = F(t+T)
32.18 f(—‘f) V—i_zf: e= 4t F(u) du
32.19 % f(1/s) fow Jo@Vat) F(u) du
32.20 L #(s) tnr2 fow u=n2 ] (2v/ut) F) du
32.21 fs + 1/s) f ‘ Jo@Valt —u) ) Flw) du
o .
32.22 E% fo " s st flu) du F(t2)
32.24 o 3 e

P(s) = polynomial of degree less than =,

Q) = (s—a)(s—ag) -+ (s— ap)

where ay, ay, ..., e, are all distinct.
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LAPLACE TRANSFORMS

TABLE OF SPECIAL LAPLACE TRANSFORMS

f(s) F(1)
32.25 1
s 1
1
32.26 = t
32.27 1 = 1 =
P n 1, 2, 3, e '(n_—l)! 3 1
32.28 L aso #=
8 T'(n)
32.29 1 cat
s—a
32.30 1 n=1,2,3,.., oledt gy
(s—a)y (n—1)!
32.31 1 as0 - leat
(s—a) T'(n)
32.32 . sin at
82 4+ a2 a
s
32.33 pog cos at
32.34 1 ebt sin at
(8—0)2 + a2 a
32.35 ﬁ% ebt cos at
32.36 1 sinh at
s2 — a2 a
32.37 s2—j—a§ cosh at
32.38 1 ebt sinh at
(s—b)2 — a2 a
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f(s) F(t)
3239 (s—_sb;‘zL_a? ebt cosh at
32.40 (sT)l(s—bS 0 b ebbt = Zat
32.41 (s———a)%——b) ab be'Z : Zeat
32.42 m sin at —2a¢;t cos at
3243 (s2+—s_a,2_)2 t s2i;1 at
32.44 @“i_zaz)z M%G«M
32.45 (32_;—‘3“2)_2 cosat — latsinat
32.46 (:22_:——%; t cos at
32.47 @___10’2)2 at cosh aé‘,a;— sinh at
32.48 (32_—305)_2 t si;: at
32.49 (.gz_—_—%é)—z sinh at +2aat cosh at
32.50 @2_53;2)_2 coshat + lat sinhat
32.51 (:22;*—_—:;_2 t cosh at
32.52 (82_‘___1;5& (8 —a?t?) sinézaf5 — 3at cos at
32.53 (s2+_sa-2—)§ t sin at ;a:tZ cos at
32.54 (32:42012)3 (1 + a2t?) sinszg — at cosat
32.55 83 3t sinat + at? cosat

(82 + a?)3

8a
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f(s) F(b)
st (3 — a2t2) gin at + bSat cos at
32.56 ey =
5 — 212 — ;
2. _ 8 (8 — a?t2) cos at Tat sin at
32.57 ER 4
3s% — a? 2 sin at
32.58 _— A iadd
(s2+ a?)3 2a
s3 — 3a2s
32.59 ICET 112 cos at
st — 6a2s2 + a4
32.60 (s2 1 a2)t +t3 cos at
3 42 3 gi
32.61 ST a's 3 sin at
@ a T2t
32.62 S S (3 + a2¢?) sinh at — 3at cosh at
(s7— a?)8 8a5
32.63 __ s at? cosh at — £ sinh at
(s2—a?)3 843
32.64 8 at cosh at + (a2t2 — 1) sinh at
(7 —aBp 843
3 .
32.65 s 3t sinh at + at2? cosh at
(82— a2)8 o
32.66 _ & (8 + a2£2) sinh at -+ 5at cosh at
(sT—a2)3 3
32.67 __$ (8 + a2t?) cosh at + 7at sinh at
(s2—a2)3 3
32.68 32+ a? #2 sinh at
(82 —_— a2)3 T
83 4 3a?s
32.69 (82— a%y3 412 cosh at
8% + 6a2s2 + a4
32.70 (52— a2)" 243 cosh at
32.71 8+ a’ t3 sinh at
GG o
1
32.72 W e;;/: {\/g Sin’—\/iat — CO0S8 \/gzllt + e—3at/2}
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f(s) F()
§ eat/2 V3at . V3at
32.73 m Sa ‘{COS—z_ + \/g SIHT — e—3at/2
s2 1 \/é at
32.74 Fr o 3 <e—‘1f + 2¢0t/2 cos ) >
1 —at/2 3
32.75 m egag {63(1”2 — ¢os @ — sin ﬁgzit}
—at/2 3at
32.76 ﬁ ¢ o {\/g sin\/?_’zat — cos \/—211 + e{lat/2}
2 1 3at
32.77 333_—(13 3 <eat + 2e—at/2 cos \/_2(1 >
1 1, . .
32.78 AT gk i (sin at cosh at — cos at sinh at)
s sin at sinh at
32.79 A dat T2
2
32.80 .s"i-iﬁl % (sin at cosh at + cos at sinh at)
3
32.81 s‘ijﬁi cos at cosh at
1
32.82 pram—y 52—3 (sinh at — sin at)
32.83 ﬁ E%ﬁ(cosh at — cos at)
2
32.84 ;4—5_—@—4 5171 (sinh at + sin at)
3
32.85 s‘*i—a‘* 4(cosh at + cos at)
32.86 1 eTbt —emat
Vsta+Vstb 2(b — a) V78
32.87 L erf Vat
sys+ta \/E
32.88 1 eat erf \/th
Vs(s—a) Va
32.89 L

Vs—a+ b

eat {—1— — b eb2t erfe (bﬁ)}

Vot
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f(s) F(t)
1
32.90 —_— Jo(at)
Vs2 -+ a2 ’
1
32.91 I,(at
— olat)
2 2 _ &\n
32.92 Weta—9n o 4 anJ, (at)
Vs + a2
—_ ,/ 2 — q2\n
32.93 (8= Vet —a?n n>—1 arl, (at)
Vs — g2
eb(s— Vs*+a®)
32.94 —_— Jo(aV't(t + 2b))
Vs2+ a? °
32.95 e~bVs'+a® [Jo@/e&—b2) ¢t>b
‘ Vs2+a? 10 t<b
1 tJy(at)
32.96 2+ a2)372 e
s
32.97 mﬂ tJO(at)
<2
32.98 —(S_ZW Jo(at) — atJ,(at)
1 t1, (at)
32.99 = —
32.100 (—sr_s-am tIO (at)
52
32.101 -(m Iy(aty + atl (at)
1 c—s
32.102 =D SA=e=9) Fi)y=n, n=t<n+1, n=0,1,2,...
See also entry 32.165.
32.103 1 _ e Fiy = 3 o
) s{es—r) ~ s(l—re9) © = ="
where [f] = greatest integer = ¢
32.104 el . l-e F)=m, n=t<n+l, n=01,2
) s(es —7) s(1 —re—5) » = ! A
See also entry 32.167.
32.105 e—als cos2\/ﬂ
' Vs Vart
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f(s) F(t)
32.106 e—als sin 2m
2.1 5 Ve
e—als t w2
32.107 ot >l =) Ju@Vat)
sn a
32.108 e~aVs e~ /4t
' Vs Vat
32.109 e—aVs 2 e—atiat
2V 7 t3
— g—aVs
32.110 1 =" erf (a/2V%)
—aVs
32.111 € : ° erfe (a/2V/%)
—aVs a
32.112 - eb(bt+a) erfe <b\/i + —>
Vs (Vs +b) 2V,
e—a/\/} 1 fx —u? /40t —
32.113 —wrr n>-1 7\/7.;(12"“ Oune wiaa’t g (2vVu) du
s+ a e—bt — e—at
32.114 In <s - b> ;
2 2 2
32.115 li[—(s%m-] Ciat)
32.116 ln[(s%)/a]_ Ei(at)
32.117 _(Vtﬂ In ¢
Euler’s constant = .5772156. ..
s2 + 2 2 (cos at — cos bt)
32.1 ]8 In <m> _—“i—‘—
— 2
32.119 7 tng® In t
6s s
Euler’s constant = .5772156. ..
32.120 13;_3 —(nt+7y)
vy = Euler’s constant = ,5772156. ..
32.121 In®s

(Int+v)2 — Lz2

v = Euler’s constant = .5772156. ..
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See also entry 32.163.

f(s) F(t)
32.122 L'+ 1) ;n£(1n t1)Ins n>—1 tnlnt
32.123 tan—1 (a/s) sintat
32.124 Ké@ Si(at)
a/s —2vat
32.125 _e\/_g erfec (Va/s) eﬁ‘
T
32.126 719 erte (s/2a) —216’“%2
V=
682/4‘12 erfe (s/2a)
32.127 — erf (at)
32.128 eas erfC\/E 1
Vs Vat + a)
32.129 ess Ei(as) t—-{l——a
32.130 1 |:cos as {—g— - Si (as)} — sinas Ci (as)] Wlaﬂ
a
32.131 sin as %-— St (as)} + cos as Ci(as) Wtaﬁ
32.132 cos as {% — Si (as)} — sinas Ci(as) tan—1 (t/a)
s
32.133 sinas<Z — Si(as) - + cosas Ci(as) 1 t2 + a?
2 =In
2 a?
s
T . 1, (224 a?
32.134 |:-2- - Si (as):\ + Ci2(as) 3 ln< - a >
32.135 0 N(t) = null function
32.136 1 8(t) = delta function
32.137 e—as s8(t—a)
32.138 e U(t—a)
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f(s) F(#)
32.139 ssl?:h%r z‘ ' 7%7:1 *(;i)—n sin % cos Z%TE
32.140 f‘;’;:_hifg % n: 2(n—l_)"1 i 2 ;anm i @7 ;anm
32.141 ;‘3% 5 n S_ §1 (—;)n cos n;x sin"(‘lit’
32.142 coshos Pt él LUy Br D, (2n— Lyt
32.143 b s 2t 2o él I 2 g nt
32.144 ;2_5%}% x + % nél (2(11_1);)2 sin @n ;al)”m cos & —z—al)”_t
32.145 gosh st £, 2 él (I o 12 <1 ~ cos%ﬂ>
32.146 —g%l% b 7%% ,él (2(7:1):)2 cos 2" galm sin (22 ;al)wt
32.148 % i_; él (~1ym ene e i 12
32.149 % a% n§1 (—1)n—1(2n — 1) e—@n—1’m?t/1a> cog (2n gal)m:_
32.150 \/% % né (—1)r—1¢—(@n—D’r’t/4a® gin (2n ;al)z—x
32.151 \/% 142 él (1 emrete? o ME
32.152 % 24 —Eél (02 ottt g 75
32.153 % 1+ g nél 2(71_—1_)1113—(271—1)277%/4112 cos(2n gal)vw
32.154 'szils%fg% %t + 2_%2 él (_,113)"(1 — e niat/al) gin 7TE
32.155 ;% 1@2—a?) + t — 1?7‘;2 n§1 .—(2(11__{)1{)36—(2n—1)2'n'2t/4a2 cos(z_”%)”
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f(s) F(t)
Jo(ixV/s o eAnt/at J (% xz/a
sJy(iays) n=1 A ()
where Ay, Mg, ... are the positive roots of Jy(A) = 0
JolixVs © e Ant/e’ Jo(\ x/a
32.157 ——0—‘) 1(@2—a2 + t + 202 3 _3_0"_)
52 ']0 (w\/E) n=1 )\n']l (An)
where Ay, Ay, ... are the positive roots of Jo(\) =0
Triangular wave function
F(t)
32.158 Ltanh a8 1
as? 2
0 2a da 6a t
Fig. 32-1
Square wave function
F(t)
1 1 | | ) | i
32.159 = tanh <9£> i | : j i
8 2 | 4 { | Il t
ta 12a | 3a i4a :Ba
- I — ] —
Fig. 32-2
Rectified sine wave function
F(t)
Td as 1
32]60 m coth <E>
0 a 2a 3a t
Fig. 32-3
Half rectified sine wave function
F(t)
Ta 1
32.161 (22 + 72)(1 — e—a9) /\ /
a 2a 3a 4a ¢
Fig. 32-4
Saw tooth wave function
F(t)
1 e—aS
32162 w T sA-e =)

Fig. 32-5
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f(s) F(t)
Heaviside’s unit function U({ — a)
F(t)
32.163 e 1 !
s i
|
See also entry 32.138. 0 ﬁ ‘
Fig. 32-6
Pulse function
F(t)
_ _ 1 |
32.164 Ll el | |
8 | |
| |
i i
0 a a+te t
Fig. 32-7
Step function
F(t) I
3 —
|
2] |
32.165 ——LM—- I
S(]. — € as) [ C——
See also entry 32.102. 0 , : . : ‘
a 2a 3a da
Fig. 32-8
Ft)y=m% n=t<nt+li,n=01,2,...
F(t) |
4 |
e~s + =2 34 !
32.166 m 2 '|
—
— T T ¢
0 1 2 3
Fig. 32-9
Fy=r, n=t<n+1,1n=0,12...
F(t) |
74 JEE———
i
32.167 Lot |
s(1 —re~%) ) [ —
See also entry 32.104. 0 ; . . t
1 2 3
Fig. 32-10
F(t) = sin(#ztla) 0=t=a
0 t>a
F(t)
ra(l + e—as)
32.168 —m 1
0 p ¢
Fig. 32-11




33 FOURIER TRANSFORMS

FOURIER’S INTEGRAL THEOREM

33.1 flx)y = f {A(a) cos ax + B(a) sin ez} da
0
where -
Ale) = %f f(x) cos ax dx
33.2 -
B = 1 f f(z) sin az dz

Sufficient conditions under which this theorem holds are:
(i)  f(x) and f'(x) are piecewise continuous in every finite interval —L < x < L;
(ii) f |[f(x)|dx converges;

—%

(ili) f(x) is replaced by #{f(x +0) + f(x — 0)} if « is a point of discontinuity.

EQUIVALENT FORMS OF FOURIER'S INTEGRAL THEOREM

33.3 flxy = 517; f f f(u) cosa (x —u) du da
33.4 flz) = 2% " o dg f f(u) e—ien dy
1 * * .
= Z—T'f*w f-wf(u) et (z—u) dy do
335 fl®) = %f ) sin ax da f mf(u) sin au du
0 0

where f(x) is an odd function [f(—=z) = —f(x)].

_ z 300 o0
33.6 flx) = - j cos ax da j; f(u) cos au du

where f(x) is an even function [f(—x) = f(x)].
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FOURIER TRANSFORMS

The Fourier transform of f(x) is defined as

337 Fe) = F@ = [ faeionds

—

Then from 83.7 the inverse Fourier transform of F(a) is

33.8 F~HF(@)} = flx) = 2—177f F(a) eier do

We call f(x) and F(a) Fourier transform pairs.

CONVOLUTION THEOREM FOR FOURIER TRANSFORMS
If F(a) = F{f(x)} and G(a) = F{g(x)}, then

33.9 21—7 f F(a) G(a) éiaz do = f fu) g(x—w)du = f*xg
where f*g is called the convolution of f and g. Thus

33.10 Fif*9y = Fif Flo}

PARSEVAL'S IDENTITY

If F(o) = F{f(x)}, then

33.11 fw f@)de = 21—7f°° |F(a)|2 da

More generally if F(a) = F{f(z)} and G(z) = F{g(x)}, then

33.12 f (@) 9@ dx = %f F(a) G(a) da

where the bar denotes complex conjugate.

FOURIER SINE TRANSFORMS

The Fourier sine transform of f(x) is defined as
33.13 Fgla) = Fg{f(®)} = f f(x) sin ax da
0

Then from 83.13 the inverse Fourier sine transform of Fg(a) is

33.14 f@) = FiUFs(@)} = %f Fs(a) sin az da
0
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FOURIER COSINE TRANSFORMS
The Fourier cosine transform of f(x) is defined as

33.15 Fe(@) = Felflx)y = f f(x) cos ax da
0
Then from 33.15 the inverse Fourier cosine transform of Fg(a) is

33.16 fly = FYFc@} = f_—f F¢(a) cos ax da
0

SPECIAL FOURIER TRANSFORM PAIRS

f(z) F(a)
33.17 1 |z} <b 2 sin ba
0 Jx|>b «

1 ae—ba
3318 P I

@x 71
33.19 m _._b_a.e~ba
33.20 Fm (x) "o F'(a)

o A"F

33.21 xnf(x) Y dan
33.22 f(ba)eitz iF <" - t>
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SPECIAL FOURIER SINE TRANSFORMS
f(x) Fe(a)
33.23 1 0<2<d 1 — cos ba
' 0 x>b o
33.24 x—1 -g—
33.25 ;,“f—m T g—ba
[14
33.26 e~bz Py
T(n) sin (n tan—1 a/b)
33.27 gn—1g—bs (o2 + b2nr2
33.28 ze—be" e
33.29 @ —1/2 =
2a
N ra™ "1 ese (nx/2) <
33.30 x—n  ot(m) 0<n<2
sin bx 1 a4+ b
33.31 o 3 In <a - b>
sin bx ral2 a<b
33.32 2 {Wb/z a>b
0 a<b
33.33 cos bx o/h a=b
v /2 a>b
33.34 tan=1 (x/b) i e—ba
33.35 cse bx _2”—b tanh Z—Z
1 7o\ _ l
33.36 o — % coth <?> o

P
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FOURIER TRANSFORMS

SPECIAL FOURIER COSINE TRANSFORMS

f(=) Fe(a)
33.37 1 0<x<b sin ba
) 0 x>b a
1 re—ba
33.38 P 55
b
33.39 e bz 22+ b2
n—1 e T'(n) cos (n tan—1a/b)
33.40 gn=1le=bz (a2 + b2
33.4] e*bzz l VEe_az/[lb
2 b
33.42 x—1/2 \ ,L
2a
-n 7a? 1 sec (nr/2)
33.43 x ot 0<n<1
x2 + b2 e—coe — g—ba
33.44 In <x2 T C2> —
. w2 a<b
33.45 sin by wh a=b
0 a>b
33.46 sin b2 Z (cos o _ sin o
: 8b 4b 4b
33.47 cos bx2 = cosa—2 + sini
. 8b 4b 4b
33.48 sech bx 5775 sech -g%
33.49 cosh (V7 2/2) \/E cosh (V7 a/2)
’ cosh (V7 %) 2 cosh (V7 )
—bVz .
33.50 oY \’;—a{cos (2bVa) — sin (20Va)}




34 ELLIPTIC FUNCTIONS

INCOMPLETE ELLIPTIC INTEGRAL OF THE FIRST KIND

34.1 u = F(k¢) =

fd’ de _ J‘x dv
o VI—kZsinZe o VI —v2)(1 — k202

where ¢ = amu is called the amplitude of » and x = sin ¢, and where here and below 0 <k < 1.

COMPLETE ELLIPTIC INTEGRAL OF THE FIRST KIND

w/2 do

1 dv
Fk,#z/2) = E——————]
( ) £ Vl—k?' sin2 ¢ ~r0 V(1 —v2)(1 — k202)

2
) k2 1-3 4 1+3-5\ ;6
>k + <2 Y AR rrer: *

INCOMPLETE ELLIPTIC INTEGRAL OF THE SECOND KIND

34.2 K

Il

Il
rofy
—r—
=
+
N
=

) — 2 2
34.3 Ek, ¢ = f VI — k2 sin%¢ ds f V1R
0 0 Vi—oe2

COMPLETE ELLIPTIC INTEGRAL OF THE SECOND KIND
Y

/2
V1 — k22
34.4 E = EFk,z/2) = 1 — k2 sin26 do f g :

0 -

= 7)1 _ (1 Zkz_ 1-8\*k* _ [1.3-5\*K _
2 2 2.4 3 2+4+6 5

INCOMPLETE ELLIPTIC INTEGRAL OF THE THIRD KIND

& de x dv
345 k,n, = =
11 9} j:, (1+nsin26) V1 —k2sin2e j; 1+ nv2) V(1 — v2)(1 — k202)
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COMPLETE ELLIPTIC INTEGRAL OF THE THIRD KIND

w/2 de ! dv
34.6 1, n,7/2) = f =
0 (14 % sin26) V1 — k2 sin2¢ 0 (14 nv2) V(1 —v2)(1 — k202)

LANDEN'S TRANSFORMATION

sin 2¢,

34.7 tang = T cos 2g;

or ksing = sin(2¢; — ¢)

This yields
1

® o d

de 2 ! 6
34.8 Fk,¢) = f = f .
0 V1—k2sin2e o V1—k%sin2¢,

where k; = 2VE/I(Q+ k). By successive applications, sequences Ky, ko, ks, ... and ¢y, ¢o, ¢3, - . . are obtained
such that &k <k <ky <ky<---<1 where lim k, = 1. It follows that

n=— o0
Feykeoks . . . f‘” de kkoks. . . < &
34.9 Fk,®) = 4|—F7— ——— = A/ Intan (Z+ 32
( R e k 17z
where
2vk 2vk, .
34.10 ky = 1+%’ 5 = i—_*_—k—l, ... and ¢ = nll_l;r:o b

The result is used in the approximate evaluation of F(k, ).

JACOBI'S ELLIPTIC FUNCTIONS

From 34.1 we define the following elliptic funections.

34.11 z = sin(amu) = snu
34.12 V1—22 = cos(amu) = cnu
34.13 Vi—k2%?2 = V1-Fksn?u = dnu

We can also define the inverse functions sn—1!z, en—1 x,dn—12 and the following

_ 1 _ snu _cnu

3414 nsu = p 34.17 scu = P 34.20 csu = e
34.15 ncu = L 34.18 squ = 50X 3421 deu = 9%
eny dnu cnu

1 _ enu _ dnu

34-16 ndu = m 34.]9 cdu = dnu 34-22 dsu = _S]’lu

ADDITION FORMULAS

snucnvdnv + enu snv dnu

34.23 sn(u+v) = P
_ cnucnv — snu snv dnu dnv

3424 enfuto) = 1 — k2sn2u sn2v

34.25 dn(w+v) = dnu dnv — k% snu snv cnu cnv

1 — k2sn2y sn2v
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DERIVATIVES
d d _
3426 ——snu = cnudnu 3428 —dnu = —k’snucnu
du du
d B d
3427 _—cnu = —snudnu 3429 _—scu deu neu
du du
SERIES EXPANSIONS
u3 ud u?
34.30 snue = u — (1 +k2)§7 + (1 + 14k2 + k%) BT~ 1+ 135k2 + 135k4+k6)ﬁ + .-
u2 ut ub
34.31 nu = 1= gr (LH4R) Gy - (L4 44k 4+ 16K Br 4 -
u? ut ub
34.32 dnw = 1= Koy R4+ R Jy — K16 44k kY 2 4 -
CATALAN'S CONSTANT
2
1 1 T/2 L
3430 Gf ke = LT (Bt 111 gsaesses... A0
0 2 k=0"9=0 V1—Kk2sin2¢ 1
PERIODS OF ELLIPTIC FUNCTIONS
Let
w/2 w/2 d
34.34 K = f —-——da—, K = f — where k' = V1 -—-k2
0 V1—Ek2sin2g 0 1—k?sin2g
Then
34.35 snu has periods 4K and 2iK’
34.36 cnu has periods 4K and 2K 4+ 2iK’
34.37 dnu has periods 2K and 4iK’
IDENTITIES INVOLVING ELLIPTIC FUNCTIONS
3438 sn?2u + en2u = 1 34.39 dn?u + k?sn2u = 1
’ - 2
3440 dnu — K2en?u = kK where k' = V1 — k2 3441 sn2u = %ﬁ
_ dn2u + en2u _ 1—kK+dn2u+kcnu
3442 o2y = 1T+ dngu 3443 dn2u = 1+ dn2u
1—cn2u _ snudnu 1—dn2u _ ksnucnu
34.44 V 1+en2u enu 34.45 V 1+dn2x dnu
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34.46

34.51

34.52

34.53

34.54

34.55

34.56

34.63
where

34.64

34.65

sn0 = 0

34.47

{

El

1
k

ELLIPTIC FUNCTIONS

SPECIAL VALUES

en0 = 1

INTEGRALS

In(dnu — k cnuw)

% cos~1(dnu)

sin—? (sn u)

V1—k2

1

In(nsu — dsw)

%ln(ndu + ksdw)

In (ne u + scu)

EV1—k2

sin~1 (k ed u)

In(nsu — csu)

In(dsu — esu)

1 In{ deu + seu
V1i—k? v1—Fk2
1
cos™1 (ed u)
vV1—k2

i

In(deu + V1—k2 ncu)

)

3448 dno = 1

34.49 sc0 = 0

LEGENDRE’S RELATION

EK' + E'K — KK’

T/2
f V1 — k2 sin2¢ do
0

w/2
f V1—KZsin2e
(1]

K

/2

fﬂ'/2 do
0 V1—k2sin2¢

fﬂ’/2 de
0 1—k'2sin2¢

34.50 amo0 = 0



35 | MISCELLANEOUS SPECIAL FUNCTIONS

ERROR FUNCTION erf(s) = —\2}- f "o du
. 0

- 2 28 x5 27
35.1 erf (x) = ﬁ<x~3.1!+5.2!_7.3!+...>

=" 1 13 1:3+5
35.2 erf () ~ l—ﬁx<1~m+m‘2)—2—m2)—3+"'>
35.3 erf(—x) = —erf(x), erf(0) = 0, erf(x) = 1

COMPLEMENTARY ERROR FUNCTION erfe(z) = 1 — erf(z) = %fw e du
T

354  erfc(x) = 1—i< -« x5 7 +>

va\" T 1 e T 7ea
35.5 e 1, 1.3 135
. erfe (x) ~ iy 1_ﬁ+(2x—2)2_(272)3+'“

35.6 erfc(0) = 1, erfe(x) = 0

EXPONENTIAL INTEGRAL Ei(z) = f e;du

&

. : 1—e®
357 FEix) = —y — Inz + du
0 u
. - xr _ x? .
35.8 Ei®) = —y —Inz + <‘1.11 2-21 T 3.31 >

l

X x x2 23

359 Eiqg) eﬁx<1—}_!.+3!__3_!+...>

35.10 Ei=) = o

i “ ginu
SINE INTEGRAL Si(z) = f = du
: 0
3 5 7
3511 Six) = 1.”0_1!_ 39.03!+5f5! _7f7!+
3502 Si@) ~ .g__mTwG_i_;Jri_;_...)_%O_i_h%_...)

35.13  Si(—x) = —Si(x), Si0) = o, Si(x) = /2
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35.14

35.15

35.16

35.17

35.18

35.19

35.20

35.21

35.22

35.23

35.24

35.25

35.26

MISCELLANEOUS SPECIAL FUNCTIONS

COSINE INTEGRAL Ci(z) = _f

cosu
= w

o0

du

Cilx) = —y—lnz + f 1_;29_5_"_{du
. u
. e ¥ xt 8 o8 .
Cilx) = -y —Inz + 5.51 4-41 T 6-61  8-81 +
) . CLosxf1 3! B! O\ _sinz/. 21 4!
Ci(x) X <x el > x (1 22wt >
Ci(») = 0

FRESNEL SINE INTEGRAL S(®) = Jgj; sin? du

]

27 21l

215

S = \/;<3ﬁ! Tt

11-5! 15-7!

+>

Sx) ~ % - \/%{(cosaﬂ) <% — ;;xi 41 .34;;59.7 - > + (sin 2?) <%,—
S(—2) = —S@), S0) = 0, S(=) =

1-3-5

2827

FRESNEL COSINE INTEGRAL C(z) :\/g f cosutdu
: . - T o -

1-3-5

2827

= 2({ = x5 x? x13
Clw) = \/;<F—5-2!+ﬁ_ﬁ._6!+ >
1 1 . 183 ,1+3+5-7 1
Clx) ~ §+72_;{(smx2)< %—5—+W—"-> —(cosx2)<2—x—3—
C=2) = —C@), C©) =0, C(=) =3
1 1 1
RIEMANN ZETA FUNCTION ((z) = f+gtgt -
_ 1 © pzr—1
o) = F(.x—)J; w—ydm x>1
t1—x) = 21-z;-2T(x) cos (z2/2) {(x) [extension to other values]
22k~ 12k,
$2k) = —(F— k=1,23,...

(2k)!

4 ..

4 .




36

INEQ U:AJL;_I‘fI':l:E:si ,

TRIANGLE INEQUALITY

36.1 lag] = laol = lagtay| = oy + Jay

36.2 laytag+ - +a,] = lag| + lag] + - + |ay]

CAUCHY-SCHWARZ INEQUALITY

36.3 Ialbl + a2b2 + e+ anb"|2 = (}a,1]2 + Ia2|2 + e 4 ianlz)(]bllz + ]b2[2 + e 4 lbnlz)

The equality holds if and only if a,/b; = ay/by = *-- = a,/b,.

_ INEQUALITIES INVOLVING ARITHMETIC, GEOMETRIC AND HARMONIC MEA

If A, G and H are the arithmetic, geometric and harmonic means of the positive numbers ay, a,, ..., a,,
then

36.4 H=G=A
where

@ tayt e toa, _on 1 1/1 1 1
365 A = - 36.6 G = Ve,...a, 367 = % a—l+a+ +a—n

The equality holds if and only if ¢; =ay, = --- = a,.

HOLDER'S INEQUALITY

36.8 lasby + agby+ - +ayd,| = (Jas]» + [‘12|'J +e Ian|p)”p(!b1|q +[bglat - + |bn|q)”q
where

1 1
36.9 =~ 4+ = = >1, ¢>

p + p 1 p , ¢g>1

The equality holds if and only if |ayP=1/|by| = |ay|P~1/|by| = -+ = |ay|P—1/|b,. For p=qg=2 it re-
duces to 36.3.
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186 INEQUALITIES

CHEBYSHEV’'S INEQUALITY

If a;2ay= - Z@a, and b; =Zby= --- = b,, then
36.10 <a1+a2+-°°+an><b1+b2+“-+bn> - ayby + aghy + -+ + ayd,
n n n
or
36.11 (a;+ag+ - +a)by+by+ -+ +b) = nlad; +azbs+ -+ +aydy)

MINKOWSKI'S INEQUALITY

If ay, a9, ..., 0y, by, by, ... b, are all positive and p > 1, then
36.12  {(a,+b)P + (@a+ b)P + <+ + (@, +b)PIP = (@bt ab+ - FaR)UP 4 (b) + b5+

The equality holds if and only if a;/b; = ay/by = -+ = a,/b,.

CAUCHY-SCHWARZ INEQUALITY FOR INTEGRALS

2 {j-b F@)2 dx}{fb[g(x)lz dx}

The equality holds if and only if f(x)/g(x) is a constant.

36.13

A

b
f i@ o) dz

HOLDER’'S INEQUALITY FOR INTEGRALS

{Lb If(x)ip dx}l/p{fab{g(x)!q dx}l/q

where 1/p+1/¢q=1,p>1,g¢>1. If p=gq =2, this reduces to 36.13.

b
36.14 f [f(x) g(=)| dz

1A

The equality holds if and only if |f(x)|?—1/|g(x)| is a constant.

MINKOWSKI'S INEQUALITY FOR INTEGRALS

If p>1,

b 1/p
36.15 {f [f(2) + g(x)|? dx}

a

IIA

b 1/p b 1/p
{ ] If(x)l”dx} + {f |g(x>1vdx}

The equality holds if and only if f(x)/g(x) is a constant.

cee bﬁ)l/p



37.1

37.2

37.3

37.4

37.5

37.6

37.7

37.8

37.9

37.10

cot x

csCcx

secx

tan x

sec2 x

ese2 x

coth x

esch x

sech z

tanh x

i

e R

1 3 5
4w {72 — 42 92— 42 T 2572 — 42

k_Y_J

1 1 1
8z {Trz PR gy P sy pe }

1 1 1 1
. 1L
{(77' T PR P L iy PP e }

1,1 1 1 1
2 + (x—m)2 + (x + 7)2 + (x — 27)2 + (x + 27)2 +

1 1 1 1
x+2x{w2+7r2+x2+41r2+m2+972+“}

1 _1r 1 1

p 2x{x2+v2 x2+472+x2+972_.”}
1 3 5

Ar {7;-24-4902 977 + 4a? T 25 4 T }

1 1 1
8z {Trz tiE Tt Ty }
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38.1

38.2

38.3

38.4

38.5

38.6

38.7

38.8

38.9

(-3

sin x

cos ¥

Il
TN
et
|
(=9
qwli
~—
TN
-
|
=IFS
g8
NG
N
[
|
ol
518
&

. _ x2 22 a2

sinhx = x<1+;5><1+m><1+9—”2>
_ 102\ [ 4B\ () L ga\

coshxy = <1 + 77_2><1 + 917_2><1 + 257,—2>

I T LA Z\ —as2 £\ ,—zsal ...

@) xe“/z{<1+—1—>e x}{<1+§>e x }{<l+§>e z

See also 16.12, page 102.

= (12 (1-2\(1-2) ...
Jo@) = <1 x%)(l >\§><1 )\§>

where Ay, Ao, Ag, ... are the positive roots of Jy(x) = 0.
2 2 2

e = «(1-5)(1-5}1-5%) -
A2 H A3

where Ay, Ag, Ag, - - . are the positive roots of J; (%) = 0.

s1r;x = cos%cos%cos%cos%“-

T o_ 2,2 4466,

2 1 8 3 5 5 7

This is called Wallis’ product.
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PROBABILITY DISTRIBUTIONS

39.1

39.2

39.3

39.4

39.5

39.6

39.7

BINOMIAL DISTRIBUTION

b)) = 3 <7:>ptq"‘t p>0,¢>0, pt+qg=1

t=z
POISSON DISTRIBUTION

to—A
ox) = I Me x>0
t<x t!

HYPERGEOMETRIC DISTRIBUTION

; 0t
t=s <r:s>

NORMAL DISTRIBUTION

d(x) =

P(x) = e~t" dt

1 x
s
STUDENT’S ¢ DISTRIBUTION

n+1
1 F<2>

z 2 —(n+1)/2

CHI SQUARE DISTRIBUTION
1 SOV _
®(x) = m‘fo t(n—2)/2 g—1t/2 d¢

F DISTRIBUTION

r ny + na n"l/zn"2/2
2 1

2 z
— tM/2(ng + mqt) (Mt ng)/2 g
(@) T(n/2) Tny/2) fo ity 1)
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40 SPECIAL MOMENTS

OF INERTIA

The table below shows the moments of inertia of various rigid bodies of mass M. In all cases it is

assumed the body has uniform [i.e. constant] density.

TYPE OF RIGID BODY

MOMENT OF INERTIA

40.1 Thin rod of length a

(a) about axis perpendicular to the rod through the center of f5Ma?
mass,

(b) about axis perpendicular to the rod through one end. 1Ma?

40.2 Rectangular parallelepiped with sides a, b, ¢

(a) about axis parallel to ¢ and through center of face ab, £ M(a? +b2)

(b) about axis through center of face bc and parallel to c. M (4a? + b?)

40.3 Thin rectangular plate with sides a, b

(a) about axis perpendicular to the plate through center,

M(a? + b?)

(b) about axis parallel to side b through center. +Ma?
40.4 Circular cylinder of radius a and height h
(a) about axis of cylinder, iMa?

(b) about axis through center of mass and perpendicular to
cylindrical axis, ’

(¢) about axis coinciding with diameter at one end.

M(R2 + 3a2)

TsM(4h% + 3a?)

40.5 Hollow circular eylinder of outer radius a,
: inner radius b and height h

(a) about axis of eylinder,

(b) about axis through center of mass and perpendicular to
cylindrical axis,

(¢) about axis coinciding with diameter at one end.

1M(a2 + b?)
L M(3a2 + 3b2 + R2)

;LM (3a2 + 3b2 + 4h?)
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40.6 Circular plate of radius a

(a) about axis perpendicular to plate through center,

(b) about axis coinciding with a diameter.

AMa?

1M a2
iMa

Hollow circular plate or ring with outer radius a
40.7 . .
and inner radius b

(a) about axis perpendicular to plane of plate through center,

(b) about axis coinciding with a diameter.

IM(a2+ b?)
1M(a® + b?)

40.8 Thin circular ring of radius a

(a) about axis perpendicular to rlane of ring through center, Ma2
(b) about axis coinciding with diameter. 1Ma?
40.9 Sphere of radius a

(a) about axis coinciding with a diameter, 2Ma2
(b) about axis tangent to the surface. %Ma2

40.10  Hollow sphere of outer radius @ and inner radius b

(@) about axis coinciding with a diameter,

(b) about axis tangent to the surface.

2M(a5 — b5)/(a3 — b3)

2M(a5 — b5)/(a3 — b%) + Ma?

40.11 Hollow spherical shell of radius a

(a) about axis coinciding with a diameter,

(b) about axis tangent to the surface.

Ma?
2Ma2

40.12 Ellipsoid with semi-axes a, b, ¢

(@) about axis coinciding with semi-axis ¢,

(b) about axis tangent to surface, parallel to semi-axis ¢ and
at distance a from center.

IM(a2 + b2)
1M(6a2 + b2)

40.13 Circular cone of radius a and height %

(a) about axis of cone,
(b) about axis through vertex and perpendicular to axis,

(¢) about axis through center of mass and perpendicular to axis.

FoMa?
2 M(a2 + 4h2)
3
3 M(4a2 + h2)

40.14 Torus with outer radius a and inner radius b

(a) about axis through center of mass and perpendicular to
plane of torus,

(b) about axis through center of mass and in the plane of the
torus.

1M(7a% — 6ab + 3b2)

1M(9a2 — 10ab + 5b2)




A] CONVERSION FACTORS

Length 1 kilometer (km) = 1000 meters (m) 1 inch (in,) = 2.540 cm

1 meter (m) = 100 centimeters (cm) 1 foot (ft) = 30.48 cm

1 centimeter (em) = 1072m 1 mile (mi) = 1.609 km

1 millimeter (mm) = 10—%m 1 mil = 1073 1in.

1 micron (u) = 10-6m 1 centimeter = 0.3937 in.

1 millimicron (mg) = 1079 m 1 meter = 389.37 in.

1 angstrom (A) = 10-19m 1 kilometer = 0.6214 mile
Area 1 square meter (m2) = 10.76 ft2 1 square mile (mi%) = 640 acres

1 square foot (ft2) = 929 cm? 1 acre = 43,560 ft2
Volume 1 liter () = 1000 cm3 = 1.057 quart (qt) = 61.02in3 = 0.03532 ft3

1 cubic meter (m3) = 1000! = 35.32 ft3
1 cubic foot (ft3) = 7.481 U.S. gal = 0.02832 m3 = 28.321
1 U.S. gallon (gal) = 231in3 = 3.78517; 1 British gallon = 1.201 U.S. gallon = 2774 in3

Mass 1 kilogram (kg) = 2.2046 pounds (Ib) = 0.06852 slug; 11b = 453.6 gm = 0.03108 slug
1slug = 32.1741b = 14.59 kg

Speed 1 km/hr = 0.2778 m/sec = 0.6214 mi/hr = 0.9113 ft/sec
1 mi/hr = 1.467 ft/sec = 1.609 km/hr = 0.4470 m/sec

Density 1 gm/em3 = 103 kg/m3 = 62.43 Ib/ft3 = 1.940 slug/ft?
1 1b/ft3 = 0.01602 gm/cm3; 1 slug/ft3 = 0.5154 gm/cm?

Force 1 newton (nt) = 105 dynes = 0.1020 kgwt = 0.2248 lbwt
1 pound weight (lbwt) = 4.448 nt = 0.4536 kgwt = 382.17 poundals
1 kilogram weight (kgwt) = 2.205 lbwt = 9.807 nt
1 U.S. short ton = 2000 lbwt; 1 long ton = 2240 Ibwt; 1 metric ton = 2205 lbwt

Energy 1 joule = 1ntm = 107 ergs = 0.7376 ft Iowt = 0.2389 cal = 9.481 X 10—4 Btu
1 ft lbwt = 1.856 joules = 0.3239 cal = 1.285 X 103 Btu
1 calorie (cal) = 4.186 joules = 3.087 ft Ibwt = 3.968 X 103 Btu
1 Btu (British thermal unit) = 778 ft lbwt = 1055 joules = 0.293 watt hr
1 kilowatt hour (kw hr) = 3.60 X 106 joules = 860.0 kcal 3413 Btu
1 electron volt (ev) = 1.602 X 10719 joule

H

Power 1 watt = 1 joule/sec = 107 ergs/sec = 0.2389 cal/sec
1 horsepower (hp) = 550 ft Iowt/sec = 33,000 ft lowt/min = 745.7 watts
1 kilowatt (kw) = 1.341 hp = 737.6 ft lbwt/sec = 0.9483 Btu/sec

Pressure 1 nt/m2 = 10 dynes/ecm? = 9.869 X 10—¢ atmosphere = 2.089 X 102 lbwt/ft2
1 Ibwt/in2 = 6895 nt/m2 = 5.171 cm mercury = 27.68 in. water
1 atmosphere (atm) = 1.013 X 105 nt/m2 = 1.013 X 108 dynes/em2? = 14.70 lbwt/in2
= 76 ¢cm mercury = 406.8 in. water
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TABLES



SAMPLE PROBLEMS

ILLUSTRATING USE OF THE TABLES

COMMON LOGARITHMS

1.

Find log 2.36.

We must find the number p such that 10 = 2.836 = N. Since 10°=1 and 10! =10, p lies
between 0 and 1 and can be found from the tables of common logarithms on page 202.

Thus to find log 2.36 we glance down the left column headed N until we come to the first two digits,
23. Then we proceed right to the column headed 6. We find the entry 3729. Thus log 2.36 = 0.3729,
ie. 2.36 = 1003729,

Find (e) log 23.6, (b) log 236, (¢) log 2360.
From Problem 1, 2.36 = 100-3729, Then multiplying successively by 10 we have
23.6 = 1018729, 236 = 1023729, 2360 = 1033729

Thus

(a) log 23.6 = 1.3729
(b) log 236 = 2.3729
(¢) log 2360 = 3.3729,

The number .3729 obtained from the table is called the mantissa of the logarithm. The number
before the decimal point is called the characteristic. Thus in (b) the characteristic is 2.

The following rule is easily demonstrated.

Rule 1. For a number greater than 1, the characteristic is one less than the number of digits before
the decimal point. For example since 2360 has four digits before the decimal point, the
characteristic is 4 —1 = 3.

Find (a) log .236, (b) log .0236, (c) log .00236.

From Problem 1, 2.86 = 1093729, Then dividing successively by 10 we have

236 = 1003720—1 = 1(9.3729—10 = 10—-6271
0236 = 100.3720—2 — 1(8.3729—10 = 1(Q—1.6271
00236 = 100.3729-3 — 1Q7.3729—-10 = 1(—2.6271
Then
(a) log .286 = 9.3729 — 10 = -—.6271

(b) log .0236 = 8.3729 — 10 = —1.6271
(¢) log .00236 = 7.3729 — 10 —2.6271.

The number .3729 is the mantissa of the logarithm. The number apart from the mantissa [for
example 9 — 10, 8 — 10 or 7 — 10] is the characteristic.

The following rule is easily demonstrated.

Rule 2. For a positive number less than 1, the characteristic is negative and numerically one more
than the number of zeros immediately following the decimal point. For example since .00236
has two zeros immediately following the decimal point, the characteristic is —8 or 7—10.
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Verify each of the following logarithms.

(a) log87.2. Mantissa = .9405, characteristic = 1; then log 87.2 = 1.9405.

() log 395,000 = 5.5966.

(¢) log.0482. Mantissa = .6830, characteristic = 8 —10; then log,,.0482 = 8.6830 — 10.
(d) log .000827 = 6.9175 — 10.

Find log 4.638.

Since the number has four digits, we must use interpolation to find the mantissa. The mantissa
of log 4638 is .8 of the way between the mantissas of log 4630 and log 4640.

Mantissa of log 4640 = .6665 Mantissa of log 4.638 = .6656 4 (.8)(.0009)
Mantissa of log 4630 = .6656 = .6663 to four digits
Tabular difference = .0009 Then log 4.638 = 0.6663

If desired the proportional parts table on page 202 can be used to give the mantissa directly
(6656 + 7).

Verify each of the following logarithms.

(@) log183.2 = 2.2630 (2625 + 5)
(b) log 87,640 = 4.9427 (9425 4 2)
(¢) log.2548 = 9.4062—10 (4048 + 14)

(d) log.009848 = 7.9933 —10 (9930 -+ 3)

COMMON ANTILOGARITHMS

7.

Find (a) antilog 1.7530, (b) antilog (7.7530 — 10).

(¢) We must find the value of 1017530, Since the mantissa is .7530 we glance down the left column
headed p in the table on page 205 until we come to the first two digits 75. Then we proceed right
to the column headed 8. We find the entry 5662. Since the characteristic is 1, there are two
digits before the decimal point. Then the required number is 56.62.

(b) Asin part (a) we find the entry 5662 corresponding to the mantissa .7530. Then since the char-
acteristic is 7— 10, the number must have two zeros immediately following the decimal point.
Thus the required number is .005662.

Find antilog (9.3842 — 10).

The mantissa .3842 lies between .3840 and .3850 and we must use interpolation. From the table
on page 204 we have

Number corresponding to .3850 = 2427 Given mantissa = .3842
Number corresponding to .3840 = 2421 Next smaller mantissa = .3840
Tabular difference = 6 Difference = .0002

Then 2421 + [2,(2427 — 2421) = 2422 to four digits, and the required number is 0.2422.

The proportional parts table on page 204 can also be used.

Verify each of the following antilogarithm.
(a) antilog 2.6715 = 469.3

(b) antilog 9.6089 —10 = .4063

(¢) antilog 4.2023 = 15,930
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COMPUTATIONS USING LOGARITHMS

(784.6)(.0431) ]

10. P = log P = log 784.6 + log .0431 — log 28.23.

28.23
log 784.6 = 2.8947
(+) log .0431 = 8.6345 — 10
115292 — 10
(—) log 28.23 = 1.4507
log P = 10.0785 —10 = .0785. Then P = 1.198.

Note the exponential significance of the computation, i.e.

(784.6)(.0431) _  (1028947)(108-6345—10) = 102-8%47+8.6345-10-1.4507 — 10.0785 = 1.198

28.23 1014507
1. P = (5.395)% logP = 8log5.395 = 8(0.7320) = 5.8560, and P = 717,300.

12. P = V387.2 = (387.2)l/2, logP = 4 10g387.2 = 1(2.5879) = 1.2940 and P = 19.68.

5
13. P = V.08317 = (.08317)V/5. logP = 4 log .08317 = 1(8.9200 — 10) = 1(48.9200 — 50) = 9.7840 — 10
and P = .6081.

V.003654 (18.37)3
4. P = —(—) logP = % log .003654 +- 3 log 18.37 — (4 log 8.724 + 1 log 743.8)

(8.724)4 /7438
Numerator N Denominator D
—%— log .003654 = %(7.5628—10) 4 log 8.724 = 4(0.9407) = 3.7628
= %(17.5628—20) = 8.7814—-10 1 log 743.6 = »}7(2.8714) = 0.7178
3 log 18.37 = 3(1.2641) = 38.7923 Add: logD = 4.4806
Add: log N = 12,5737 —-10
log N = 12,5737 —10 -
(=) logD = 4.4806
logP = 8.0931 —10. Then P = .01239

NATURAL OR NAPIERIAN LOGARITHMS
15. Find (a) In7.236, (b) In886.2, (c) In.002548.

{a) Use the table on page 225.
In 7.240 = 1.97962

In7.230 = 1.97824
Tabular difference = .00138

Then In7.236 = 1.97824 + $:(.00138) = 1.97907

In terms of exponentials this means that 1.97907 = 7,236,

(b) As in part (a) we find
In8.362 = 2.12346 + 120—(2.12465 —2.12346) = 2.12370

Then
In836.2 = In(8.362x102) = 1og8.362 + 21In10 = 2.12370 + 4.60517 = 6.72887

In terms of exponentials this means that 672887 = 836.2.

(¢) Asin part (a) we find
In 2.548 = 0.93216 + T8_6<0'93609 — 0.93216) = 0.93530

Then
In.002548 = In(2.548 X 10-3) = In2.548 —31n10 = 0.93530 — 6.90776 = —5.97246

In terms of exponentials this means that e—597246 = (02548,



SAMPLE PROBLEMS ILLUSTRATING USE OF THE TABLES

TRIGONOMETRIC FUNCTIONS (DEGREES AND MINUTES)
16. Find (a) sin 74°23’, (b) cos 35°42’, (c) tan 82°56’,
(a) Refer to the table on page 206.
sin 74°30’ = ,9636
sin 74°20’ = .9628
Tabular difference = .0008

Then sin 74°23’ = .9628 + -3.(.0008) =

0
(b) Refer to the table on page 207.
cos 35°40’ = .8124
cos 35°50" = .8107
Tabular difference = .0017

Then cos 35°42" = .8124 — 2,(.0017) =

or cos 356°42' = .8107 + -8.(.0017) =

T0

(¢) Refer to the table on page 208.

9630

8121

8121

tan 82°60’ = tan 83°0" = 8.1443

tan 82°50/ = 7.9530
Tabular difference = .1913
Then tan 82°56’ = 7.9530 + %(.1913) = 8.0678

17. Find (a) cot 45°16’, (b) sec 73°48', (c) csc 28°33'.

(a) Refer to the table on page 209.
cot 45°10’ 9942

cot 45°20° = .9884
Tabular difference = .0058

Then cot 45°16’ = .9942 — -6.(.0058) =

or cot 45°16’

9884 + 4:(.0058) =

(b) Refer to the table on page 210.
sec 73°50" = 3.592

sec 73°40" = 3.556
Tabular difference = .036

Then sec 73°48' = 3.556 + -£(.036) =

(¢) Refer to the table on page 211.
csc 28°30° = 2.096

cse 28°40° = 2.085
Tabular difference = .011

Then csc 28°33/

2.096 — ;3,(.011) =

or csc 28°337

2.085 + 1(.011) =

9907

9907

3.5685

2.093

2.093
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INVERSE TRIGONOMETRIC FUNCTIONS (DEGREES AND
18. Find (a) sin—1(.2143), (b) cos—1(.5412), (c) tan—1(1.1536).

(a) Refer to the table on page 206.
sin 12°30/

sin 12°20" =

Tabular difference

Since .2143 is 2148 — 2136
0028
12020° + 1(10") = 120925,

B

(b) Refer to the table on page 207.
cos 57°10’

cos 57°20/

Tabular difference

Then cos—1(.5412) = 57020 — 2412 — 5398 1)

MINUTES)

.0024

or cos—1(.5412) = 57010/ + 2422 — 5412 44

0024

(¢) Refer to the table on page 208.
tan 49°10’

tan 49°0’

Tabular difference =

2164
.2136
.0028

of the way between .2136 and .2164, the required angle is

5422
5398
.0024

57°14.2

i

57°14.2'

1.1571
1.1504
.0067

Then tan—1(1.1536) = 4900'+l'l5_%ﬁ'15°4(10') = 49°4.8'

Other inverse trigonometric functions can be obtained similarly.

TRIGONOMETRIC AND INVERSE TRIGONOMETRIC FUNCTIONS (RADIANS)

19. Find (a) sin (.627), (b) cos (1.056), (c) tan (.153).

(a) Refer to the table on page 213.

sin (.630) = .58914
sin (.620) = .58104
Tabular difference = .00810
Then sin (.627) = .58104 + [1.(.00810) = .58671
(b) Refer to the table on page 214.
cos (1.050) = .49757
cos (1.060) = .48887
Tabular difference = .00870
Then cos (1.066) = .49757 — £.(.00870) = .49235
or cos (1.056) = .48887 + £(.00870) = .49235
(¢) Refer to the table on page 212.
tan (.160) = .16138
tan (\150) = .15114
Tabular difference = .01024
Then tan (.153) = .15114 + 2(.01024) = .15421

Similarly other trigonometric functions are obtained.
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20. Find sin—1(.512) in radians.

Refer to the table on page 213.
sin (.540) = .51414

sin (.5630) = .50553
Tabular difference = .00861

512 — 50553

Then sin—1(.512) = 530 4+ : G861 (.01) = .5375 radians

Similarly the other inverse trigonometric functions are obtained.

COMMON LOGARITHMS OF TRIGONOMETRIC FUNCTIONS
21. Find (a) log sin 63°17’, (b) log cos 48°44'.
(a) Refer to the table on page 217.
log sin 63°20’ 9.9512 — 10
log sin 63°10" = 9.9505 — 10
Tabular difference = .0007

Then log sin 63°17 = 9.9505 — 10 + 15(:0007) = 9.9510 — 10

(b) Refer to the table on page 219.
log cos 48°40’ = 9.8198 — 10

log cos 48°50’ = 9.8184 — 10

Tabular difference = .0014
Then log cos 48°44" = 9.8198 — 10 — 4,(.0014) = 9.8192 — 10
or log cos 489447 = 0.8184 — 10 + ,(.0014) = 9.8192 — 10
Similarly we can find logarithms of other trigonometric functions. Note that log sec ® = —log cos z,
log cotx = —log tanx, log cscx = —log sin x.

22, If logtanx = 9.6845 — 10, find x.
Refer to the table on page 220.
log tan 25°50’ = 9.6850 — 10
log tan 25°40’ = 9.6817 — 10
Tabular difference = .0033

9.6845 — 9.6817

Th — 95040’ +
en v 0033

(10" = 25°48.5'

CONVERSION OF DEGREES, MINUTES AND SECONDS TO RADIANS
23. Find 75° 28 47" in radians.
Refer to the table on page 223.
70° = 1.221730 radians
5° = .087267
20/ = .005818
8’ = .002327
40" = .000194
77 = .000034
Adding, 75° 28" 47" = 1.317370 radians
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CONVERSION OF RADIANS TO DEGREES, MINUTES AND SECONDS
24. Find 2.547 radians in degrees, minutes and seconds.
Refer to the table on page 222.
2 radians = 114° 35 29.6”

5 = 28° 38 52.4”
04 = 20 17 306"
007 = 0° 24/ 39"
Adding, 2,547 radians = 144° 114’ 116.5” = 145° 55’ 56.5"

CONVERSION OF RADIANS TO FRACTIONS OF A DEGREE
25. Find 1.382 radians in terms of degrees.

Refer to the table on page 222.

1 radian = 57.2958°
3 = 17.1887°
.08 = 4.5837°
.002 = 1146°
Adding, 1.382 radians = 79.1828°

EXPONENTIAL AND HYPERBOLIC FUNCTIONS
26. Find (a) €524, (b) e—-158,
(a) Refer to the table on page 226.
€530 = 200.34
€520 = 181.27
Tabular difference = 19.07

Then €24 = 181.27 + A(19.07) = 188.90

(b) Refer to the table on page 227,
e~ 150 — 86071

e—-160 = 85214
Tabular difference = .00857

Then e”-18 = .86071 — 8.(.00857) = .85385
or e—-198 = 85214 + 2.(.00857) = .85385
27. Find (a) sinh (4.846), (b) sech (.163).
(a) Refer to the table on page 229.
sinh (4.850) = 63.866
sinh (4.840) = 63.231
Tabular difference = .635
Then sinh (4.846) = 63.231 + £,(.635) = 63.612

(b) Refer to the table on page 230.
cosh ((170) = 1.0145

cosh (.160) = 1.0128

Tabular difference = .0017
Then cosh (.163) = 1.0128+1i6(.0017) = 1.0133
and so sech (.163) = 1 = 1 _ 9g687

cosh (.163) ~ 1.0133
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28. Find tanh—1(.71423).

Refer to the table on page 232.
tanh (.900) = .71630

tanh (.890) = .71139
Tabular difference = .00491

Then tanh 1 (.71423) = .890+£42%;4_9'171ﬁ(10) ~ 8958

INTEREST AND ANNUITIES

29. A man deposits $2800 in a bank which pays 5% compounded quarterly. What will the deposit
amount to in 8 years?

There are n = 8+4 = 32 payment periods at interest rate » = .05/4 = .0125 per period. Then the
amount is

A = $2800(1 +.0125)32 = $2800(1.4881) = $4166.68
using the table on page 240.

30. A man expects to receive $12,000 in 10 years. How much is that money worth now, considering interest
at 6% compounded semi-annually?

We are asked for the present value P which will amount to A = $12,000 in 10 years. Since there
are n =102 = 20 payment periods at interest rate » = .06/2 = .03 per period, the present value is

P = $12,000(1 +.03)~20 = $12,000(.55368) = $6644.16
using the table on page 241.

31. An investor has an annuity in which a payment of $500 is made at the end of each year. If interest
is 4% compounded annually, what is the amount of the annuity after 20 years?

Here » = .04, » = 20 and the amount is [see table on page 242],

(1+.04)20 — 1

$500l: 0d } = $500(29.7781) = $14,889.05

32. What is the present value of an annuity of $120 at the end of each 3 months for 12 years at 6%
compounded quarterly?

Here n = 4+12 = 48 payment periods, r = .06/4 = .015 and the present value is

— —A48
$120 [1%] — $120(34.0426) = $4085.11

using the table on page 243.



TABLE

FOUR PLACE COMMON LOGARITHMS

log'w N or log N

Proportional Parts

N 0 1 2 3 4 5 6 7 8 9 1 23 4 5 6 7 8 9
10 | 0000 0043 0086 0128 0170 | 0212 0253 0294 0334 0374 | 4 8 12 17 21 25 29 33 37
11 | 0414 0453 0492 0531 0569 | 0607 0645 0682 0719 0755 | 4 8 11 15 19 23 26 30 34
12 | 0792 0828 0864 0899 0934 | 0969 1004 1038 1072 1106 | 3 7 10 14 17 21 24 28 31
13 | 1139 1173 1206 1239 1271 | 1303 1335 1367 1399 1430 | 3 6 10 13 16 19 23 26 29
14 | 1461 1492 1523 1553 1584 | 1614 1644 1673 1703 1732 | 3 6 9 12 15 18 21 24 27
15 | 1761 1790 1818 1847 1875 | 1903 1931 1959 1987 2014 | 3 6 8 11 14 17 20 22 25
16 | 2041 2068 2095 2122 2148 | 2175 2201 2227 2253 2279 | 3 5 8 11 13 16 18 21 24
17 | 2304 2330 2355 2380 2405 | 2430 2455 2480 2504 2529 | 2 5 7 10 12 15 17 20 22
18 | 2553 2577 2601 2625 2648 | 2672 2695 2718 2742 2765 | 2 5 7 9 12 14 16 19 21
19 | 2788 2810 2833 2856 2878 | 2900 2923 2945 2967 2989 [ 2 4 7 9 11 13 16 18 20
20 | 3010 3032 3054 3075 3096 | 3118 3139 3160 3181 3201 | 2 4 6 8 11 13 15 17 19
21 | 3222 3243 3263 3284 3304 | 3324 3345 3365 3385 3404 { 2 4 6 8 10 12 14 16 18
22 | 3424 3444 3464 3483 3502 | 3522 3541 3560 3579 3598 | 2 4 6 8 10 12 14 15 17
23 | 3617 3636 3655 3674 3692 | 3711 3729 3747 3766 8784 | 2 4 6 7 9 11 13 15 17
24 | 3802 3820 3838 3856 3874 | 3892 3909 3927 3945 3962 [ 2 4 5 7 9 11 12 14 16
25 [ 3979 3997 4014 4031 4048 | 4065 4082 4099 4116 4133 [ 2 3 5 7 9 10 12 14 15
26 | 4150 4166 4183 4200 4216 | 4232 4249 4265 4281 4298 | 2 3 5 7 8 10 11 13 15
27 | 4314 4330 4346 4362 4378 | 4393 4409 4425 4440 4456 [ 2 3 5 6 8 9 11 13 14
28 | 4472 4487 4502 4518 4533 | 4548 4564 4579 4594 4609 | 2 3. 6 6 8 9 11 12 14
29 | 4624 4639 4654 4669 4683 | 4698 4713 4728 4742 4757 | 1 3 4 6 7 9 10 12 13
30 | 4771 4786 4800 4814 4829 | 4843 4857 4871 4886 4900 | 1 3 4 6 7 9 10 11 18
31§ 4914 4928 4942 4955 4969 | 4983 4997 5011 5024 5038 | 1 3 4 6 7 8 10 11 12
32 | 5051 5065 5079 5092 5105 | 5119 5132 5145 5159 5172 | 1 3 4 5 7 8 9 11 12
33 | 5185 5198 5211 5224 5237 | 5250 5263 5276 5289 5302 | 1 3 4 5 6 8 9 10 12
34 | 5315 5328 5340 5353 5366 | 5378 5391 5403 5416 5428 | 1 8 4 5 6 8 9 10 11
35 | 5441 5453 5465 5478 5490 | 5502 5514 5527 5539 5551 | 1 2 4 5 6 7 9 10 11
36 | 5563 5575 5587 5599 5611 | 5623 5635 5647 5658 5670 | 1 2 4 5 6 7 8 10 11
37 | 5682 5694 5705 5717 5729 | 5740 5752 5763 5775 5786 [ 1 2 3 5 6 7 8 9 10
38 | 5798 5809 5821 5832 5843 | 5855 5866 5877 5888 5899 [ 1 2 3 5 6 7 8 9 10
39 | 5911 5922 5933 5944 5955 | 5966 5977 5988 5999 6010 | 1 2 3 4 5 7 8 9 10
40 | 6021 6031 6042 6053 6064 | 6075 6085 6096 6107 6117 | 1 2 3 4 5 6 8 9 10
41 | 6128 6138 6149 6160 6170 | 6180 6191 6201 6212 6222 | 1 2 38 4 5 6 7 8 9
42| 6232 6243 6253 6263 6274 | 6284 6294 6304 6314 6325 | 1 2 3 4 5 6 7 8 9
43 | 6335 6345 6355 6365 6375 | 6385 6395 6405 6415 6425 [ 1 2 3 4 5 6 7 8 9
44 | 6435 6444 6454 6464 6474 | 6484 6493 6503 6513 6522 | 1 2 3 4 5 6 7 8 9
45| 6532 6542 6551 6561 6571 | 6580 6590 6599 6609 6618 | 1 2 3 4 5 6 7 8 9
46 | 6628 6637 6646 6656 6665 | 6675 6684 6693 6702 6712 | 1 2 3 4 5 6 7 T 8
471 6721 6730 6739 6749 6758 | 6767 6776 6785 6794 6803 | 1 2 83 4 5 5 6 7T 8
48 | 6812 6821 6830 6839 6848 | 6857 6866 6875 6384 6893 ] 1 2 3 4 4 5 6 7 8
49 | 6902 6911 6920 6928 6937 | 6946 6955 6964 6972 6981 | 1 2 3 4 4 5 6 7 8
50 | 6990 6998 7007 7016 7024 | 7038 7042 7050 7059 7067 | 1 2 3 3 4 5 6 7 8
51 ] 7076 7084 7093 7101 7110 | 7118 7126 7135 7143 7152 | 1 2 3 3 4 5 6 7 8
52 | 7160 7168 7177 7185 T193 | 7202 7210 7218 7226 7235 | 1 2 2 3 4 5 6 7 7
53 | 7243 7251 7259 7267 7275 | 7284 7292 7300 7308 7316 | 1 2 2 3 4 5 6 6 7
54 | 7324 17332 7340 7348 7356 | 7364 7372 7380 7388 7396 | 1 2 2 3 4 5 6 6 1
N 0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

202




FOUR PLACE COMMON LOGARITHMS

Table 1
(hogianed) log,; Nor log N
Proportional Parts

N 0 1 2 3 4 5 6 7 8 9 1 2 3 45 6 7 8 9
55 | 7404 7412 7419 7427 7435 | 7443 7451 7459 7466 7474 |1 2 2 3 4 5 5 6 7
56 | 7482 7490 7497 7505 7513 | 7520 7528 7536 7543 7551 |1 2 2 3 4 5 5 6 7
57 | 7559 17566 7574 7582 77589 | 7597 7604 7612 7619 7627 |1 2 2 8 4 5 5 6 17
58 | 7634 7642 7649 7657 7664 | 7672 7679 7686 7694 7701 [ 1 1 2 83 4 4 5 6 7
59 | 7709 7716 7723 7731 7738 | 7745 7752 7760 7767 7774 |1 1 2 8 4 4 5 6 7
60 | 7782 7789 7796 7803 7810 | 7818 7825 7832 7839 7846 [1 1 2 3 4 4 5 6 6
61 | 7853 7860 7868 7875 7882 | 7889 7896 7903 7910 7917 [1 1 2 3 4 4 5 6 6
62 | 7924 7931 7938 7945 7952 | 7959 7966 7973 7980 7987 |1 1 2 3 3 4 5 6 6
63 | 7993 8000 8007 8014 8021 | 8028 8035 8041 8048 8055 |1 1 2 3 3 4 5 5 6
64 | 8062 8069 8075 8082 8089 | 8096 8102 8109 8116 8122 |1 1 2 3 3 4 5 5 6
65 | 8129 8136 8142 8149 8156 | 8162 8169 8176 8182 8189 [ 1 1 2 3 3 4 5 5 6
66 | 8195 8202 8209 8215 8222 | 8228 8235 8241 8248 8254 |1 1 2 3 3 4 5 5 6
67 | 8261 8267 8274 8280 8287 | 8293 8299 8306 8312 8319 {1 1 2 8 3 4 5 5 6
68 | 8325 8331 8338 8344 8351 | 8357 8363 8370 8376 8382 |1 1 2 3 3 4 4 5 6
69 | 8388 8395 8401 8407 8414 | 8420 8426 8432 8439 8445 |1 1 2 2 3 4 4 5 6
70 | 8451 8457 8463 8470 8476 | 8482 8488 8494 8500 8506 | 1 1 2 2 3 4 4 5 6
71 | 8513 85619 8525 8531 8537 | 8543 8549 8555 8561 8567 | 1 1 2 2 3 4 4 5 5
72 | 8573 8579 8585 8591 8597 | 8603 8609 8615 8621 8627 |1 1 2 2 3 4 4 5 5
73 | 8633 8639 8645 8651 8657 | 8663 8669 8675 8681 88 {1 1 2 2 3 4 4 5 5
74 | B692 8698 8704 8710 8716 | 8722 8727 8733 8739 8745 |1 1 2 2 3 4 4 5 5§
75 | 8761 8756 8762 8768 8774 | 8779 8785 8791 8797 8802 |1 1 2 2 3 3 4 5 5
76 | 8808 8814 8820 8825 8831 | 8837 8842 8848 8854 8859 |1 1 2 2 3 3 4 5 5
77 | 8865 8871 8876 8832 8887 | 8893 8899 8904 8910 8915 |1 1 2 2 8 3 4 4 5
78 | 8921 8927 8932 8938 8943 | 8949 8954 8960 8965 8971 |1 1 2 2 3 3 4 4 5
79 | 8976 8982 8987 8993 8998 | 9004 9009 9015 9020 9025 [ 1 1 2 2 3 3 4 4 5
80 | 9031 9036 9042 9047 9053 | 9058 9063 9069 9074 9079 |1 1 2 2 3 3 4 4 5
81 | 9085 9090 9096 9101 9106 | 9112 9117 9122 9128 9133 |1 1 2 2 3 38 4 4 5
82 1 9138 9143 9149 9154 9159 | 9165 9170 9175 9180 918 |1 1 2 2 8 3 4 4 5
83 | 9191 9196 9201 9206 9212 | 9217 9222 9227 9232 9238 |1 1 2 2 3 3 4 4 5
84 1 9243 9248 9253 9258 9263 | 9269 9274 9279 9284 9289 |1 1 2 2 8 8 4 4 5
85 | 9294 9299 9304 9309 9315 | 9320 9325 9330 9335 9340 {1 1 2 2 3 3 4 4 5
86 | 9345 9350 9355 9360 9365 | 9370 9375 9380 9385 9390 |1 1 2 2 3 3 4 4 5
87 | 9395 9400 9405 9410 9415 | 9420 9425 9430 9435 9440 {0 1 1 2 2 38 3 4 4
88 | 9445 9450 9455 9460 9465 | 9469 9474 9479 9484 9489 | 0 1 1 2 2 3 3 4 4
89 | 9494 9499 9504 9509 9513 | 9518 9523 9528 9533 9538 | 0 1 1 2 2 3 3 4 4
90 | 9542 9547 9552 9557 9562 | 9566 9571 9576 9581 9586 [0 1 1 2 2 3 3 4 4
91 1 9590 9595 9600 9605 9609 | 9614 9619 9624 9628 9633 |0 1 1 2 2 3 3 4 4
92 | 9638 9643 9647 9652 9657 | 9661 9666 9671 9675 9680 | 0 1 1 2 2 3 3 4 4
93 | 9685 9689 9694 9699 9703 | 9708 9713 9717 9722 9727 {0 1 1 2 2 3 3 4 4
94 | 9731 9736 9741 9745 9750 | 9754 9759 9763 9768 9773 | 0 1 1 2 2 3 8 4 4
95 | 9777 9782 9786 9791 9795 | 9800 9805 9809 9814 9818 | 0 1 1 2 2 3 3 4 4
96 | 9823 9827 9832 9836 9841 | 9845 9850 9854 9859 9863 | 0 1 1 2 2 3 3 4 4
97 | 9868 9872 9877 9881 9886 | 9890 9894 9899 9903 9908 | 0 1 1 2 2 3 3 4 4
98 | 9912 9917 9921 9926 9930 | 9934 9939 9943 9948 9952 [0 1 1 2 2 3 3 4 4
99 1 9956 9961 9965 9969 9974 | 9978 9983 9987 9991 9996 |0 1 1 2 2 3 3 3 4
N 0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
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TABLE

FOUR

PLACE COMMON ANTILOGARITHMS

10” or antilog p

Proportional Parts
P 0 1 2 3 4 5 6 7 8 9 1 2 3 45 6 7 8 9
.00 | 1000 1002 1005 1007 1009 | 1012 1014 1016 1019 1021 [ 0 0 1 1 1 1 2 2 2
.01 ] 1023 1026 1028 1030 1033 1035 1038 1040 1042 1045 ( 0 0 1 1 1 1 2 2 2
.02 | 1047 1050 1052 1054 1057 1059 1062 1064 1067 1069 } 0 0 1 1 1 1 2 2 2
.03} 1072 1074 1076 1079 1081 1084 1086 1089 1091 1094 | 0 0 1 1 1 1 2 2 2
04 4 1096 1099 1102 1104 1107 | 1109 1112 1114 1117 1119 ({0 1 1 1 1 2 2 2 2
05 | 1122 1125 1127 1130 1132 | 1135 1138 1140 1143 1146 | 0 1 1 1 1 2 2 2 2
.06 | 1148 1151 1153 1156 1159 | 1161 1164 1167 1169 1172 ] 0 1 1 1 1 2 2 2 2
07 | 1175 1178 1180 1183 1186 | 1189 1191 1194 1197 1193 { 0 1 1 1 1 2 2 2 2
08 1 1202 1205 1208 1211 1213 | 1216 1219 1222 1225 1227 {0 1 1 1 1 2 2 2 3
09 [ 1230 1233 1236 1239 1242 | 1245 1247 1250 1253 1256 { 0 1 1 1 1 2 2 2 3
10 | 1259 1262 1265 1268 1271 | 1274 1276 1279 1282 1285 01 1 1 1 2 2 2 3
A1 | 1288 1291 1294 1297 1300 | 1303 1306 1309 1312 1315 |0 1 1 1 2 2 2 2 3
A2} 1318 1321 1324 1327 1330 | 1334 1337 1340 1343 1346 | 0 1 1 1 2 2 2 92 3
A3 | 1349 1352 1355 1358 1361 | 1365 1368 1371 1374 1377 { 0 1 1 1 2 2 2 3 3
14 | 1380 1384 1387 1390 1393 1396 1400 1403 1406 1409 { 0 1 1 1 2 2 2 3 3
A5 | 1413 1416 1419 1422 1426 | 1429 1432 1435 1439 1442 | 0 1 1 1 2 2 2 3 3
A6 | 1445 1449 1452 1455 1459 | 1462 1466 1469 1472 1476 | 0 1 1 1 2 2 2 3 38
A7 | 1479 1483 1486 1489 1493 1496 1500 1503 1507 1510 | 0 1 1 1 2 2 2 38 38
.18 | 1514 1517 1521 1524 1528 | 1531 1535 1538 1542 1545 | 0 1 1 1 2 2 2 38 3
19 | 1549 1552 1556 1560 1563 1567 1570 1574 1578 1581 o0 1 1 1 2 2 3 3 3
.20 | 1585 1589 1592 1596 1600 | 1603 1607 1611 1614 1618 | 0 1 1 1 2 2 38 38 8
21 | 1622 1626 1629 1633 1637 | 1641 1644 1648 1652 1656 | 0 1 1 2 2 2 38 3 8
22 | 1660 1663 1667 1671 1675 | 1679 1683 1687 1690 1694 { 0 1 1 2 2 2 8 3 3
23 | 1698 1702 1706 1710 1714 | 1718 1722 1726 1730 1734 | 0 1 1 2 2 2 3 8 4
241 1738 1742 1746 1750 1754 | 1758 1762 1766 1770 1774 | 0 1 1 2 2 2 3 8 4
25 | 1778 1782 1786 1791 1795 | 1799 1803 1807 1811 1816 | 0 1 1 2 2 2 3 3 4
26 [ 1820 1824 1828 1832 1837 | 1841 1845 1849 1854 1858 | 0 1 1 2 2 3 3 3 4
27 | 1862 1866 1871 1875 1879 | 1884 1888 1892 1897 1901 0 1.1 2 2 38 3 3 4
.28 | 1905 1910 1914 1919 1923 | 1928 1932 1936 1941 1945 | 0 1 1 2 2 38 8 4 4
29 | 1950 1954 1959 1963 1968 | 1972 1977 1982 1986 1991 { 0 1 1 2 2 3 3 4 4
.30 | 1995 2000 2004 2009 2014 | 2018 2023 2028 2032 2037 0 1 1 2 2 8 3 4 4
31 | 2042 2046 2051 2056 2061 | 2065 2070 2075 2080 2084 | 0 1 1 2 2 3 3 4 4
32 | 2089 2094 2099 2104 2109 | 2113 2118 2123 2128 2133 0 1 1 2 2 3 3 4 4
.33 | 2138 2143 2148 2153 2158 | 2163 2168 2173 2178 2183 | 0 1 1 2 2 3 3 4 4
.34 | 2188 2193 2198 2203 2208 | 2213 2218 2223 2228 2234 1 1 2 2 3 8 4 4 5
.35 | 2239 2244 2249 2254 2259 | 2265 2270 2275 2280 2286 {1 1 2 2 3 3 4 4 5
.36 | 2291 2296 2301 2307 2312 | 2317 2323 2328 2333 2339 |1 1 2 2 38 3 4 4 b
.37 | 2344 2350 2355 2360 2366 | 2371 2377 2382 2388 2393 1 1 2 2 3 8 4 4 5
38 | 2399 2404 2410 2415 2421 | 2427 2432 2438 2443 2449 |1 1 2 2 3 3 4 4 5
.39 | 2455 2460 2466 2472 2477 | 2483 2489 2495 2500 2506 |1 1 2 2 3 3 4 5 5
40 | 2512 2518 2523 2529 2535 | 2541 2547 2553 2559 2564 1 1 2 2 3 4 4 5 5
41 | 2570 2576 2582 2588 2594 | 2600 2606 2612 2618 2624 1 1 2 2 3 4 4 5 5
42 | 2630 2636 2642 2649 2655 | 2661 2667 2673 2679 2685 1 1 2 2 3 4 4 5 6
43 | 2692 2698 2704 2710 2716 | 2723 2729 2735 2742 2748 1 1 2 3 3 4 4 5 6
44 | 2754 2761 2767 2773 2780 | 2786 2793 2799 2805 2812 1 1 2 8 3 4 4 5 6
.45 | 2818 2825 2831 2838 2844 | 2851 2858 2864 2871 2877 1 1 2 3 3 4 5 5 6
.46 | 2884 2891 2897 2904 2911 | 2917 2924 2931 2938 2944 {1 1 2 3 8 4 5 5 6
47 | 2951 2958 2965 2972 2979 | 2985 2992 2999 3006 3013 1 1 2 83 8 4 b5 5 6
48 | 3020 3027 3034 3041 3048 | 3055 3062 3069 3076 3083 | 1 1 2 3 4 4 5 6 6
49 | 3090 3097 3105 3112 3119 | 3126 3133 3141 3148 3155 1 1 2 3 4 4 5 6 6
P 0 1 2 3 4 9 6 7 8 9 1 2 3 4 5 6 7 8 9
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FOUR PLACE COMMON ANTILOGARITHMS

Table 2
: .

(continued) 10° or anhlog D

» 0 1 9 3 4 5 6 7 8 9 - P;op(;rtlo;al 6Parts s o
50 | 3162 3170 3177 3184 3192 | 3199 3206 3214 3221 3228 |1 1 2 3 4 4 5 6 7
b1 | 3236 3243 3251 3258 3266 | 3273 3281 3289 3206 3304 |1 2 2 3 4 5 5 6 7
52 | 3311 3319 3327 3334 3342 | 3350 3357 3365 3373 3381 |1 2 2 3 4 5 5 6 7
.53 | 3388 3396 3404 3412 3420 | 3428 3436 3443 3451 3459 |1 2 2 3 4 5 6 6 7
54 [ 3467 3475 3483 3491 3499 | 3508 3516 8524 3532 3540 |1 2 2 38 4 5 6 6 7
.55 | 3548 35566 3565 3573 3581 | 3589 3597 3606 3614 3622 |1 2 2 3 4 5 6 7 7
56 | 3631 3639 3648 3656 3664 | 3673 3681 3690 3698 3707 |1 2 3 3 4 5 6 7T 8
S7 | 3715 3724 3733 3741 3750 | 3758 3767 3776 3784 3793 [1 2 3 8 4 5 6 7T 8
.58 | 3802 3811 3819 3828 3837 | 3846 3855 3864 3873 3882 |1 2 38 4 4 5 6 7 8
59 | 3890 3899 3908 3917 3926 | 3936 3945 3954 3963 3972 {1 2 3 4 b5 5 6 7T 8
60 | 3981 3990 3999 4009 4018 | 4027 4036 4046 4055 4064 |1 2 3 4 5 6 6 7 8
61 [ 4074 4083 4093 4102 4111 | 4121 4130 4140 4150 4159 |1 2 3 4 5 6 7 8 9
62 [ 4169 4178 4188 4198 4207 | 4217 4227 4236 4246 4256 |1 2 3 4 5 6 7 8 9
63 | 4266 4276 4285 4295 4305 | 4315 4325 4335 4345 4355 |1 2 3 4 5 6 7 8 9
64 | 4365 4375 4385 4395 4406 | 4416 4426 4436 4446 4457 |1 2 3 4 5 6 7 8 9
65 | 4467 4477 4487 4498 4508 | 4519 4529 4539 4550 4560 | 1 2 3 4 5 6 7 8 9
66 | 4571 4581 4592 4603 4613 | 4624 4634 4645 4656 4667 |1 2 3 4 5 6 7 9 10
67 | 4677 4688 4699 4710 4721 | 4732 4742 4753 4764 4775 |1 2 3 4 5 7 8 9 10
68 | 4786 4797 4808 4819 4831 | 4842 4853 4864 4875 4887 |1 2 3 4 6 7 8 9 10
69 | 4898 4909 4920 4932 4943 | 4955 4966 4977 4989 5000 |1 2 3 5 6 7 8 9 10
70 | 5012 5023 5035 5047 5058 | 5070 5082 5093 5105 5117 {1 2 4 5 6 7 8 9 11
S71 | 5129 5140 5152 5164 5176 | 5188 5200 5212 5224 5236 |1 2 4 5 6 7 8 10 11
72 | 5248 5260 5272 5284 5297 | 5309 5321 5333 5346 5358 |1 2 4 5 6 7 9 10 11
773 | 5370 5383 5395 5408 5420 | 5433 5445 5458 5470 5483 |1 3 4 5 6 8 9 10 11
74 | 5495 5508 5521 5534 5546 | 5559 5572 5585 5598 5610 | 1 3 4 5 6 8 9 10 12
f15 | 5623 5636 5649 5662 5675 | 5689 5702 5715 5728 5741 [ 1 3 4 5 7 8 9 10 12
76 | 57564 5768 5781 5794 5808 | 5821 5834 5848 5861 5875 |1 3 4 5 7 8 9 11 12
77| 5888 5902 5916 5929 5943 | 5957 5970 5984 5998 6012 [ 1 3 4 5 7 8 10 11 12
S78 | 6026 6039 6053 6067 6081 | 6095 6109 6124 6138 6152 |1 3 4 6 7 8 10 11 13
79 | 6166 6180 6194 6209 6223 | 6237 6252 6266 6281 6295 [ 1 3 4 6 7 9 10 11 13
-80 | 6310 6324 6339 6353 6368 | 6383 6397 6412 6427 6442 |1 3 4 6 T 9 10 12 13
81 | 6457 6471 6486 6501 6516 | 6531 6546 6561 6577 6592 |2 3 5 6 8 9 11 12 14
B2 | 6607 6622 6637 6653 6668 | 6683 6699 6714 6730 6745 [ 2 3 5 6 8 9 11 12 14
83 | 6761 6776 6792 6808 6823 | 6839 6855 6871 6887 6902 |2 3 5 6 8 9 11 13 14
-84 | 6918 6934 6950 6966 6982 | 6998 7015 7031 7047 7063 {2 3 5 6 8 10 11 13 15
85 [ 7079 7096 7112 7129 T145 | 7161 7178 7194 7211 7228 | 2 3 5 7 8 10 12 13 15
86 | 7244 7261 7278 7295 7311 | 7328 7345 7362 7379 7396 (2 3 5 7 8 10 12 13 15
B7 | 7413 7430 7447 7464 7482 | 7499 7516 7534 7551 7568 [ 2 3 5 7 9 10 12 14 16
-88 | 7586 7603 7621 7638 7656 | 7674 7691 7709 7727 7745 |2 4 5 7 9 11 12 14 16
89 | 7762 T780 7798 7816 7834 | 7852 7870 7889 7907 7926 (2 4 5 7 9 11 13 14 16
90 | 7943 7962 7980 7998 8017 | 8035 8054 8072 8091 8110 [ 2 4 6 7 9 11 13 15 17
91 | 8128 8147 8166 8185 8204 | 8222 8241 8260 8279 8299 [ 2 4 6 8 9 11 13 15 17
92 | 8318 8337 8356 8375 8395 | 8414 8433 8453 8472 8492 [ 2 4 6 8 10 12 14 15 17
93 | 8511 8531 8551 8570 8590 | 8610 8630 8650 8670 8690 | 2 4 6 8 10 12 14 16 18
94 | 8710 8730 8750 8770 8790 | 8810 8831 8851 8872 8892 | 2 4 6 8 10 12 14 16 18
95 | 8913 8933 8954 8974 8995 | 9016 9036 9057 9078 9099 | 2 4 6 8 10 12 15 17 19
96 | 9120 9141 9162 9183 9204 | 9226 9247 9268 9290 9311 [ 2 4 6 8 11 13 15 17 19
97 | 9333 9354 9376 9397 9419 | 9441 9462 9484 9506 9528 [ 2 4 7 9 11 13 15 17 20
98 | 9550 9572 9594 9616 9638 | 9661 9683 9705 9727 9750 | 2 4 7 9 11 13 16 18 20
99 | 9772 9795 9817 9840 9863 | 9886 9908 9931 9954 9977 | 2 5 7 9 11 14 16 18 20
P 0 1 2 3 4 5 6 7 8 9 1 2 3 45 6 7 8 9
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TABLE
.
3 Sin X (x in degrees and minutes)

x 0’ 10’ 207 30’ 40’ 50/ x 0’ 10’ 20’ 30’ 40’ 50’

0°| .0000 .0029 .0058 .0087 .0116 .0145 45°| 7071 7092 7112 7183 .7153 .7173

1 | .0175 .0204 .0233 .0262 .0291 .0320 46 | 7193 7214 7234 7254 7274 7294

2 | 0349 .0378 .0407 .0436 .0465 .0494 47 | 7314 7333 7353 7373 7392 .7412

3 | 0523 .0552 .0581 .0610 .0640 .0669 48 | 7431 7451 7470 .7490 .7509 .7528

4| .0698 .0727 .0756 .0785 .0814 .0843 49 | 7547 7566 7585 .7604 .7623 .7642

5°1.0872  .0901 .0929 .0958 .0987 .1016 50°| 7660 .7679 7698 7716 .7735 .7753

6 | .1045 .1074 .1103 .1132 .1161 .1190 51 | 7771 7790 .7808 .7826 .7844 .7862

7| 1219 1248 1276 .1305 .1334 .1363 52 | .7880 7898 .7916 .7934 .7951 .7969

8 | .1392 1421 .1449 .1478 .1507 .1536 53 | .7986 .8004 .8021 .8039 .8056 .8073

9 | 1564 1593 .1622 1650 .1679 .1708 54 | .8090 .8107 .8124 .8141 .8158 .8175
10°| 1736 .1765 .1794 .1822 1851 .1880 55°] .8192 .8208 .8225 .8241 .8258 .8274
11 1908 1937 1965 .1994 .2022 .2051 56 8290 .8307 .8323 .8339 .8355 .8371
12 | 2079 2108 .2136 .2164 .2193 .2221 57 | .8387 .8403 .8418 .8434 .8450 .8465
13 2250 2278 .2306 .2334 .2363 .2391 58 .8480 .8496 .8511 .8526 .8542 .8557
14 | 2419 2447 2476 .2504 .2532 .2560 59 | .8572 .8587 .8601 .8616 .8631 .8646
15°| .2588 .2616 .2644 .2672 .2700 .2728 60°| .8660 .8675 .8689 .8704 8718 .8732
16 | 2756 .2784 2812 .2840 .2868 .2896 61 | .8746 .8760 .8774 8788 .8802 .8816
17 | 2924 2952 2979 .3007 .3035 .3062 62 | .8829 .8843 .8857 .8870 .8884 .8897
18 | .3090 .3118 .3145 .3173 .3201 .3228 63 | .8910 .8923 .8936 .8949 .8962 .8975
19 | .3256 .3283 .3311 .3338 .3365 .3393 64 | .8988 .9001 .9013 .9026 .9038 .9051
20°( .3420 .3448 .3475 .3502 .3529 .3557 65°| .9063 .9075 .9088 9100 .9112 .9124
21 | .3584 .3611 .3638 .3665 .3692 .3719 66 | .9135 .9147 .9159 9171 .9182 .9194
22 | .3746 .3773 .3800 .3827 .3854 .3881 67 | .9205 9216 .9228 .9239 9250 .9261
23 | .3907 .3934 .3961 .3987 .4014 .4041 68 | .9272 9283 9293 .9304 .9315 .9325
24 4067 4094 4120 4147 4173  .4200 69 9336 .9346 9356 .9367 .9377 .9387
25°| .4226 4253 4279 .4305 .4331 .4358 70°( .9397 .9407 9417 .9426 .9436 .9446
26 | 4384 4410 4436 .4462 4488 .4514 71 | 9455 9465 .9474 9483 9492 9502
27 | 4540 4566 .4592 4617 .4643 .4669 72 | .9511 .9520 .9528 .9537 .9546 .9555
28 | 4695 4720 4746 4772 4797 .4823 73 | 9563 9572 .9580 .9588 .9596 .9605
29 | 4848 4874 4899 .4924 4950 .4975 74 | 9613 9621 .9628 9636 .9644 .9652
30°| .5000 5025 .5050 .5075 .5100 .5125 75°1 9659 9667 .9674 .9681 .9689 .9696
81 | 5150 5175 .5200 .5225 .5250 .5275 76 | 9703 9710 .9717 .9724 .9730 .9737
32 | .5299 5324 5348 .5373 .5308 .5422 77 | 9744 9750 9757 .9763 .9769 .9775
33 | .5446 5471 5495 .5519 .5544 .5568 78 | 9781 .9787 9793 .9799 .9805 .9811
34 5592 5616 .5640 .5664 5688 .5712 79 9816 9822 9827 .9833 .9838 .9843
35°| .5786 .5760 .5783 .5807 .5831 .5854 80°) .9848 9853 .9858 .9863 .9868 .9872
36 5878 .5901 .5925 5948 .5972 .5995 81 9877 9881 9886  .9890 .9894 .9899
37 | .6018 .6041 .6065 .6088 .6111 .6134 82 | .9903 .9907 .9911 .9914 .9918 .9922
38 | .6157 6180 .6202 .6225 .6248 .6271 83 | 9925 .9929 9932 .9936 .9939 .9942
39 | .6293 .6316 .6338 .6361 .6383 .6406 84 | .9945 .9948 .9951 .9954 .9957 .9959
40° | .6428 .6450 .6472 .6494 .6517 .6539 85°| .9962 - .9964 9967 .9969 9971 .9974
41 | 6561 .6583 .6604 .6626 .6648 .6670 86 | .9976 .9978 .9980 .9981 .9983 .9985
42 | 6691 6713 .6734 .6756 .6777 .6799 87 | .9986 .9988 .9989 .9990 .9992 .9993
43 | 6820 .6841 .6862 .6884 .6905 .6926 88 | .9994 .9995 .9996 .9997 .9997 .9998
44 | 6947 6967 .6988 .7009 .7030 .7050 89 | .9998 .9999 .9999 1.0000 1.0000 1.0000
45°( 7071 7092 7112 .7183 7153 .7173 90° | 1.0000
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TABLE

4

Cos x (# in degrees and minutes)

x 0’ 10’ 20’ 30’ 40’ 50’ x 0’ 10’ 207 30’ 40’ 50/
0°]1.0000 1.0000 1.0000 1.0000 .9999 .9999 45°1 .7071 .7050 .7030 .7009 .G988 .6967
1 9998 9998 9997 9997 .9996 .9995 46 6947 6926 .6905 .6884 .6862 .6841
2 9994 9993 9992 9990 .9989 .9988 47 6820 6799 6777 .6756 .6734 .6713
3 9986  .9985 .0983 .9981 .9980 .9978 48 6691 .6670 .6648 .6626 .6604 .6583
4 9976 9974 9971 9969 9967 .9964 49 .6561 .6539 .65617 .6494 .6472 6450
5°( .9962 9959 9957 9954 9951 .9948 50°1 .6428 .6406 .6383 .G361 .6338 .6316
6 9945 9942 .9939 .9936 .9932 .9929 51 6293  .6271 .6248 .6225 .6202 .6180
7 9925 9922 9918 .9914 9911 9907 52 6157 6134 .6111 .6088 .6065 .6041
8 9903 9899 .9894 .9890 .9886 .9881 53 | .6018 .5995 5972 5948 .5925 .5901
9 9877 9872 9868 9863 .9858 .9853 54 .5878 6854 .5831 5807 .5783 .5760
10°} .9848 .9843 .9838 .9833 .9827 .9822 55°| .5736 .5712 .5688 .5664 .5640 .5616
11 9816 9811 .9805 .9799 9793 .9787 56 .5592 .6568 .5544 5519 .5495 .5471
12 9781 9775 9769 9763 9757 .9750 57 | .b446 .5422 5398 .5373 .5348 .5324
13 9744 9737 9730 .9724 9717 9710 58 5299 6275 .6250 6225 5200 .5175
14 9703 L9696 .9689 9681 .9674 9667 59 5150 5125 .5100 .5075 .5050 .5025
15°( .9659 .9652 .9644 9636 .9628 .9621 60°) .5000 .4975 .4950 .4924 .4899 .4874
16 9613 9605 .9596 9588 .9580 .9572 61 4848 4823 4797 4772 4746 4720
17 .9563 .9555 .9546 .9537 9528 .9520 62 4695 4669 .4643 4617 4592 4566
18 9511 9502 .9492 9483 .9474 .9465 63 4540 4514 4488 4462 4436 .4410
19 9456 9446 9436 .9426 9417 .9407 64 4384 4358 4331 4305 .4279 .4253
20°| .9397 .9387 .9377 .9367 .9356 .9346 65°| .4226 4200 .4173 .4147 .4120 .4094
21 9336 .9325 .9315 .9304 .9293 9283 66 4067 4041 4014 3987 .3961 .3934
22 9272 9261 9250 9239 .9228 .9216 67 | .3907 .3881 .3854 .3827 .3800 .3773
23 9205 .9194 9182 9171 9159 .9147 68 3746 3719 3692 .3665 .3638 .3611
24 9135 9124 9112 9100 .9088 .9075 69 .3584 .3557 .3529 .3502 .3475 .3448
25°| .9063 .9051 .9038 .9026 .9013 .9001 70°] .3420 .3393 .3365 .3338 .3311 .3283
26 8988 8975 .8962 .8949 .8936 .8923 71 32566  .3228 .3201 .3173 .3145 .3118
27 | .8910 .8897 .8884 .8870 .8857 .8843 72 .3090 .3062 .3035 .3007 .2979 .2952
28 .8829 .8816 .8802 .8788 .8774 .8760 73 2924 2896 2868 .2840 .2812 .2784
29 .8746 .8732 .8718 .8704 .8689 .8675 74 2756 2728 2700 .2672 .2644 .2616
30°| .8660 .8646 .8631 .8616 .8601 .8587 75° | .2588 .2560 .2532 .2504 .2476 .2447
31 8572 8557 .8542 8526 .8511 .8496 76 2419 2391 .2363 .2334 .2306 .2278
32 .8480 8465 .8450 .8434 .8418 .8403 i 2250 .2221 .2193 .2164 .2136 .2108
33 .8387 .8371 .8355 .8339 .8323 .8307 78 2079 2051 .2022 1994 .1965 1937
34 8200 .8274 .8258 .8241 .8225 .8208 79 1908 .1880 .1851 .1822 .1794 .1765
35°| .8192 8175 .8158 .8141 .8124 .8107 80°| .1736 .1708 .1679 .1650 .1622 .1593
36 8090 .8073 .8056 .8039 .8021 .8004 81 1564 1536 1507 .1478 1449 .1421
37 | 7986 .7969 .7951 7934 .7916 .7898 82 1392 1363 .1334 1305 .1276 .1248
38 7880 .7862 .7844 .7826 7808 .7790 83 1219 1190 1161 .1132 .1103 .1074
39 ST 1153 7735 1716 7698 .7679 84 1045 .1016 .0987 .0958 .0929 .0901
40°| .7660 .7642 .7623 .7604 .7585 .7566 85°| .0872 .0843 .0814 .0785 .0756 .0727
41 1547 7528 7509 7490 7470 7451 86 | .0698 .0669 .0640 .0610 .0581 .0552
42 S7431 7412 71392 7373 7353 .7333 87 | .0623 .0494 .0465 .0436 .0407 .0378
43 7314 7294 7274 1254 7234 7214 88 .0349 .0320 .0291 .0262 .0233 .0204
44 7193 7173 7153 7133 7112 .7092 89 0175 .0145 .0116 .0087 .0058 .0029
45°1 7071 7050 .7030 .7009 .6988 .6967 90° ] .0000
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TABLE
5 ' , Tan x (x in degrees and minutes)

x| 0O 100 20 30 40 50 x| 0 100 200 300 400 B0/

0° .0000 .0029 .0058 .0087 .0116 .0145 45°|1.0000 1.0058 1.0117 1.0176 1.0235 1.0295
1| .0175 .0204 .0233 .0262 .0291 .0320 46 |1.0355 1.0416 1.0477 1.0538 1.0599 1.0661
2 | .0849 .0378 .0407 .0437 .0466 .0495 47 |1.0724 1.0786 1.0850 1.0913 1.0977 1.1041
3 | .0524 .0553 .0582 .0612 .0641 .0670 48 |1.1106 1.1171 1.1237 1.1303 1.1369 1.1436
4 | .0699 .0729 .0758 .0787 .0816 .0846 49 11.1504 1.1571 1.1640 1.1708 1.1778 1.1847
5°| .0875 .0904 .0934 .0963 .0992 .1022 50°|1.1918 1.1988 1.2059 1.2131 1.2203 1.2276
6 | .1051 .1080 .1110 .1139 .1169 .1198 51 |1.2349 1.2423 1.2497 1.2572 1.2647 1.2723
7| 1228 .1257 .1287 1317 .1346 .1376 52 | 1.2799 1.2876 1.2954 1.3032 1.3111 1.3190
8 | .1405 .1435 1465 .1495 1524 .1554 53 [1.3270 1.3351 1.3432 1.3514 1.3597 1.3680
9 | .1584 .1614 .1644 .1673 .1703 .1733 54 |1.3764 1.3848 1.3934 1.4019 1.4106 1.4193
10°| 1763 .1793 .1823 .1853 .1883 .1914 55°|1.4281 1.4370 1.4460 1.4550 1.4641 1.4733
11 | 1944 1974 2004 .2035 .2065 .2095 56 |1.4826 1.4919 1.5013 1.5108 1.5204 1.5301
12 | .2126 .2156 .2186 .2217 .2247 .2278 57 |1.5399 1.5497 1.5597 1.5697 1.5798 1.5900
13 | .2309 .2339 .2370 .2401 .2432 .2462 58 |1.6003 1.6107 1.6212 1.6319 1.6426 1.6534
14 | 2493 2524 .2555 .2586 .2617 .2648 59 |1.6643 1.6753 1.6864 1.6977 1.7090 1.7205
15°| .2679 2711 2742 .2773 .2805 .2836 60°( 1.7321 1.7437 1.7556 1.7675 1.7796 1.7917
16 | .2867 .2899 .2031 .2962 .2994 .3026 61 |1.8040 1.8165 1.8291 1.8418 1.8546 1.8676
17 | .3057 .3089 .3121 .3153 .3185 .3217 62 |1.8807 1.8940 1.9074 1.9210 1.9347 1.9486
18 | .3249 .3281 .3314 .3346 .3378 .3411 63 | 1.9626 1.9768 1.9912 2.0057 2.0204 2.0353
19 | .3443 .3476 .3508 .3541 .3574 .3607 64 |2.0503 2.0655 2.0809 2.0965 2.1123 2.1283
20°| .3640 .3673 .3706 .3739 3772 .3805 65°( 2.1445 2.1609 2.1775 2.1943 2.2113 2.2286
21 | .3839 .3872 .3906 .3939 .3973 .4006 66 |2.2460 2.2637 2.2817 2.2098 2.3183 2.3369
22 | .4040 4074 4108 .4142 4176 .4210 67 | 2.3559 2.3750 2.3945 2.4142 2.4342 24545
23 | 4245 4279 4314 4348 4383 4417 68 | 2.4751 2.4960 25172 2.5386 2.5605 2.5826
24 | 4452 4487 4522 4557 4592 .4628 69 |2.6051 2.6279 2.6511 2.6746 2.6985 2.7228
25°| .4663 .4699 4734 4770 4806 .4841 70°| 2.7475 2.7725 2.7980 2.8239 2.8502 2.8770
26 | 4877 .4913 4950 .4986 5022 .5059 71 |2.9042 2.9319 2.9600 2.9887 3.0178 3.0475
27 | .5095 .5132 5169 .5206 .5243 .5280 72 | 8.0777 8.1084 3.1397 3.1716 3.2041 3.2371
28 | 5317 .5354 .5392 .5430 .5467 .5505 73 | 3.2709 3.3052 3.3402 3.3759 3.4124 3.4495
29 | 5543 .5581 .5619 .5658 .5696 .5735 74 | 3.4874 3.5261 3.5656 3.6059 3.6470 3.6891
30°| .5774 .5812 .5851 .5890 .5930 .5969 75°| 3.7321 3.7760 3.8208 3.8667 3.9136 3.9617
31 | .6009 .6048 .6088 .6128 .6168 .6208 76 |4.0108 4.0611 4.1126 4.1653 4.2193 4.2747
32 | .6249 .6280 .6330 .6371 .6412 .6453 77 | 4.3315 4.3897 4.4494 4.5107 4.5736 4.6382
33 | .6494 .6536 .6577 .6619 .6661 .6703 78 | 4.7046 4.7729 4.8430 4.9152 4.9894 5.0658
34 | .6745 .6787 .6830 .6873 .6916 .6959 79 |5.1446 5.2257 5.3093 5.3955 5.4845 5.5764
35°| .7002 .7046 .7089 .7133 7177 .7221 80°| 5.6713 5.7694 5.8708 5.9758 6.0844 6.1970
36 | .7265 .7310 .7355 .7400 .7445 .7490 81 |6.3138 6.4348 6.5606 6.6912 6.8269 6.9682
37 | .7536 .7581 .7627 .7673 .7720 .7766 82 |7.1154 7.2687 7.4287 7.5958 7.7704 7.9530
38 | .7813 .7860 .7907 .7954 .8002 .8050 83 [8.1443 8.3450 8.5555 8.7769 9.0098 9.2553
39 | .8098 .8146 .8195 .8243 .8292 .8342 84 |9.5144 9.7882 10.078 10.385 10.712 11.059
40°| .8391 .8441 .8491 .8541 .8591 .8642 85°| 11.430 11.826 12.251 12.706 13.197 13.727
41 | .8693 .8744 .8796 .8847 .8899 .8952 86 [14.301 14.924 15.605 16.350 17.169 18.075
42 | .9004 .9057 .9110 .9163 .9217 .9271 87 |19.081 20.206 21.470 22.904 24.542 26.432
43 | 9325 .9380 .9435 .9490 .9545 .9601 88 | 28.636 31.242 34.368 38.188 42.964 49.104
44 | 9657 9713 9770 .9827 .9884 .9942 89 | 57.290 68.750 85.940 114.59 171.89 343.77
45°11.0000 1.0058 1.0117 1.0176 1.0235 1.0295 90° e
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TABLE

6

COf X (z in degrees and minutes)

x 0’ 10’ 20’ 30’ 40’ 50’ x 0’ 10’ 20’ 30’ 40 50’
0° © 343.77 171.89 114.59 85.940 68.750 45°| 1.000 .9942 .9884 .9827 .9770 .9713
1 [ 567.290 49.104 42.964 38.188 34.368 31.242 46 9657 9601 .9545 .9490 .9435 .9380
2 | 28.636 26.432 24.542 22.904 21.470 20.206 47 9326 9271  .9217 .9163 .9110 .9057
3 119.081 18.075 17.169 16.350 15.605 14.924 48 9004 8952 8899 .8BB47 .8796 .8744
4 | 14.301 13.727 13.197 12.706 12.251 11.826 49 8693 .8642 8591 .8541 .8491 .8441
5°] 11.430 11.059 10.712 10.385 10.078 9.7882 50°] .8391 .8342 .8292 .8243 .8195 .8146
6 19.5144 9.2553 9.0098 8.7769 8.5555 8.3450 51 .8098 .8050 .8002 .7954 .7907 .7860
7 181443 7.9530 7.7704 7.5958 7.4287 7.2687 52 7813 7766 7720 7673 .7627 .7581
8 | 7.1154 6.9682 6.8269 6.6912 6.5606 6.4348 53 L7536  .7490 .7445 7400 .7355 .7310
9 | 6.3138 6.1970 6.0844 5.9758 5.8708 5.7694 54 J1265 7221 7177 7183 7089  .7046
10°| 5.6713 5.5764 5.4845 5.3955 5.3093 b5.2257 556°| .7002 .6959 .6916 .6873 .6830 .6787
11 [ 5.1446 5.0658 4.9894 4.9152 4.8430 4.7729 56 .6745 6703 .6661 .6619 .6577 .6536
12 | 4.7046 4.6382 4.5736 4.5107 4.4494 4.3897 57 .6494 6453 .6412 .6371 .6330 .6289
13 | 4.3315 4.2747 4.2193 4.1653 4.1126 4.0611 58 6249 6208 .6168 .6128 .6088 .6048
14 | 4.0108 3.9617 39136 3.8667 3.8208 3.7760 59 .6009 .5969 .5930 .5890 .5851 .5812
15°( 3.7321 3.6891 3.6470 3.6059 3.5656 3.5261 60°| .5774 .5735 .5696 .5658 5619 5581
16 | 3.4874 8.4495 3.4124 3.3759 3.3402 3.3052 61 .5b643 .5505 .5467 .5430 .5392 .5354
17 | 8.2709 38.2371 3.2041 3.1716 3.1397 3.1084 62 6317 5280 .5243 5206 5169 .5132
18 | 8.0777 38.0475 3.0178 2.9887 2.9600 2.9319 63 .5095 .5059 .5022 .4986 .4950 .4913
19 | 2.9042 2.8770 2.8502 2.8239 2.7980 2.7725 64 4877 4841 4806 .4770 .4734 .4699
20°| 2.7475 2.7228 2.6985 2.6746 2.6511 2.6279 65°| .4663 .4628 4592 4557 .4522 .4487
21 | 2.6051 2.5826 2.5605 2.5386 2.5172 2.4960 66 4452 .4417 4383 4348 4314 4279
22 | 2.4751 2.4545 2.4342 24142 2.3945 2.3750 67 4245 4210 .4176 .4142 4108 .4074
23 | 2.3559 2.3369 3.3183 2.2998 2.2817 2.2637 68 4040 .4006 .3973 .3939 .3906 .3872
24 | 2.2460 2.2286 2.2113 2.1943 2.1775 2.1609 69 .3839 .3805 .3772 .3739 .3706 .3673
25°( 2.1445 2.1283 2.1123 2.0965 2.0809 2.0655 70°) .3640 .3607 .3574 .3541 .3508 .3476
26 | 2.0503 2.0353 2.0204 2.0057 1.9912 1.9768 71 3443 3411 .3378 .3346 .3314 .3281
27 11.9626 1.9486 1.9347 1.9210 1.9074 1.8940 72 .3249 3217 .3185 .3153 .3121 .3089
28 | 1.8807 1.8676 1.8546 1.8418 1.8291 1.8165 73 3057 .3026 .2004 2962 2031 .2899
29 | 1.8040 1.7917 1.7796 1.7675 1.7556 1.7437 74 .2867 .2836 .2805 .2773 2742 2711
30°] 1.7321 1.7205 1.7090 1.6977 1.6864 1.6753 75°| .2679 .2648 2617 .2586 .2555 .2524
31 | 1.6643 1.6534 1.6426 1.6319 1.6212 1.6107 76 2493 2462 .2432 .2401 .2370 .2339
32 | 1.6003 1.5900 1.5798 1.5697 1.5597 1.5497 77 2309 2278 2247 .2217 2186 .2156
33 | 1.6399 1.5301 1.5204 1.5108 1.5013 1.4919 78 2126 .2095 .2065 .2035 .2004 .1974
34 11.4826 1.4733 1.4641 1.4550 1.4460 1.4370 79 1944 1914 1883 1853 .1823 .1793
35°| 1.4281 1.4193 1.4106 1.4019 1.3934 1.3848 80°1 .1763 .1733 .1703 .1673 .1644 .1614
36 | 1.3764 1.3680 1.3597 1.3514 1.3432 1.3351 81 1584 1554 .1524 1495 .1465 .143b
37 | 1.3270 1.3190 1.3111 1.3032 1.2954 1.2876 82 1405 1376 1346 1317 1287 1257
38 [ 1.2799 1.2723 1.2647 1.2572 1.2497 1.2423 83 1228 1198 1169 .1139 1110 .1080
39 |1.2349 1.2276 1.2203 1.2131 1.2059 1.1988 84 1051 .1022  .0992 .0963 .0934 .0904
40°] 1.1918 1.1847 1.1778 1.1708 1.1640 1.1571 85°| .0875 .0846 .0816 .0787 .0758 .0729
41 | 1.1504 1.1436 1.1369 1.1303 1.1237 1.1171 86 .0699 .0670 .0641 .0612 .0582 .0553
42 ] 1.1106 1.1041 1.0977 1.0913 1.0850 1.0786 87 0524 0495 .0466 .0437 .0407 .0378
43 11.0724 1.0661 1.0599 1.0538 1.0477 1.0416 88 .0349 .0320 .0291 .0262 .0233 .0204
44 11.0855 1.0295 1.0235 1.0176 1.0117 1.0058 89 .0175 0145 .0116 .0087 .0058 .0029
45°1 1.0000 .9942 .9884 .9827 .9770 .9713 90°| .0000
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TABLE
7 Sec x (x in degrees and minutes)
e | 0 100 200 300 40’ 50 ¢ | 0 100 20 30 40 50
0°| 1.000 1.000 1.000 1.000 1.000 1.000 45°| 1.414 1.418 1.423 1.427 1431 1.435
1 | 1.000 1.000 1.000 1.000 1.000 1.001 46 | 1.440 1.444 1.448 1453 1.457 1.462
2 | 1.001 1.001 1.001 1.001 1.001 1.001 47 | 1.466 1.471 1.476 1.480 1.485 1.490
3 | 1.001 1.002 1.002 1.002 1.002 1.002 48 | 1.494 1.499 1504 1.509 1.514 1.519
4 | 1.002 1.003 1.003 1.003 1.003 1.004 49 | 1524 1529 1535 1.510 1.545 1.550
5°| 1.004 1.004 1.004 1.005 1.005 1.005 50° | 1.556 1.561 1.567 1.572 1578 1.583
6 | 1.006 1.006 1.006 1.006 1.007 1.007 51 | 1.589 1.595 1.601 1.606 1.612 1.618
7 | 1.008 1.008 1.008 1.009 1.009 1.009 52 | 1.624 1.630 1.636 1.643 1.649 1.655
8 [ 1010 1.010 1011 1.011 1.012 1.012 53 | 1.662 1.668 1.675 1.681 1.688 1.695
9 [ 1012 1.013 1.013 1.014 1014 1.015 54 | 1701 1708 1715 1.722 1.729 1.736
10° | 1.015 1.016 1.016 1.017 1.018 1.018 55° | 1743 1.751 1.758 1.766 1.773 1.781
11 | 1.019 1.019 1.020 1.020 1.021 1.022 56 | 1.788 1.796 1.804 1.812 1.820 1.828
12 | 1.022 1.023 1.024 1.024 1.025 1.026 57 | 1.836 1.844 1.853 1.861 1.870 1.878
13 | 1.026 1.027 1.028 1.028 1.029 1.030 58 | 1.887 1.896 1.905 1.914 1.923 1.932
14 | 1.031 1.031 1.082 1.033 1.034 1.034 59 | 1.942 1.951 1.961 1.970 1.980 1.990
15° | 1.035 1.036 1.037 1.038 1.039 1.039 60° | 2.000 2.010 2020 2.031 2.041 2.052
16 | 1.040 1.041 1.042 1.043 1.044 1.045 61 | 2.063 2.074 2.085 2.096 2.107 2.118
17 | 1.046 1.047 1.048 1.048 1.049 1.050 62 | 2130 2142 2154 2166 2178 2.190
18 | 1.051 1.052 1.053 1.054 1.056 1.057 63 | 2203 2215 2228 2241 2254 2268
19 | 1.058 1.059 1.060 1.061 1.062 1.063 64 | 2.281 2.295 2.309 2.323 2337 2.352
20° | 1.064 1.065 1.066 1.068 1.069 1.070 65° | 2.366 2.381 2.396 2411 2.427 2.443
21 | 1.071 1.072 1.074 1.075 1.076 1.077 66 | 2.459 2475 2491 2508 2.525 2.542
22 | 1.079 1.080 1.081 1.082 1.084 1.085 67 | 2559 2577 2595 2613 2632 2.650
23 | 1.086 1.088 1.089 1.090 1.092 1.093 68 | 2.669 2.689 2709 2729 2749 2.769
24 | 1.095 1.096 1.097 1.099 1.100 1.102 69 | 2.790 2.812 2.833 2.855 2.878 2.901
25° | 1.103 1.105 1.106 1.108 1.109 1.111 70° | 2.924 2947 2971 2996 3.021 3.046
26 | 1113 1.114 1116 1.117 1119 1.121 71 | 3.072 3.098 3.124 3.152 3179 3.207
27 | 1122 124 1126 1127 1129 1.131 72 | 3.236 3.265 3.295 3.326 3.357 3.388
28 | 1.133 1.134 1.136 1.138 1.140 1.142 73 | 3420 3.453 3.487 3.521 3.556 3.592
29 | 1.143 1.145 1.147 1.149 1151 1.153 74 | 3.628 3.665 3.703 3.742 3.782 3.822
30° | 1.155 1.157 1.159 1.161 1.163 1.165 75° | 3.864 3.906 3.950 3.994 4.039 4.086
31 | 1167 1.169 1171 1173 1175 1.177 76 | 4134 4182 4232 4.284 4336 4.390
32 | 1179 1.181 1.184 1.186 1.188 1.190 77 | 4445 4502 4560 4.620 4.682 4.745
33 | 1192 1.195 1.197 1.199 1.202 1.204 78 | 4810 4.876 4.945 5.016 5.089 5.164
3¢ | 1.206 1.209 1.211 1.213 1.216 1.218 79 | 5.241 5.320 5.403 5487 5575 5.665
35° | 1.221 1.223 1.226 1.228 1231 1.233 80°| 5.759 5.855 5.955 6.059 6.166 6.277
36 | 1.236 1.239 1.241 1.244 1.247 1.249 81 | 6.392 6.512 6.636 6.765 6.900 7.040
37 | 1.252 1.255 1.258 1.260 1.263 1.266 82 | 7.185 17.337 17.496 7.661 17.834 8.016
38 | 1.269 1.272 1.275 1.278 1.281 1.284 83 | 8.206 8.405 8.614 8.834 9.065 9.309
39 | 1.287 1.290 1.293 1.296 1.299 1.302 84 | 9567 9.839 10.13 10.43 10.76 11.10
40°| 1.305 1.309 1.312 1.315 1.318 1.322 85° | 11.47 11.87 1229 12.75 13.23 13.76
41 | 1.325 1.328 1.332 1.335 1.339 1.342 86 | 14.3¢ 14.96 1564 16.38 17.20 18.10
42 | 1.346 1.349 1.353 1.356 1.360 1.364 87 | 19.11 20.28 21.49 2293 2456 26.45
43 | 1.367 1.371 1.375 1.379 1.382 1.386 88 | 28.65 31.26 34.38 38.20 4298 49.11
44 | 1.390 1.394 1.398 1.402 1.406 1.410 89 | 57.30 68.76 85.95 114.6 171.9 343.8
45° | 1414 1418 1.423 1.427 1431 1.435 90° &
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TABLE

Cscx (z in degrees and minutes)

x 0’ 10’ 20’ 30’ 4¢’ 50’ x 0’ 10’ 20’ 307 40’ 50’
0° o0 343.8 1719 114.6 85.95 68.76 45° | 1.414 1.410 1406 1.402 1.398 1.394
1 57.30 4911 42.98 38.20 34.38 31.26 46 1.390 1.386 1.382 1.379 1.375 1.371
2 | 28.65 2645 24.56 2293 21.49 20.23 47 1.367 1.364 1.360 1.356 1.353 1.349
3 19.11 1810 17.20 16.38 15.64 14.96 48 1.346 1342 1.339 1.335 1.332 1.328
4 14.34 13.76 13.23 12.75 12.29 11.87 49 1.325 1.322 1.318 1.315 1.312 1.309
5°| 11.47 11.10 10.76 10.43 10.13 9.839 50° | 1.305 1.302 1.299 1.296 1.293 1.290
6 | 9.567 9.309 9.065 8.834 8.614 8.405 51 1.287 1.284 1.281 1.278 1.275 1.272
7 | 8206 8016 7.834 7.661 17.496 7.337 52 1.269 1.266 1.263 1.260 1.258 1.255
8 7.185 7.040 6.900 6.765 6.636 6.512 53 1.252 1.249 1.247 1.244 1.241 1.239
9 6.392 6.277 6.166 6.059 b5.955 5.855 54 1.236 1.233 1.231 1.228 1.226 1.223
10° | 5.759 b5.665 5.575 5.487 5.403 5.320 55° | 1.221 1.218 1.216 1.213 1.211 1.209
11 5.241 b5.164 5.089 5.016 4.945 4.876 56 1.206 1.204 1.202 1.199 1.197 1.195
12 | 4810 4.745 4.682 4.620 4.560 4.502 57 | 1.192 1.190 1.188 1.186 1.184 1.181
13 4.445 4.390 4.336 4.284 4.232 4.182 58 1179 1177 1175 1.173 1171 1.169
14 | 4.134 4.086 4.039 3994 3.950 3.906 59 1.167 1.165 1.163 1.161 1.159 1.157
15°| 3.864 3.822 3.782 3.742 3.703 3.665 60° | 1.155 1.153 1.151 1.149 1.147 1.145
16 3.628 3.592 3.556 3.521 3.487 3.453 61 1.143 1.142 1140 1.138 1.136 1.134
17 | 3.420 3.388 3.357 8.326 3.295 3.265 62 1.133 1.131 1.129 1.127 1.126 1.124
18 3.236 3.207 3.179 3.152 3.124 3.098 63 1122 1121 1119 1.117 1.116 1.114
19 | 8.072 3.046 3.021 2.996 2971 2.947 64 1.113 1111 1109 1.108 1106 1.105
20° | 2.924 2901 2.878 2.855 2.833 2.812 65° | 1.103 1.102 1.100 1.099 1.097 1.096
21 2790 2.769 2.749 2.729 2.709 2.689 66 1.095 1.093 1.092 1.090 1.089 1.088
22 | 2.669 2650 2.632 2613 2.595 2.577 67 1.086 1.085 1.084 1.082 1.081 1.080
23 | 2.559 2542 2.525 2508 2.491 2475 68 1079 1.077 1.076 1.075 1.074 1.072
24 2.459 2443 2427 2411 2396 2381 69 1.071 1.070 1.069 1.068 1.066 1.065
25°1 2.366 2.352 2.337 2323 2.309 2.295 70° 1 1.064 1.063 1.062 1.061 1.060 1.059
26 | 2.281 2.268 2.254 2241 2228 2.215 71 1.058 1.067 1.056 1.054 1.053 1.052
27 | 2.203 2190 2.178 2.166 2.154 2142 72 1.051 1.050 1.049 1.048 1.048 1.047
28 | 2130 2118 2107 2096 2.085 2.074 173 1.046 1.045 1.044 1.043 1.042 1.041
29 2.063 2.052 2.041 2.031 2.020 2.010 74 1.040 1.039 1.039 1.038 1.037 1.036
30°{ 2.000 1.990 1.980 1.970 1.961 1.951 75° 1 1.035 1.034 1.034 1.033 1.032 1.031
31 1.942 1932 1.923 1914 1.905 1.896 76 1.031 1.030 1.029 1.028 1.028 1.027
32 1.887 1.878 1.870 1.861 1.853 1.844 77 1.026 1.026 1.025 1.024 1.024 1.023
33 1.836 1.828 1.820 1.812 1.804 1.796 78 1.022 1.022 1.021 1.020 1.020 1.019
34 1.788 1.781 1773 1.766 1.758 1.751 79 1.019 1.018 1.018 1.017 1.016 1.016
356° | 1.743 1.736 1.729 1.722 1.715 1.708 80° | 1.015 1.015 1.014 1.014 1.013 1.013
36 | 1.701 1.695 1.688 1.681 1.675 -1.668 81 1.012 1.012 1.012 1.011 1.011 1.010
37 1.662 1.656 1.649 1.643 1.636 1.630 82 1.010 1.009 1.009 1.009 1.008 1.008
38 1.624 1.618 1.612 1.606 1.601 1.595 83 1.008 1.007 1.007 1.006 1.006 1.006
39 1.589 1.683 1.578 1.572 1.567 1.561 84 1.006 1.005 1.005 1.005 1.004 1.004
40°{ 1.556 1.550 1.545 1.540 1.535 1.529 85°  1.004 1.004 1.003 1.003 1.003 1.003
41 1.524 1.519 1514 1509 1.504 1.499 86 1.002 1.002 1.002 1.002 1.002 1.002
42 1.494 1.490 1.485 1.480 1.476 1.471 87 | 1.001 1.001 1.001 1.001 1.001 1.001
43 1466 1.462 1.457 1.453 1.448 1.444 88 1.001 1001 1.000 1.000 1.000 1.000
44 1.440 1.435 1.431 1.427 1.423 1.418 89 1.000 1.000 1.000 1.000 1.000 1.000
45°| 1414 1.410 1.406 1.402 1.398 1.394 90° | 1.000
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TABLE

NATURAL TRIGONOMETRIC FUNCTIONS

(in.radians)

x Sinz Cos = Tan x Cotx Sec x Cscz

.00 .00000 1.00000 .00000 ® 1.00000 ®

.01 .01000 .99995 .01000 99.9967 1.00005 100.0017
.02 .02000 .99980 .02000 49.9933 1.00020 50.0033
.03 .03000 .99955 .03001 33.3233 1.00045 33.3383
.04 .03999 99920 .04002 24.9867 1.00080 25.0067
.05 04998 99875 05004 19.9833 1.00125 20.0083
.06 .05996 99820 06007 16.6467 1.00180 16.6767
.07 06994 99755 07011 14.2624 1.00246 14.2974
.08 07991 99680 08017 12,4733 1.00321 12.5133
.09 .08988 99595 09024 11.0811 1.00406 11.1261
.10 .09983 99500 10033 9.9666 1.00502 10.0167
A1 10978 99396 11045 9.0542 1.00608 9.1093
12 11971 99281 .12058 8.2933 1.00724 8.3534
.13 12963 99156 13074 7.6489 1.00851 7.7140
14 13954 99022 14092 7.0961 1.00988 7.1662
15 14944 98877 15114 6.6166 1.01136 6.6917
.16 15932 98723 16138 6.1966 1.01294 6.2767
A7 .16918 .98558 17166 5.8256 1.01463 5.9108
.18 17903 98384 18197 5.4954 1.01642 5.56857
19 .18886 98200 19232 5.1997 1.01833 5.2950
.20 .19867 98007 20271 4.9332 1.02034 5.0335
21 20846 97803 21314 4.6917 1.02246 4.7971
22 21823 97590 22362 4.4719 1.02470 4.5823
23 22798 97367 23414 4.2709 1.02705 4.3864
24 23770 97134 24472 4.0864 1.02951 4.2069
25 24740 96891 25534 3.9163 1.03209 4.0420
.26 25708 .96639 26602 3.7591 1.03478 3.8898
27 26673 96377 27676 3.6133 1.03759 3.7491
28 27636 .96106 28755 3.4776 1.04052 3.6185
29 28595 95824 29841 3.3511 1.04358 3.4971
30 29552 95534 .30934 3.2327 1.04675 3.3839
31 .30506 95233 .32033 3.1218 1.05005 3.2781
32 .31457 .94924 .33139 3.0176 1.05348 3.1790
.33 32404 94604 .34252 2.9195 1.056704 3.0860
34 33349 94275 35374 2.8270 1.06072 2.9986
.35 34290 93937 .36503 2.7395 1.06454 2.9163
.36 35227 93590 37640 2.6567 1.06849 2.8387
37 36162 93233 38786 2.5782 1.07258 2.7654
.38 37092 92866 .39941 2.6037 1.07682 2.6960
.39 .38019 92491 41105 2.4328 1.08119 2.6303
40 38942 92106 42279 2.3652 1.08570 2.5679
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Table 9
(continued)

NATURAL TRIGONOMETRIC FUNCTIONS

(in radians)

x Sin Cos x Tan x Cot x Secx Cscx
40 .38942 .92106 42279 2.3652 1.0857 2.5679
A1 .39861 91712 43463 2.3008 1.0904 2.5087
42 40776 91309 44657 2.2393 1.0952 2.4524
43 41687 90897 45862 2.1804 1.1002 2.3988
44 42594 90475 47078 2.1241 1.1053 2.3478
45 43497 90045 48306 2.0702 1.1106 2.2990
46 .44395 .89605 49545 2.0184 1.1160 2.2525
A7 45289 89157 50797 1.9686 1.1216 2.2081
48 46178 .88699 52061 1.9208 1.1274 2.1655
49 47063 .88233 53339 1.8748 1.1334 2.1248
.50 47943 87758 54630 1.8305 1.1395 2.0858
51 48818 87274 .55936 1.7878 1.1458 2.0484
52 49688 .86782 57256 1.7465 1.1523 2.0126
53 50553 .86281 .58592 1.7067 1.1590 1.9781
b4 51414 85771 59943 1.6683 1.1659 1.9450
b5 52269 .85252 61311 1.6310 1.1730 1.9132
.56 53119 84726 62695 1.5950 1.1803 1.8826
57 53963 84190 64097 1.5601 1.1878 1.8531
.58 54802 .83646 65517 1.5263 1.1955 1.8247
59 55636 83094 66956 1.4935 1.2035 1.7974
.60 56464 .82534 68414 1.4617 1.2116 1.7710
61 57287 .81965 69892 1.4308 1.2200 1.7456
62 58104 .81388 71391 1.4007 1.2287 1.7211
.63 58914 .80803 72911 1.3715 1.2376 1.6974
.64 59720 .80210 74454 1.3431 1.2467 1.6745
.65 60519 79608 76020 1.3154 1.2561 1.6524
.66 61312 78999 17610 1.2885 1.2658 1.6310
67 62099 78382 719225 1.2622 1.2758 1.6103
.68 62879 Nk .80866 1.2366 1.2861 1.5903
.69 63654 ST125 82534 1.2116 1.2966 1.5710
70 64422 76484 84229 1.1872 1.3075 1.5523
7 65183 75836 85953 1.1634 1.3186 1.5341
72 65938 75181 87707 1.1402 1.3301 1.5166
73 66687 74517 .89492 1.1174 1.3420 1.4995
74 67429 73847 91309 1.0952 1.3542 1.4830
75 68164 73169 93160 1.0734 1.3667 1.4671
.76 68892 72484 95045 1.0521 1.3796 1.4515
N 69614 71791 .96967 1.0313 1.3929 1.43656
.78 70328 71091 98926 1.0109 1.4066 1.4219
79 71035 70385 1.0092 .99084 1.4208 1.4078
.80 71736 69671 1.0296 97121 1.4353 1.3940
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- Table 9
(continued)

NATURAL TRIGONOMETRIC FUNCTIONS (in radians)

x Sin 2 Cos x Tan Cot x Secx Cscx
.80 71736 69671 1.0296 97121 1.4353 1.3940
.81 72429 .68950 1.0505 95197 1.4503 1.3807
.82 73115 68222 1.0717 93309 1.4658 1.3677
.83 73793 67488 1.0934 91455 1.4818 1.3551
84 74464 66746 1.1156 .89635 1.4982 1.3429
85 75128 65998 1.1383 87848 1.5152 1.3311
.86 75784 .65244 1.1616 86091 1.5327 1.3195
.87 76433 64483 1.1853 .84365 1.5508 1.3083
.88 7074 63715 1.2097 .82668 1.5695 1.2975
.89 77707 62941 1.2346 .80998 1.5888 1.2869
.90 78333 62161 1.2602 79355 1.6087 1.2766
91 78950 61376 1.2864 17738 1.6293 1.2666
92 79560 60582 1.3133 76146 1.6507 1.2569
.93 .80162 59783 1.3409 74578 1.6727 1.2475
94 .80756 58979 1.3692 73034 1.6955 1.2383
.95 81342 .58168 1.3984 71511 1.7191 1.2294
.96 .81919 57352 1.4284 70010 1.7436 1.2207
97 .82489 56530 1.4592 68531 1.7690 1.2123
98 .83050 55702 1.4910 67071 1.7953 1.2041
.99 .83603 54869 1.5237 65631 1.8225 1.1961

1.00 84147 54030 1.5574 64209 1.8508 1.1884
1.01 84683 53186 1.5922 62806 1.8802 1.1809
1.02 .85211 52337 1.6281 61420 1.9107 1.1736
1.03 .85730 51482 1.6652 60051 1.9424 1.1665
1.04 .86240 50622 1.7036 58699 1.9754 1.1595
1.05 86742 49757 1.7433 57362 2.0098 1.1528
1.06 87236 .48887 1.7844 56040 2.0455 1.1463
1.07 87720 48012 1.8270 54734 2.0828 1.1400
1.08 .88196 47133 1.8712 53441 2.1217 1.1338
1.09 .88663 46249 19171 52162 2.1622 1.1279
1.10 .89121 45360 1.9648 50897 2.2046 1.1221
111 89570 44466 2.0143 49644 2.2489 1.1164
1.12 90010 43568 2.0660 48404 2.2952 1.1110
1.13 90441 42666 2.1198 47175 2.3438 1.1057
1.14 .90863 41759 2.1759 45959 2.3947 1.1006
1.15 91276 .40849 2.2345 44753 2.4481 1.0956
1.16 .91680 .39934 2.2958 .43558 2.5041 1.0907
1.17 .92075 .39015 2.3600 42373 2.5631 1.0861
1.18 92461 .38092 2.4273 41199 2.6252 1.0815
1.19 92837 37166 2.4979 .40034 2.6906 1.0772
1.20 93204 36236 2.5722 38878 2.1697 1.0729
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Table 9
(continued)

NATURAL TRIGONOMETRIC FUNCTIONS

(in radians)

x Sin x Cos x Tan x Cotx Secx Cscx
1.20 93204 36236 2.5722 38878 2.7597 1.07292
1.21 93562 .35302 2.6503 37731 2.8327 1.06881
1.22 93910 .34365 2.7328 36593 2.9100 1.06485
1.23 94249 33424 2.8198 .35463 2.9919 1.06102
1.24 94578 .32480 2.9119 .34341 3.0789 1.05732
1.25 .94898 .31532 3.0096 .33227 3.1714 1.05376
1.26 .95209 .30582 3.1133 32121 3.2699 1.05032
1.27 95510 29628 3.2236 .31021 3.3752 1.04701
1.28 .95802 28672 3.3414 29928 3.4878 1.04382
1.29 96084 27712 3.4672 28842 3.6085 1.94076
1.30 96356 26750 3.6021 27762 3.7383 1.03782
1.31 96618 25785 3.7471 26687 3.8782 1.03500
1.32 96872 24818 3.9033 25619 4.0294 1.03230
1.33 97115 23848 4.0723 24556 4.1933 1.02971
1.34 97348 22875 4.2556 23498 4.3715 1.02724
1.35 97572 21901 4.4552 22446 4.5661 1.02488
1.36 97786 20924 4.6734 21398 4.7792 1.02264
1.87 97991 19945 49131 20354 5.0138 1.02050
1.38 98185 18964 5.1774 19315 5.2731 1.01848
1.39 98370 17981 5.4707 18279 5.5613 1.01657
1.40 98545 16997 5.7979 17248 5.8835 1.01477
1.41 98710 .16010 6.1654 16220 6.2459 1.01307
1.42 98865 15023 6.5811 15195 6.6567 1.01148
1.43 99010 .14033 7.0555 14173 7.1260 1.00999
1.44 99146 13042 7.6018 13155 7.6673 1.00862
1.45 99271 .12050 8.2381 12139 8.2986 1.00734
1.46 99387 11057 8.9886 11125 9.0441 1.00617
1.47 .99492 .10063 9.8874 10114 9.9378 1.00510
1.48 99588 .09067 10.9834 .09105 11.0288 1.00414
1.49 99674 08071 12.3499 08097 12.3903 1.00327
1.50 99749 07074 14.1014 07091 14.1368 1.00251
1.51 99815 06076 16.4281 .06087 16.4585 1.00185
1.52 99871 05077 19.6695 05084 19.6949 1.00129
1.53 99917 .04079 24.4984 .04082 24.5188 1.00083
1.54 99953 03079 32.4611 .03081 32.4765 1.00047
1.565 .99978 .02079 48.0785 .02080 48.0889 1.00022
1.56 .99994 .01080 92,6205 .01080 92.6259 1.00006
1.57 1.00000 .00080 1255.77 .00080 1255.77 1.00000
1.58 .99996 —.00920 —108.649 |—.00920 —108.654 1.00004
1.59 .99982 —.01920 —52.0670 |—.01921 —52.0766 1.00018
1.60 99957 —.02920 —34.2325 |—.02921 —34.2471 1.00043
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TABLE

10

IOQ sin x (¢ in degrees and minutes)

[subtract 10 from each entry]

0’ 10’ 20’ 30’ 40’ 507

0° - 7.4637 7.7648 7.9408 8.0658 8.1627

1 8.2419 8.3088 8.3668 8.4179 8.4637 8.5050

2 8.5428 8.5776 8.6097 8.6397 8.6677 8.6940

3 8.7188 8.7423 8.7645 8.7857 8.8059 8.8251

4 8.8436 8.8613 8.8783 8.8946 8.9104 8.9256

5° 8.9403 8.9545 8.9682 8.9816 8.9945 9.0070

6 9.0192 9.0311 9.0426 9.0539 9.0648 9.0755

7 9.0859 9.0961 9.1060 9.1157 9.1252 9.1345

8 9.1436 9.1525 9.1612 9.1697 9.1781 9.1863

9 9.1943 9.2022 9.2100 9.2176 9.2251 9.2324
10° 9.2397 9.2468 9.2538 9.2606 9.2674 9.2740
11 9.2806 9.2870 9.2934 9.2997 9.3058 9.3119
12 9.3179 9.3238 9.3296 9.3353 9.3410 9.3466
13 9.3521 9.3575 9.3629 9.3682 9.3734 9.3786
14 9.3837 9.3887 9.3937 9.3986 9.4035 9.4083
15° 9.4130 9.4177 9.4223 9.4269 9.4314 9.4359
16 9.4403 9.4447 9.4491 9.4533 9.4576 9.4618
17 9.4659 9.4700 9.4741 9.4781 9.4821 9.4861
18 9.4900 9.4939 9.4977 9.5015 9.5052 9.56090
19 9.5126 9.56163 9.5199 9.5235 9.5270 9.5306
20° 9.5341 9.5375 9.5409 9.5443 9.5477 9.5510
21 9.5543 9.5576 9.5609 9.5641 9.5673 9.5704
22 9.5736 9.5767 9.5798 9.5828 9.5859 9.5889
23 9.5919 9.5948 9.56978 9.6007 9.6036 9.6065
24 9.6093 9.6121 9.6149 9.6177 9.6205 9.6232
25° 9.6259 9.6286 9.6313 9.6340 9.6366 9.6392
26 9.6418 9.6444 9.6470 9.6495 9.6521 9.6546
27 9.6570 9.6595 9.6620 9.6644 9.6668 9.6692
28 9.6716 9.6740 9.6763 9.6787 9.6810 9.6833
29 9.6856 9.6878 9.6901 9.6923 9.6946 9.6968
30° 9.6990 9.7012 9.7033 9.7055 9.7076 9.7097
31 9.7118 9.7139 9.7160 9.7181 9.7201 9.7222
32 9.7242 9.7262 9.7282 9.7302 9.7322 9.7342
33 9.7361 9.7380 9.7400 9.7419 9.7438 9.7457
34 9.7476 9.7494 9.7513 9.7531 9.7550 9.7568
35° 9.7586 9.7604 9.7622 9.7640 9.7657 9.7675
36 9.7692 9.7710 9.7727 9.7744 9.7761 9.71778
37 9.71795 9.7811 9.7828 9.7844 9.7861 9.7877
38 9.7893 9.7910 9.7926 9.7941 9.71957 9.7973
39 9.7989 9.8004 9.8020 9.8035 9.8050 9.8066
40° 9.8081 9.8096 9.8111 9.8125 9.8140 9.8155
41 9.8169 9.8184 9.8198 9.8213 9.8227 9.8241
42 9.8255 9.8269 9.8283 9.8297 9.8311 9.8324
43 9.8338 9.8351 9.8365 9.8378 9.8391 9.8405
44 9.8418 9.8431 0.8444 9.8457 9.8469 9.8482
45° 9.8495 9.8507 9.8520 9.8532 9.8545 9.8557
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Table 10

(continned)

|og sin x (x in degrees and minutes)

[subtract 10 from each entry]

x 0’ 10’ 20’ 30’ 40’ 50’
45° 9.8495 9.8507 9.8520 9.8532 9.8545 9.8557
46 9.8569 9.8582 9.8594 9.8606 9.8618 9.8629
47 9.8641 9.8653 9.8665 9.8676 9.8688 9.8699
48 9.8711 9.8722 9.8733 9.8745 9.8756 9.8767
49 9.8778 9.8789 9.8800 9.8810 9.8821 9.8832
50° 9.8843 9.8853 9.8864 9.8874 9.8884 9.8895
51 9.8905 9.8915 9.8925 9.8935 9.8945 3.89556
52 9.8965 9.8975 9.8985 9.8995 9.9004 9.9014
53 9.9023 9.9033 9.9042 9.9052 9.9061 9.9070
54 9.9080 9.9089 9.9098 9.9107 9.9116 9.9125
55° 9.9134 9.9142 9.9151 9.9160 9.9169 9.9177
56 9.9186 9.9194 9.9203 9.9211 9.9219 9.9228
57 9.9236 9.9244 9.9252 9.9260 9.9268 9.9276
58 9.9284 9.9292 9.9300 9.9308 9.9315 9.9323
59 9.9331 9.9338 9.9346 9.9353 9.9361 9.9368
60° 9.9375 9.9383 9.9390 9.9397 9.9404 9.9411
61 9.9418 9.9425 9.9432 9.9439 9.9446 9.9453
62 9.9459 9.9466 9.9473 9.9479 9.9486 9.9492
63 9.9499 9.9505 9.9512 9.9518 9.9524 9.9530
64 9.9537 9.9543 9.9549 9.9555 9.9561 9.9567
65° 9.9573 9.9579 9.9584 9.9590 9.9596 9.9602
66 9.9607 9.9613 9.9618 9.9624 9.9629 9.9635
67 9.9640 9.9646 9.9651 9.9656 9.9661 9.9667
68 9.9672 9.9677 9.9682 9.9687 9.9692 9.9697
69 9.9702 9.9706 9.9711 9.9716 9.9721 9.9725
70° 9.9730 9.9734 9.9739 9.9743 9.9748 9.97562
71 9.9757 9.9761 9.9765 9.9770 9.9774 9.9778
72 9.9782 9.9786 9.9790 9.9794 9.9798 9.9802
73 9.9806 9.9810 9.9814 9.9817 9.9821 9.9825
74 9.9828 9.9832 9.9836 9.9839 9.9843 9.9846
75° 9.9849 9.9853 9.9856 9.9859 9.9863 9.9866
76 9.9869 9.9872 9.9875 9.9878 9.9881 9.9884
7 9.9887 9.9890 9.9893 9.9896 9.9899 9.9901
78 9.9904 9.9907 9.9909 9.9912 9.9914 9.9917
79 9.9919 9.9922 9.9924 9.9927 9.9929 9.9931
80° 9.9934 9.9936 9.9938 9.9940 9.9942 9.9944
81 9.9946 9.9948 9.9950 9.9952 9.9954 9.9956
82 9.9958 9.9959 9.9961 9.9963 9.9964 9.9966
83 9.9968 9.9969 9.9971 9.9972 9.9973 9.9975
84 9.9976 9.9977 9.9979 9.9980 9.9981 9.9982
85° 9.9983 9.9985 9.9986 9.9987 9.9988 9.9989
86 9.9989 9.9990 9.9991 9.9992 9.9993 9.9993
87 9.9994 9.9995 9.9995 9.9996 9.9996 9.9997
88 9.9997 9.9998 9.9998 9.9999 9.9999 9.9999
89 9.9999 10.0000 10.0000 10.0000 10.0000 10.0000
90° 10.0000
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TABLE

11

log €COS X (x in degrees and minutes)

[subtract 10 from each entry]|

x 0’ 10’ 20’ 30" 40’ 50’
0° 10.0000 10.0000 10.0000 10.0000 10.0000 10.0000
1 9.9999 9.9999 9.9999 9.9999 9.9998 9.9998
2 9.9997 9.9997 9.9996 9.9996 9.9995 9.9995
3 9.9994 9.9993 9.9993 9.9992 9.9991 9.9990
4 9.9989 9.9989 9.9988 9.9987 9.9986 9.9985
5° 9.9983 9.9982 9.9981 9.9980 9.9979 9.9977
6 9.9976 9.9975 9.9973 9.9972 9.9971 9.9969
7 9.9968 9.9966 9.9964 9.9963 9.9961 9.9959
8 9.9958 9.9956 9.9954 9.9952 9.9950 9.9948
9 9.9946 9.9944 9.9942 9.9940 9.9938 9.9936
10° 9.9934 9.9931 9.9929 9.9927 9.9924 9.9922
11 9.9919 9.9917 9.9914 9.9912 9.9909 9.9907
12 9.9904 9.9901 9.9899 9.9896 9.9893 9.9890
13 9.9887 9.9884 9.9881 9.9878 9.9875 9.9872
14 9.9869 9.9866 9.9863 9.9859 9.9856 9.9853
15° 9.9849 9.9846 9.9843 9.9839 9.9836 9.9832
16 9.0828 9.9825 9.9821 9.9817 9.9814 9.9810
17 9.9806 9.9802 9.9798 9.9794 9.9790 9.9786
18 9.9782 9.9778 9.9774 9.9770 9.9765 9.9761
19 9.9757 9.9752 9.9748 9.9743 9.9739 9.9734
20° 9.9730 9.9725 9.9721 9.9716 9.9711 9.9706
21 9.9702 9.9697 9.9692 9.0687 9.9682 9.9677
22 9.9672 9.9667 9.9661 9.9656 9.9651 9.9646
23 9.9640 9.9635 9.9629 9.9624 9.9618 9.9613
24 9.9607 9.9602 9.9596 9.9590 9.9584 9.9579
25° 9.9573 9.9567 9.9561 9.9555 9.9549 9.9543
26 9.9537 9.9530 9.9524 9.9518 9.9512 9.9505
27 9.9499 9.9492 9.9486 9.9479 9.9473 9.9466
28 9.9459 9.9453 9.9446 9.9439 9.9432 9.9425
29 9.9418 9.9411 9.9404 9.9397 9.9390 9.9383
30° 9.9375 9.9368 9.9361 9.9353 9.9346 9.9338
31 9.9331 9.9323 9.9315 9.9308 9.9300 9.9292
32 9.9284 9.9276 9.9268 9.9260 9.9252 9.9244
33 9.9236 9.9228 9.9219 9.9211 9.9203 9.9194
34 9.9186 9.9177 9.9169 9.9160 9.9151 9.9142
35° 9.9134 9.9125 9.9116 9.9107 9.9098 9.9089
36 9.9080 9.9070 9.9061 9.9052 9.9042 9.9033
37 9.9023 9.9014 9.9004 9.8995 9.8985 9.8976
38 9.8965 9.8955 9.8945 9.8935 9.8925 9.8915
39 9.8905 9.8895 9.8884 9.8874 9.8864 9.8853
40° 9.8843 9.8832 9.8821 9.8810 9.8800 9.8789
41 9.8778 9.8767 9.8756 9.8745 9.8733 9.8722
42 9.8711 9.8699 9.8688 9.8676 9.8665 9.8653
43 9.8641 9.8629 9.8618 9.8606 9.8594 9.8582
44 9.8569 9.8557 9.8545 9.8532 9.8520 9.8507
45° 9.8495 9.8482 9.8469 9.8457 9.8444 9.8431
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Table 11
(eontinued)

|og COS X (2 in degrees and minutes)

[subtract 10 from each entry]

x o’ 10’ 20’ 30’ 40’ 50’
45° 9.8495 9.8482 9.8469 9.8457 9.8444 9.8431
46 9.8418 9.8405 9.8391 9.8378 9.8365 9.8351
47 9.8338 9.8324 9.8311 9.8297 9.8283 9.8269
48 9.8255 9.8241 9.8227 9.8213 9.8198 9.8184
49 9.8169 9.8155 9.8140 9.8125 9.8111 9.8096
50° 9.8081 9.8066 9.8050 9.8035 9.8020 9.8004
51 9.7989 9.7973 9.7957 9.7941 9.7926 9.7910
52 9.7893 9.7877 9.7861 9.7844 9.7828 9.7811
53 9.7795 9.7778 9.7761 9.7744 9.7727 9.7710
54 9.7692 9.7675 9.7657 9.7640 9.7622 9.7604
55° 9.7586 9.7568 9.7550 9.7531 9.7513 9.7494
56 9.7476 9.7457 9.7438 9.7419 9.7400 9.7380
57 9.7361 9.7342 9.7322 9.7302 9.7282 9.7262
58 9.7242 9.7222 9.7201 9.7181 9.7160 9.7139
59 9.7118 9.7097 9.7076 9.7055 9.7033 9.7012
60° 9.6990 9.6968 9.6946 9.6923 9.6901 9.6878
61 9.6856 9.6833 9.6810 9.6787 9.6763 9.6740
62 9.6716 9.6692 9.6668 9.6644 9.6620 9.6595
63 9.6570 9.6546 9.6521 9.6495 9.6470 9.6444
64 9.6418 9.6392 9.6366 9.6340 9.6313 9.6286
65° 9.6259 9.6232 9.6205 9.6177 9.6149 9.6121
66 9.6093 9.6065 9.6036 9.6007 9.5978 9.5948
67 9.5919 9.5889 9.5859 9.5828 9.5798 9.5767
68 9.5736 9.5704 9.5673 9.5641 9.5609 9.5576
69 9.5543 9.5510 9.5477 9.5443 9.5409 9.5375
70° 9.56341 9.5306 9.5270 9.5235 9.5199 9.5163
71 9.5126 9.5090 9.5052 9.5015 9.4977 9.4939
72 9.4900 9.4861 9.4821 9.4781 9.4741 9.4700
73 9.4659 9.4618 9.4576 9.4533 9.4491 9.4447
74 9.4403 9.4359 9.4314 9.4269 9.4223 9.4177
75° 9.4130 9.4083 9.4035 9.3986 9.3937 9.3887
76 9.3837 9.3786 9.3734 9.3682 9.3629 9.3575
(i 9.3521 9.3466 9.3410 9.3353 9.3296 9.3238
78 9.3179 9.3119 9.3058 9.2997 9.2934 9.2870
79 9.2806 9.2740 9.2674 9.2606 9.2538 9.2468
80° 9.2397 9.2324 9.2251 9.2176 9.2100 9.2022
81 9.1943 9.1863 9.1781 9.1697 9.1612 9.1525
82 9.1436 9.1345 9.1252 9.1157 9.1060 9.0961
83 9.0859 9.0755 9.0648 9.0539 9.0426 9.0311
84 9.0192 9.0070 8.9945 8.9816 8.9682 8.9545
85° 8.9403 8.9256 8.9104 8.8946 8.8783 8.8613
86 8.8436 8.8251 8.8059 8.7857 8.7645 8.7423
87 8.7188 8.6940 8.6677 8.6397 8.6097 8.6776
88 8.5428 8.5050 8.4637 8.4179 8.3668 8.3088
89 8.2419 8.1627 8.0658 7.9408 7.7648 7.4637
90°
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TABLE

12

et

Iog tan x (zin degrees and minutes)
[subtract 10 from each entry]

x o’ 10’ 20’ 30’ 40’ 50’
0° - 7.4637 7.7648 7.9409 8.0658 8.1627
1 8.2419 8.3089 8.3669 8.4181 8.4638 8.5053
2 8.5431 8.5779 8.6101 8.6401 8.6682 8.6945
3 8.7194 8.7429 8.7652 8.7865 8.8067 8.8261
4 8.8446 8.8624 8.8795 8.8960 8.9118 8.9272
5° 8.9420 8.9563 8.9701 8.9836 8.9966 9.0093
6 9.0216 9.0336 9.0453 9.0667 9.0678 9.0786
7 9.0891 9.0995 9.1096 9.1194 9.1291 9.1385
8 9.1478 9.1569 9.1658 9.1745 9.1831 9.1915
9 9.1997 9.2078 9.2158 9.2236 9.2313 9.2389
10° 9.2463 9.2536 9.2609 9.2680 9.2750 9.2819
11 9.2887 9.2953 9.3020 9.3085 9.3149 9.3212
12 9.3275 9.3336 9.3397 9.3458 9.3517 9.3576
13 9.3634 9.3691 9.3748 9.3804 9.3859 9.3914
14 9.3968 9.4021 9.4074 9.4127 9.4178 9.4230
15° 9.4281 9.4331 9.4381 9.4430 9.4479 9.4527
16 9.4575 9.4622 9.4669 9.4716 9.4762 9.4808
17 9.4853 9.4898 9.4943 9.4987 9.5031 9.5075
18 9.5118 9.5161 9.5203 9.5245 9.5287 9.5329
19 9.5370 9.5411 9.5451 9.56491 9.5531 9.5571
20° 9.6611 9.5650 9.5689 9.5727 9.5766 9.5804
21 9.5842 9.6879 9.5917 9.5954 9.56991 9.6028
22 9.6064 9.6100 9.6136 9.6172 9.6208 9.6243
23 9.6279 9.6314 9.6348 9.6383 9.6417 9.6452
24 9.6486 9.6520 9.6553 9.6587 9.6620 9.6654
25° 9.6687 9.6720 9.6752 9.6785 9.6817 9.6850
26 9.6882 9.6914 9.6946 9.6977 9.7009 9.7040
27 9.7072 9.7103 9.7134 9.7165 9.7196 9.7226
28 9.7257 9.7287 9.7317 9.7348 9.7378 9.7408
29 9.7438 9.7467 9.7497 9.7526 9.7556 9.7585
30° 9.7614 9.7644 9.7673 9.7701 9.7730 9.7759
31 9.7788 9.7816 9.7845 9.7873 9.7902 9.7930
32 9.7958 9.7986 9.8014 9.8042 9.8070 9.8097
33 9.8125 9.8153 9.8180 9.8208 9.8235 9.8263
34 9.8290 9.8317 9.8344 9.8371 9.8398 9.8425
35° 9.8452 9.8479 9.8506 9.8533 9.85569 9.8586
36 9.8613 9.8639 9.8666 9.8692 9.8718 9.8745
37 9.8771 9.8797 9.8824 9.8850 9.8876 9.8902
38 9.8928 9.8954 9.8980 9.9006 9.9032 9.9058
39 9.9084 9.9110 9.9135 9.9161 9.9187 9.9212
40° 9.9238 9.9264 9.9289 9.9315 9.9341 9.9366
41 9.9392 9.9417 9.9443 9.9468 9.9494 9.9519
42 9.9544 9.9570 9.9595 9.9621 9.9646 9.9671
43 9.9697 9.9722 9.9747 9.9772 9.9798 9.9823
44 9.0848 9.9874 9.9899 9.9924 9.9949 9.9975
45° 10.0000 10.0025 10.0051 10.0076 10.0101 10.0126
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m—

Tub!e 12 Iog tan x (x in degrees and minutes)
{continued) [subtract 10 from each entry]

x o’ 10/ 20’ 30’ 40’ 50’
45° 10.0000 10.0025 10.0051 10.0076 10.0101 10.0126
46 10.0152 10.0177 10.0202 10.0228 10.0253 10.0278
47 10.0303 10.0329 10.0354 10.0379 10.0405 10.0430
48 10.0456 10.0481 10.0506 10.0532 10.0557 10.0583
49 10.0608 10.0634 10.0659 10.0685 10.0711 10.0736
50° 10.0762 10.0788 10.0813 10.0839 10.0865 10.0890
51 10.0916 10.0942 10.0968 10.0994 10.1020 10.1046
52 10.1072 10.1098 10.1124 10.1150 10.1176 10.1203
53 10.1229 10.1255 10.1282 10.1308 10.1334 10.1361
54 10.1387 10.1414 10.1441 10.1467 10.1494 10.1521
55° 10.1548 10.1575 10.1602 10.1629 10.1656 10.1683
56 10.1710 10.1737 10.1765 10.1792 10.1820 10.1847
57 10.1875 10.1903 10.1930 10.1958 10.1986 10.2014
58 10.2042 10.2070 10.2098 10.2127 10.2155 10.2184
59 10.2212 10.2241 10.2270 10.2299 10.2327 10.2356
60° 10.2386 10.2415 10.2444 10.2474 10.2503 10.2533
61 10.2562 10.2592 10.2622 10.2652 10.2683 10.2713
62 10.2743 10.2774 10.2804 10.2835 10.2866 10.2897
63 10.2928 10.2960 10.2991 10.3023 10.3054 10.3086
64 10.3118 10.3150 10.3183 10.3215 10.3248 10.3280
65° 10.3313 10.3346 10.3380 10.3413 10.3447 10.3480
66 10.3514 10.3548 10.3583 10.3617 10.3652 10.3686
67 10.3721 10.3757 10.3792 10.3828 10.3864 10.3900
68 10.3936 10.3972 10.4009 10.4046 10.4083 10.4121
69 10.4158 10.4196 10.4234 10.4273 10.4311 10.4350
70° 10.4389 10.4429 10.4469 10.4509 10.4549 10.4589
1 10.4630 10.4671 10.4713 10.4755 10.4797 10.4839
72 10.4882 10.4925 10.4969 10.5013 10.5057 10.5102
73 10.5147 10.5192 10.5238 10.5284 10.5331 10.5378
74 10.5425 10.5473 10.5521 10.5570 10.5619 10.5669
75° 10.5719 10.5770 10.5822 10.5873 10.5926 10.5979
76 10.6032 10.6086 10.6141 10.6196 10.6252 10.6309
(4 10.6366 10.6424 10.6483 10.6542 10.6603 10.6664
78 10.6725 10.6788 10.6851 10.6915 10.6980 10.7047
79 10.7113 10.7181 10.7250 10.7320 10.7391 10.7464
80° 10.7537 10.7611 10.7687 10.7764 10.7842 10.7922
81 10.8003 10.8085 10.8169 10.8255 10.8342 10.8431
82 10.8522 10.8615 10.8709 10.8806 10.8904 10.9005
83 10.9109 10.9214 10.9322 10.9433 10.9547 10.9664
84 10.9784 10.9907 11.0034 11.0164 11.0299 11.0437
85° 11.0580 11.0728 11.0882 11.1040 11.1205 11.1376
86 11.1554 11.1739 11.1933 11.2135 11.2348 11.2571
87 11.2806 11.3055 11.3318 11.3599 11.3899 11.4221
88 11.4569 11.4947 11.5362 11.5819 11.6331 11.6911
89 11.7581 11.8373 11.9342 12.0591 12.2352 12.5363
90°
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TABLE
.| 3 CONVERSION OF RADIANS TO DEGREES,

MINUTES AND SECONDS OR FRACTIONS OF DEGREES

Radians Deg. Min. Seec. Fractions of

Degrees
1 57° 17" 44.8” 57.2958°
2 114° 35’ 29.6" 114.5916°
3 171° 53" 14.4” 171.8873°
4 229° 10’ 59.2” 229.1831°
5 286° 28"  44.0” 286.4789°
6 343° 46’ 28.8" 343.7747°
7 401° 4" 13.6” 401.0705°
8 458° 21’ 58.4" 458.3662°
9 515° 39’ 43.3" 515.6620°
10 572° 57 28.1" 572.9578°
1 5° 43" 46.5”
2 11 27" 33.0”
3 17° 11U 194"
4 22° 55’ 5.9"
.5 28° 38" 524"
.6 34° 22’ 38.9”
q 40° 6’ 254"
.8 45° 50’ 11.8"
9 51° 33" 58.3”
01 0° 84 226"
.02 1° 8’ 45.3"
.03 1° 43 7.9"”
.04 2¢ 17 30.6”
.05 2°¢ 51’ 53.2”
.06 3° 26’ 15.9”
07 4° 0’ 385"
.08 4° 3y 1.2
.09 5° 9’ 23.8”
.001 0° 3’ 26.3”
.002 0° 6’ 52.5”
.003 0° 10’ 18.8"
004 0° 13" 45.1”
005 0° 17 113"
.006 0° 20" 37.6”
.007 0° 24’ 3.9”
.008 0° 27 30.1”
.009 0° 30’ 564"
.0001 0° 0 20.6"
.0002 0° 0’ 41.3”
.0003 0° 1’ 1.9”
.0004 0° 1’ 225"
.0005 0° 1’7 431”7
.0006 0° 2/ 3.8"”
.0007 0° 27 244"
.0008 0° 2/ 45.0"
.0009 0° 3’ 5.6”
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TABLE

14

CONVERSION OF DEGREES, MINUTES
AND SECONDS TO RADIANS

Degrees Radians
1° 0174533
2° .0349066
3¢ .0523599
4° .0698132
5° .0872665
6° 1047198
7° 1221730
8° .1396263
9° 1570796

10° 1745329

Minutes Radians
1’ .00029089
2/ .00058178
3 00087266
4’ .00116355
5’ .00145444
6’ .00174533
7 .00203622
8’ .00232711
9’ .00261800
10’ .00290888

Seconds Radians
17 .0000048481
2" .0000096963
3" .0000145444
4 .0000193925
5 .0000242407
6" .0000290888
7" .0000339370
8" .0000387851
9 0000436332

10" .0000484814
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TABLE

15

NATURAL OR NAPIERIAN LOGARITHMS

log, x or In x

@ 0 1 2 3 4 5 . 6 7 8 9
1.0 | 00000 00995  .01980  .02956  .03922 .04879  .05827  .06766  .07696  .08618
11| .09531 10436  .11333  .12222  .13103 .13976  .14842  .15700  .16551  .17395
12 | 18232 19062 19885  .20701 21511 .22314 23111 23902  .24686  .25464
13 | 26236 27003 27763 28518  .20267 .30010  .30748 31481  .32208  .32930
14 | 33647 34359  .35066  .35767  .36464 .37156 37844  .38526  .39204  .39878
15 | 40547 41211 41871 42527 43178 43825 44469 45108 45742 46373
16 | .47000 47623 48243 48858  .49470 50078 50682 51282 51879 52473
17 | 53063 53640 54232 54812 55389 55962 56531 57098 57661 58222
18 | 58779 59333 59884 60432 60977 61519 62058 62504 63127  .63658
19 | 64185 64710 65233  .65752 66269 .66783 67294 67803 68310  .68813
2.0 | 69315  .69813  .70310 70804 71295 71784 72271 72755  .73237  .T3716
21 | 74194 74669 75142 75612 76081 76547 77011 77473 77932  .78390
22 | 78846  .79299  .79751 80200  .80648 .81093 81536 81978  .82418  .82855
23 | 83291 83725  .84157 84587 85015 85442  .85866  .86280 86710  .87129
2.4 | 87547 87963  .88377  .88789  .89200 .89609  .90016  .90422  .00826  .91228
25 | 91629 92028  .92426  .92822 93216 .93609  .94001  .94391  .94779 95166
2.6 | 95551  .95935 96317  .96698  .97078 97456 97833 98208  .98582  .98954
2.7 | 99325  .99695 1.00063 1.00430 1.00796 1.01160 1.01523 1.01885 1.02245 1.02604
28 | 1.02062 103318 1.03674 1.04028 1.04380 1.04732 1.05082 1.05431 1.05779  1.06126
2.9 | 1.06471 1.06815 1.07158 1.07500 1.07841 1.08181 1.08519 1.08856 1.09192  1.09527
3.0 | 1.00861 110194 110526 110856 111186 111514 111841 112168 112493 1.12817
31 | 113140 113462 113783 114103 114422 114740 1.15057 115873 115688  1.16002
3.2 | 116315 116627 116938 117248 117557 117865 1.18173 118479 118784  1.19089
3.3 | 119392 119695 1.19996 1.20297 120597 1.20896 1.21194 121491 121788 1.22083
3.4 | 122378 122671 122964 123256 123547 123837 124127 124415 124703  1.24990
35 | 125276 125562 1.25846 126130 1.26413 1.26695 1.26976 127257 127536  1.27815
3.6 | 1.28093 128371 128647 128923 120198 120473 129746 130019 130291  1.30563
3.7 | 130833 1.31103 131372 131641 131909 132176 1.32442 132708 1.32972  1.33237
3.8 | 1.33500 1.33763 134025 1.34286 134547 1.34807 135067 1.35325 1.35584 1.35841
3.9 | 1.36008 136354 136609 136864 137118 137372 1.37624 137877 138128 1.38379
40 | 138629 1.38879 1.39128 1.39377 1.39624 1.39872 1.40118 1.40364 140610 1.40854
41 | 141099 141342 141585 141828 142070 1.42311 142552 1.42792 143031 148270
42 | 143508 143746 143984 144220 144456 1.44692 1.44927 145161 145395  1.45629
43 | 145862 146094 146326 1.46557 146787 147018 147247 147476 147705 1.47933
44 | 148160 148387 1.48614 148840 149065 1.49200 149515 149739 149962 1.50185
45 | 150408 150630 150851 151072 151293 151513 151732 151951 152170 1.52388
46 | 1.52606 152823 153039 153256 153471 1.53687 1.53902 154116 154330 1.54543
47 | 154756 154969 155181 155393 155604 155814 156025 156235 1.56444  1.56653
48 | 156862 157070 157277 157485 157691 157898 158104 158309 158515 1.58719
49 | 158024 159127 159331 159534 159737 159939 1.60141 160342 1.60543 1.60744

In10 = 2.30259 4In10 = 9.21034 7In10 = 16.11810

2In10 = 4.60517 5In10 = 11.51293 81n10 = 18.42068

3In10 = 6.90776 61n10 = 13.81551 9In10 = 20.72327
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NATURAL OR NAPIERIAN LOGARITHMS

Table 15

Guntinded) log, x or In x

x 0 1 2 3 4 5 6 7 8 9

5.0 | 1.60944 1.61144 1.61343 1.61542 1.61741 1.61939 1.62137 1.62334 1.62531 1.62728
6.1 | 1.62924 1.63120 1.63315 1.63511 1.63705 1.63900 1.64094  1.64287 1.64481 1.64673
5.2 | 1.64866 1.65058 1.65250 1.65441 1.65632 1.65823 1.66013 1.66203 1.66393  1.66582
5.3 | 1.66771  1.66959 1.67147 1.67335 1.67523 1.67710 1.67896 1.68083  1.68269  1.68455
5.4 | 1.68640 1.68825 1.69010 1.69194 1.69378 1.69562  1.69745 1.69928  1.70111  1.70293
5.5 | 170475 1.70656 1.70838 1.71019 171199 1.71380 1.71560 1.71740 1.71919  1.72098
5.6 | 1.72277  1.72455  1.72633  1.72811 1.72988 1.73166 1.73342  1.73519 1.78695  1.73871
5.7 | 1.74047  1.74222  1.74397 174572  1.74746  1.74920 1.75094  1.75267 1.756440 1.75613
5.8 | 1.75786  1.75958 1.76130 1.76302 1.76473 1.76644 1.76815 1.76985 1.77156  1.77326
5.9 | 1.77495 1.77665 1.77834  1.78002 1.78171 1.78339  1.78507 1.78675 1.78842 1.79009
6.0 | 179176  1.79342 179509 1.79675 1.79840 1.80006 1.80171 1.80336  1.80500 1.80665
6.1 | 1.80829 1.80993 1.81156 1.81819 1.81482 1.81645 1.81808 1.81970 1.82132 1.82294
6.2 | 1.82455 1.82616 1.82777 1.82938 1.83098 1.83258 1.83418 1.83578 1.83737 1.83896
6.3 | 1.84055 1.84214 1.84372 1.84530 1.84688 1.84845 1.85003 1.85160 1.85317 1.85473
6.4 | 1.85630 1.85786  1.85942 1.86097 1.86253 1.86408 1.86563 1.86718  1.86872 1.87026
6.5 | 1.87180 1.87334 1.87487 1.87641 1.87794 1.87947 1.88099 1.88251 1.88403 1.88555
6.6 | 1.88707 1.88858 1.89010 1.89160 1.89311  1.89462 1.89612 1.89762 1.89912 1.90061
6.7 | 1.90211  1.90360 1.90509 1.90658 1.90806 1.90954 1.91102 1.91250 1.91398 1.91545
6.8 | 1.91692 1.91839 1.91986 1.92132 1.92279  1.92425 1.92571 1.92716 1.92862 1.93007
6.9 | 1.93152  1.98297 1.93442 1.93586 1.93730 1.93874 1.94018 1.94162 1.94305  1.94448
7.0 | 194591 1.94734 1.94876 195019 1.95161 1.95303 1.95445 1.95686 1.95727 1.95869
7.1 | 1.96009  1.96150 196291 1.96431 1.96571 1.96711 1.96851 1.96991 1.97130 1.97269
7.2 | 1.97408  1.97547 1.97685 197824 1.97962 1.98100 1.98238 1.98376 1.98513  1.98650
7.3 | 1.98787  1.98924 1.99061 1.99198 1.99334  1.99470 1.99606 1.99742  1.99877 2.00013
7.4 ] 2.00148 2.00283 2.00418 2.00553 2.00687 2.00821  2.00956 2.01089 2.01223  2.01357
7.5 | 2.01490 2.01624 2.01757 2.01890 2.02022 2.02155 2.02287 2.02419 2.02551 2.02683
7.6 | 2.02815 2.02946 2.03078  2.03209 2.03340  2.03471 2.03601 2.03732  2.03862 2.03992
7.7 | 2.04122  2.04252  2.04381 2.04511 2.04640  2.04769 2.04898 2.05027 2.05156 2.05284
7.8 | 2.05412 2.05540 2.05668 2.05796 2.05924 2.06051 2.06179 2.06306 2.06433  2.06560
7.9 | 2.06686 2.06813 2.06939 2.07065 2.07191 2.07317 2.07443 2.07568  2.07694  2.07819
8.0 | 2.07944  2.08069 2.08194 2.08318 2.08443 2.08567 2.08691 2.08815 2.08939  2.09063
8.1 | 2.09186 2.09310 2.09433 2.09556 2.09679  2.09802 2.09924 2.10047 2.10169  2.10291
82 | 210413 2.10535 2.10657 210779 210900 2.11021 211142 2.11263 2.11384 2.11505
8.3 | 211626 211746 2.11866 211986 2.12106 2.12226 2.12346 2.12465 2.12585 2.12704
8.4 [ 212823 212942 2.13061 213180 213298 213417 213535 2.13653 2.13771 2.13889
8.5 | 2.14007 214124 2.14242 214359 214476 2.14593 214710 2.14827 2.14943  2.15060
86 | 2.15176 2.15292 2.15409 2.15524 2.15640 2.15756 215871 2.15987 2.16102  2.16217
8.7 | 2.16332 216447 2.16562 2.16677 216791 2.16905 217020 2.17134 2.17248  2.17361
88 | 217475  2.17589  2.17702 2.17816 2.17929 2.18042 2.18155 2.18267 2.18380 2.18493
89 | 218605 2.18717 2,18830 2.18942 219054 2.19165 2.19277 2.19389 2.19500 2.19611
9.0 | 219722 219834 2.19944 2.20055 2.20166 2.20276 2.20387 2.20497 2.20607 2.20717
9.1 | 2.20827  2.20937 221047 221157 2.21266 2.21375 2.21485 221594 2.21703 2.21812
9.2 | 221920 2.22029 222138 2.22246 2.22354 2.22462 2.22570 2.22678 2.22786  2.22894
9.3 | 2.23001 223109 2.23216 2.23324 2.23431 2.23538 2.23645 2.23751 2.23858  2.23965
9.4 | 224071  2.24177 224284  2.24390 2.24496  2.24601 2.24707 2.24813 2.24918 2.25024
95 | 2.25129  2.25234 2.25339 2.25444 2.25549 2.25654 2.25759 2.25863 2.25968  2.26072
9.6 | 226176 2.26280 2.26384 2.26488  2.26592  2.26696 2.26799 2.26903 2.27006 2.27109
9.7 | 227213 2.27316 227419 227521 2.27624 2.27727 2.27829 2.27932 2.28034 2.28136
9.8 | 2.28238 228340 2.28442 2.28544 228646 2.28747 228849 228950 2.20051 2.29152
9.9 | 2.29253  2.29354  2.29455 229556 2.29657  2.29757 2.29858  2.29958  2.30058  2.30158
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TABLE

16

EXPONENTIAL FUNCTIONS

ew
x 0 1 2 3 4 5 6 7 8 9
.0 1.0000 1.0101 1.0202 1.0305 1.0408 1.0513 1.0618 1.0725 1.0833 1.0942
1 1.1052 1.1163 1.1275 1.1388 1.1503 1.1618 1.1735 1.1853 1.1972 1.2092
2 1.2214 1.2337 1.2461 1.2586 1.2712 1.2840 1.2969 1.3100 1.3231 1.3364
.3 1.3499 1.3634 1.3771 1.3910 1.4049 1.4191 1.4333 1.4477 1.4623 1.4770
4 1.4918 1.5068 1.5220 1.56373 1.5527 1.5683 1.5841 1.6000 1.6161 1.6323
.5 1.6487 1.6653 1.6820 1.6989 1.7160 1.7333 1.7507 1.7683 1.7860 1.8040
.6 1.8221 1.8404 1.8589 1.8776 1.8965 1.9155 1.9348 1.9542 1.9739 1.9937
N 2.0138 2.0340 2.0544 2.0751 2.0959 2.1170 2.1383 2.1598 2.1815 2.2034
.8 2.2255 2.2479 2.2705 2.2933 2.3164 2.3396 2.3632 2.3869 2.4109 2.4351
.9 2.4596 2.4843 2.5093 2.5345 2.5600 2.5857 2.6117 2.6379 2.6645 2.6912
1.0 2.7183 2.7456 2.7732 2.8011 2.8292 2.8577 2.8864 2.9154 2.9447 2.9743
1.1 3.0042 3.0344 3.0649 3.0957 3.1268 3.1582 3.1899 3.2220 3.2544 3.2871
1.2 3.3201 3.35635 3.3872 3.4212 3.4556 3.4903 3.5254 3.5609 3.5966 3.6328
1.3 3.6693 3.7062 3.7434 3.7810 3.8190 3.8574 3.8962 3.9354 3.9749 4.0149
14 4.0552 4.0960 4.1371 4.1787 4.2207 4.2631 4.3060 4.3492 4.3929 4.4371
1.5 4.4817 4.5267 4.5722 4.6182 4.6646 4.7115 4.7588 4.8066 4.8550 4.9037
1.6 4.9530 5.0028 5.0631 5.1039 5.1552 5.2070 5.2593 5.3122 5.3656 5.4195
1.7 5.4739 5.5290 5.5845 5.6407 5.6973 5.7546 5.8124 5.8709 5.9299 5.9895
1.8 6.0496 6.1104 6.1719 6.2339 6.2965 6.3598 6.4237 6.4883 6.5535 6.6194
1.9 6.6859 6.7531 6.8210 6.8895 6.9588 7.0287 7.0993 7.1707 7.2427 7.3155
2.0 7.3891 7.4633 7.5383 7.6141 7.6906 7.7679 7.8460 7.9248 8.0045 8.0849
2.1 8.1662 8.2482 8.3311 8.4149 8.4994 8.5849 8.6711 8.7583 8.8463 8.9352
2.2 9.0250 9.1157 9.2073 9.2999 9.3933 9.4877 9.5831 9.6794 9.7767 9.8749
2.3 9.9742 10.074 10.176 10.278 10.381 10.486 10.591 10.697 10.805 10.913
24 11.023 11.134 11.246 11.359 11.473 11.588 11.705 11.822 11.941 12.061
2.5 12.182 12.305 12.429 12.554 12.680 12.807 12.936 13.066 13.197 13.330
2.6 13.464 13.599 13.736 13.874 14.013 14.154 14.296 14.440 14.585 14.732
2.7 14.880 15.029 15.180 15.333 15.487 15.643 15.800 15.959 16.119 16.281
2.8 16.445 16.610 16.777 16.945 17.116 17.288 17.462 17.637 17.814 17.993
2.9 18.174 18.357 18.541 18.728 18.916 19.106 19.298 19.492 19.688 19.886
3.0 20.086 20.287 20.491 20.697 20.905 21.115 21.328 21.542 21.758 21.977
3.1 22.198 22.421 22.646 22.874 23.104 23.336 23.571 23.807 24.047 24.288
3.2 24.533 24.779 25.028 25.280 25.5634 25.790 26.050 26.311 26.576 26.843
3.3 27.113 27.385 27.660 27.938 28.219 28.503 28.789 29.079 29.371 29.666
34 29.964 30.265 30.569 30.877 31.187 31.500 31.817 32,137 32.460 32.786
3.5 33.115 33.448 33.784 34.124 34.467 34.813 35.163 35.517 35.874 36.234
3.6 36.598 36.966 37.338 37.713 38.092 38.475 38.861 39.252 39.646 40.045
3.7 40.447 40.854 41.264 41.679 42.098 42.521 42.948 43.380 43.816 44.256
3.8 44.701 45.150 45.604 46.063 46.525 46.993 47.465 47.942 48.424 48.911
3.9 49.402 49.899 50.400 50.907 51.419 51.935 52.457 52.985 53.517 54.055
4. 54.598 60.340 66.686 73.700 81.451 90.017 99.484 109.95 121.51 134.29
b. 148.41 164.02 181.27 200.34 221.41 244.69 270.43 298.87 330.30 365.04
6. 403.43 445.86 492.75 544.57 601.85 665.14 735.10 812.41 897.85 992.27
7. 1096.6 1212.0 1339.4 1480.3 1636.0 1808.0 1998.2 2208.3 2440.6 2697.3
8. 2981.0 3294.5 3641.0 4023.9 44471 4914.8 5431.7 6002.9 6634.2 7332.0
9. 8103.1 8955.3 9897.1 10938 12088 13360 14765 16318 18034 19930
10. 22026
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TABLE

EXPONENTIAL FUNCTIONS

‘I :;;" ‘?-—w
@ 0 1 2 3 4 5 6 7 8 9
.0 11.00000 .99005 98020 97045 96079 .95123 94176 .93239 92312 .91393
Bl .00484 .89583 .88692 .87810 .86936 .86071 .85214 .84366 .83527 .82696
2 81873 .81058 .80252 .79453 .78663 77880 77105 76338 75578 74826
.3 .74082 .73345 72615 71892 71177 .70469 69768 .69073 .68386 67706
4 .67032 .66365 .65705 .65051 64404 .63763 .63128 .62500 .61878 61263
.5 .60653 .60050 59452 .58860 58275 57695 57121 56553 .55990 .55433
.6 .54881 .54335 .b3794 53259 52729 .52205 .51685 51171 50662 .50158
T .49659 49164 48675 48191 47711 47237 46767 46301 45841 45384
.8 .44933 44486 .44043 .43605 43171 42741 .42316 41895 41478 .41066
.9 .40657 40252 .39852 .39455 .39063 .38674 .38289 37908 .37531 .37158
1.0 .36788 .36422 .36060 .35701 .35345 .34994 34646 .34301 .33960 .33622
1.1 .33287 .32956 .32628 .32303 .31982 .31664 .31349 .31037 30728 .30422
1.2 .30119 .29820 .29523 .29229 28938 .28650 28365 .28083 .27804 27527
1.3 27253 .26982 26714 .26448 .26185 .25924 .25666 .25411 .25158 .24908
14 .24660 .24414 24171 23931 23693 .23457 .23224 .22993 22764 22537
1.5 .22313 .22091 .21871 .21654 .21438 .21225 .21014 .20805 .20598 .20393
1.6 .20190 .19989 19790 .19593 19398 .19205 19014 .18825 18637 18452
1.7 .18268 .18087 17907 17728 17552 17377 17204 17033 .16864 .16696
1.8 .16530 .16365 .16203 .16041 .15882 15724 115567 15412 .15259 15107
1.9 .14957 .14808 .14661 14515 14370 14227 .14086 .13946 13807 .13670
2.0 13534 13399 .13266 13134 13003 .12873 12745 12619 12493 .12369
2.1 12246 12124 .12003 .11884 11765 11648 .11533 11418 .11304 11192
2.2 .11080 10970 .10861 10753 .10646 10540 .10435 10331 .10228 10127
2.3 10026 .09926 09827 .09730 .09633 09537 .09442 .09348 .09255 .09163
24 09072 .08982 .08892 .08804 .08716 .08629 .08543 .08458 .08374 .08291
2.5 .08208 .08127 .08046 .07966 .07887 07808 07730 .07654 07577 07502
2.6 07427 .07353 07280 07208 07136 07065 .06995 .06925 .06856 .06788
2.7 .06721 .06654 .06587 06522 .06457 .06393 .06329 .06266 .06204 .06142
2.8 .06081 .06020 05961 .05901 .05843 05784 05727 .05670 .05613 .05558
2.9 .05502 .05448 .05393 .05340 05287 .05234 .05182 .05130 05079 .05029
3.0 .04979 .04929 .04880 .04832 .04783 .04736 .04689 .04642 .04596 .04550
3.1 .04505 .04460 .04416 .04372 .04328 .04285 .04243 04200 .04159 04117
3.2 .04076 .04036 .03996 .03956 .03916 .03877 .03839 .03801 .03763 .03725
3.3 .03688 .03652 03615 03579 03544 .03508 03474 .03439 .03405 03371
3.4 .03337 .03304 03271 .03239 .03206 .03175 .03143 .03112 .03081 .03050
3.5 .03020 102990 .02960 .02930 .02901 .02872 .02844 .02816 .02788 .02760
3.6 .02732 02705 02678 .02652 02625 .02599 .02573 .02548 .02522 .02497
3.7 .02472 .02448 .02423 .02399 .02375 .02352 .02328 .02305 .02282 .02260
3.8 .02237 .02215 .02193 02171 .02149 .02128 .02107 .02086 .02065 .02045
3.9 .02024 .02004 .01984 .01964 .01945 .01925 .01906 .01887 01869 .01850
4. 018316 .016573 .014996 .013569 .012277 .011109 .010052 .0290953 .0282297 .0274466
5. 0267379 .0260967 .0255166 .0249916 .0245166 .0240868 .0236979 .0233460 .0230276 .0227394
6. 0224788 .0222429 0220294 .0218363 .0216616 .0215034 .0213604 .0212309 .0211138 .0210078
7. 0891188 .0382510 .0374659 .0367554 .0361125 .0355308 .0350045 .0345283 .0340973 .0337074
8. 0333546 .0330354 .0327465 .0324852 .0322487 .0320347 .0318411 .0316659 .0315073 .0313639
9. 0312341 .03811167 .0310104 .0%91424 .0%82724 .0%474852 .0467729 .0461283 .0455452 .0%50175
10. 0445400
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TABLE

18.

HYPERBOLIC FUNCTIONS

3
sinh x

x 0 1 2 3 4 5 6 7 8 9

.0 .0000 .0100 .0200 .0300 .0400 .0500 .0600 .0701 .0801 .0901

g 1002 1102 1203 1304 1405 .1506 1607 1708 1810 1911

2 2013 2115 2218 .2320 2423 2526 .2629 2733 2837 2941

.3 .3045 .3150 .3255 .3360 .3466 .3572 .3678 3785 .3892 .4000

4 4108 4216 4325 4434 .4543 .4653 4764 4875 4986 .5098

b 5211 5324 .5438 5552 5666 5782 5897 6014 .6131 .6248

.6 6367 .6485 6605 .6725 6846 6967 7090 7213 7336 7461

A 7586 J712 7838 7966 .8094 8223 .8353 8484 8615 8748

.8 L8881 L9015 L9150 9286 .9423 L9561 L9700 9840 9981 1.0122

.9 1.0265 1.0409 1.0554 1.0700 1.0847 1.0995 1.1144 1.1294 1.1446 1.1598
1.0 1.1752 1.1907 1.2063 1.2220 1.2379 1.2539 1.2700 1.2862 1.3025 1.3190
1.1 1.3356 1.3524 1.3693 1.3863 1.4035 1.4208 1.4382 1.4558 1.4735 1.4914
1.2 1.5095 1.5276 1.5460 1.5645 1.5831 1.6019 1.6209 1.6400 1.6593 1.6788
1.3 1.6984 1.7182 1.7381 1.7583 1.7786 1.7991 1.8198 1.8406 1.8617 1.8829
1.4 1.9043 1.9259 1.9477 1.9697 1.9919 2.0143 2.0369 2.0597 2.0827 2.1059
1.5 2.1293 2.1529 2.1768 2.2008 2.2251 2.2496 2.2743 2.2993 2.3245 2.3499
1.6 2.3756 2.4015 2.4276 2.4540 2.4806 2.5075 2.5346 2.5620 2.5896 2.6175
1.9 2.6456 2.6740 2.7027 2.7317 2.7609 2.7904 2.8202 2.8503 2.8806 2.9112
1.8 2.9422 2.9734 3.0049 3.0367 3.0689 3.1018 3.1340 3.1671 3.2005 3.2341
1.9 3.2682 3.3025 3.3372 3.3722 3.4075 3.4432 3.4792 3.5156 3.5523 3.5894
2.0 3.6269 3.6647 3.7028 3.7414 3.7803 3.8196 3.8593 3.8993 3.9398 3.9806
2.1 4,0219 4.0635 41056 4.1480 4,1909 4.2342 4.2779 4,3221 4.3666 4,4116
2.2 4.4571 4.5030 4,5494 4,5962 4.6434 4.6912 4.7394 4.7880 4.8372 4.8868
2.3 4.9370 4.9876 5.0387 5.0903 5.1425 5.1951 5.2483 5.3020 5.3562 5.4109
2.4 5.4662 5.5221 5.5785 5.6354 5.6929 5.7510 5.8097 5.8689 5.9288 5.9892
2.5 6.0502 6.1118 6.1741 6.2369 6.3004 6.3645 6.4293 6.4946 6.5607 6.6274
2.6 6.6947 6.7628 6.8315 6.9008 6.9709 7.0417 7.1132 7.1854 7.2583 7.3319
2.7 7.4063 7.4814 7.5572 7.6338 7.7112 7.7894 7.8683 7.9480 8.0285 8.1098
2.8 8.1919 8.2749 8.3586 8.4432 8.5287 8.6150 8.7021 8.7902 8.8791 8.9689
2.9 9.0556 9.1512 9.2437 9.3371 9.4315 9.5268 9.6231 9.72038 9.8185 9.9177
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HYPERBOLIC FUNCTIONS
sinh x

Table 18a
{continued)

3.0 10.018 10.119 10.221 10.324 10.429 10.534 10.640 10.748 10.856 10.966
3.1 11.076 11.188 11.301 11.415 11.530 11.647 11.764 11.883 12.003 12,124
3.2 12.246 12.369 12.494 12.620 12.747 12.876 13.006 13.137 13.269 13.403
3.3 13.538 13.674 13.812 13.951 14.092 14.234 14.377 14.522 14.668 14.816
3.4 14.965 15.116 15.268 15.422 15.577 15.734 15.893 16.053 16.215 16.378

3.5 16.543 16.709 16.877 17.047 17.219 17.392 17.567 17.744 17.923 18.103
3.6 18.285 18.470 18.655 18.843 19.033 19.224 19.418 19.613 19.811 20.010
3.7 20.211 20.415 20.620 20.828 21.037 21.249 21.463 21.679 21.897 22.117
3.8 22.339 22.564 22.791 23.020 23.252 23.486 23.722 23.961 24.202 24.445
3.9 24.691 24.939 25.190 25.444 25.700 25.958 26.219 26.483 26.749 27.018

4.0 27.290 27.564 27.842 28.122 28.404 28.690 28.979 29.270 29.564 29.862
4.1 30.162 30.465 30.772 31.081 31.393 31.709 32.028 32.350 32.675 33.004
4.2 33.336 33.671 34.009 34.351 34.697 35.046 35.398 36.754 36.113 36.476
4.3 36.843 37.214 37.588 37.965 38.347 38.733 39.122 39.515 39.913 40.314
44 40.719 41.129 41.542 41.960 42.382 42.808 43.238 43.673 44112 44.555

4.5 45.003 45.455 45.912 46.374 46.840 47.311 47.787 48.267 48.752 49.242
4.6 49.737 50.237 50.742 51.252 51.767 52.288 52.813 53.344 53.880 54.422
4.7 54.969 55.522 56.080 56.643 57.213 57.788 58.369 58.995 59.548 60.147
4.8 60.751 61.362 61.979 62.601 63.231 63.866 64.508 65.157 65.812 66.473
4.9 67.141 67.816 68.498 69.186 69.882 70.584 71.293 72.010 72,734 73.465

5.0 74.203 74.949 75.702 76.463 77.232 78.008 78.792 79.584 80.384 81.192
5.1 82.008 82.832 83.665 84.506 85.356 86.213 87.079 87.955 88.839 89.732
5.2 90.633 91.544 92.464 93.394 94.332 95.281 96.238 97.205 98.182 99.169
5.3 100.17 101.17 102.19 103.22 104.25 105.30 106.36 107.43 108.51 109.60
5.4 110.70 111.81 112.94 114.07 115.22 116.38 117.55 118.73 119.92 121.13

5.5 122.34 123.57 124.82 126.07 127.34 128.62 129.91 131.22 132.53 133.87
5.6 135.21 136.57 137.94 139.33 140.73 142.14 143.57 145.02 146.47 147.95
5.7 149.43 150.93 152.45 153.98 155.53 157.09 158.67 160.27 161.88 163.51
5.8 165.15 166.81 168.48 170.18 171.89 173.62 175.36 17712 178.90 180.70
5.9 182.52 184.35 186.20 188.08 189.97 191.88 193.80 195.75 197.72 199.71
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TABLE

HYPERBOLIC FUNCTIONS

] 8 b cosh x

@ 0 1 2 3 4 5 6 7 8 9

.0 1.0000 1.0001 1.0002 1.0005 1.0008 1.0013 1.0018 1.0025 1.0032 1.0041
g 1.0050 1.0061 1.0072 1.0085 1.0098 1.0118 1.0128 1.0145 1.0162 1.0181
2 1.0201 1.0221 1.0243 1.0266 1.0289 1.0314 1.0340 1.0367 1.0395 1.0423
.3 1.0458 1.0484 1.0516 1.0549 1.0584 1.0619 1.0655 1.0692 1.0731 1.0770
4 1.0811 1.0852 1.0895 1.0939 1.0984 1.1030 1.1077 1.1125 1.1174 1.1225
b 1.1276 1.1329 1.1383 1.1438 1.1494 1.1551 1.1609 1.1669 1.1730 1.1792
.6 1.1855 1.1919 1.1984 1.2051 1.2119 1.2188 1.2258 1.2330 1.2402 1.2476
A 1.2552 1.2628 1.2706 1.2785 1.2865 1.2947 1.3030 1.3114 1.3199 1.3286
.8 1.3374 1.3464 1.8555 1.3647 1.3740 1.3835 1.3932 1.4029 1.4128 1.4229
.9 1.43381 1.4434 1.4539 1.4645 1.4753 1.4862 1.4973 1.5085 1.5199 1.5314
1.0 1.5431 1.5549 1.5669 1.5790 1.5913 1.6038 1.6164 1.6292 1.6421 1.6552
1.1 1.6685 1.6820 1.6956 1.7093 1.7233 1.7374 1.7517 1.7662 1.7808 1.7957
1.2 1.8107 1.8258 1.8412 1.8568 1.8725 1.8884 1.9045 1.9208 1.9373 1.9540
1.3 1.9709 1.9880 2.0053 2.0228 2.0404 2.0583 2.0764 2.0947 2.1132 2.1320
1.4 2.1509 2.1700 2.1894 2.2090 2.2288 2.2488 2.2691 2.2896 2.3103 2.3312
1.5 2.8524 2.3738 2.3955 2.4174 2.4395 2.4619 2.4845 2.5073 2.5305 2.5538
1.6 2.5775 2.6013 2.6255 2.6499 2.6746 2.6995 2.7247 2.7502 2.7760 2.8020
1.7 2.8283 2.8549 2.8818 2.9090 2.9364 2.9642 2.9922 3.0206 3.0492 3.0782
1.8 3.1075 3.1371 3.1669 3.1972 3.2277 3.2585 3.2897 3.3212 3.3530 3.3852
1.9 3.4177 3.4506 3.4838 3.5173 3.5512 3.5855 3.6201 3.6551 3.6904 3.7261
2.0 3.7622 3.7987 3.8355 3.8727 3.9103 3.9483 3.9867 4.0255 4.0647 41043
2.1 4.1443 4,1847 4.2256 4.2669 4.3085 4.3507 4.3932 4.4362 4.4797 4.5236
2.2 4,5679 4.6127 4.6580 4.7037 4.7499 4.7966 4.8437 4.8914 4.9395 4,9881
2.3 5.0372 5.0868 5.1370 5.1876 5.2388 5.2905 5.3427 5.3954 5.4487 5.5026
2.4 5.5569 5.6119 5.6674 5.72385 5.7801 5.8373 5.8951 5.9535 6.0125 6.0721
2.5 6.1323 6.1931 6.2545 6.3166 6.3793 6.4426 6.5066 6.5712 6.6365 6.7024
2.6 6.7690 6.8363 6.9043 6.9729 7.0428 7.1123 7.1831 7.2546 7.3268 7.3998
2.7 7.4735 7.5479 7.6231 7.6991 7.7758 7.8533 7.9316 8.0106 8.0905 8.1712
2.8 8.2527 8.3351 8.4182 8.5022 8.5871 8.6728 8.7594 8.8469 8.9352 9.0244
2.9 9.1146 9.2056 9.2976 9.3905 9.4844 9.5791 9.6749 9.7716 9.8693 9.9680
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HYPERBOLIC FUNCTIONS

Tabl? 18b
(continued)
cosh x

x 0 1 2 3 4 5 6 7 8 9
3.0 10.068 10.168 10.270 10.373 10.476 10.581 10.687 10.794 10.902 11.011
3.1 11.121 11.233 11.345 11.459 11.5674 11.689 11.806 11.925 12.044 12.165
3.2 12.287 12.410 12.5634 12.660 12.786 12.915 13.044 13.175 13.307 13.440
3.3 13.575 13.711 13.848 13.987 14127 14.269 14.412 14.556 14.702 14.850
3.4 14.999 15.149 15.301 15.455 15.610¢ 15.766 15.924 16.084 16.245 16.408
3.5 16.573 16.739 16.907 17.077 17.248 17.421 17.596 17.772 17.951 18.131
3.6 18.313 18.497 18.682 18.870 19.059 19.250 19.444 19.639 19.836 20.035
3.7 20.236 20.439 20.644 20.852 21.061 21.272 21.486 21.702 21.919 22.139
3.8 22.362 22.586 22.813 23.042 23.273 23.507 23.743 23.982 24.222 24.466
3.9 24.711 24.959 25.210 25.463 25.719 25.977 26.238 26.502 26.768 27.037
4.0 27.308 27.5683 27.860 28.139 28.422 28.707 28.996 29.287 29.581 29.878
4.1 30.178 30.482 30.788 31.097 31.409 31.725 32.044 32.365 32.691 33.019
4.2 33.351 33.686 34.024 34.366 34.711 35.060 35.412 35.768 36.127 36.490
4.3 36.857 37.227 37.601 37.979 38.360 38.746 39.135 39.528 39.925 40.326
4.4 40.732 41.141 41.554 41.972 42.393 42,819 43.250 43.684 44,123 44.566
4.5 45.014 45.466 45.923 46.385 46.851 47.321 47,797 48.277 48.762 49.252
4.6 49.747 50.247 50.752 51.262 51.777 52.297 52.823 53.354 53.890 54.431
4.7 54.978 55.531 56.089 56.652 57.221 57.796 58.377 58.964 59.556 60.155
4.8 60.759 61.370 61.987 62.609 63.239 63.874 64.516 65.164 65.819 66.481
4.9 67.149 67.823 68.505 69.193 69.889 70.591 71.300 72.017 72.741 73.472
5.0 74.210 74.956 75.709 76.470 77.238 78.014 78.798 79.590 80.390 81.198
5.1 82,014 82.838 83.671 84.512 85.361 86.219 87.085 87.960 88.844 89.737
5.2 90.639 91.550 92.470 93.399 94.338 95.286 96.243 97.211 98.188 99.174
5.3 100.17 101.18 102.19 103.22 104.26 105.31 106.67 107.43 108.51 109.60
54 110.71 111.82 112.94 114.08 115.22 116.38 117.55 118.73 119.93 121.13
5.5 122.35 123.58 124.82 126.07 127.34 128.62 129.91 131.22 132.54 133.87
5.6 135.22 136.57 137.95 139.33 140.73 142.15 143.58 145.02 146.48 147.95
5.7 149.44 150.94 152.45 153.99 155.53 157.10 158.68 160.27 161.88 163.51
5.8 165.15 166.81 168.49 170.18 171.89 173.62 175.36 177.13 178.91 180.70
5.9 182.52 184.35 186.21 188.08 189.97 191.88 193.81 195.75 197.72 199.71
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TABLE

HYPERBOLIC FUNCTIONS

] 8 c tanh x

x 0 1 2 3 4 5 6 7 8 9

.0 .00000 .01000 02000 02999 .03998 04996 .05993 .06989 07983 08976
1 09967 .10956 11943 12927 .13909 .14889 .15865 .16838 .17808 18775
2 19738 .20697 .21652 .22603 23550 24492 .25430 .26362 27291 .28213
.3 29131 .30044 .30951 .31852 32748 .33638 .34521 .35399 .36271 .37136
4 37995 .38847 .39693 .40532 41364 42190 43008 .43820 44624 45422
5 .46212 46995 47770 .48538 49299 50062 50798 .51536 52267 52990
.6 53706 54413 .55113 .55805 56490 57167 57836 .58498 .59152 59798
N .60437 .61068 .61691 62307 62915 .63515 .64108 .64693 65271 .65841
8 .66404 .66959 67507 .68048 .68581 .69107 .69626 70137 70642 71139
9 71630 712113 712590 73059 73522 13978 74428 74870 75307 75736
1.0 76159 16576 76987 17391 17789 78181 78566  .78946 79320 79688
1.1 .80050 .80406 80757 .81102 81441 81775 .82104 82427 82745 .83058
1.2 .83365 .83668 83965 .84258 .84546 .84828 .85106 .85380 .85648 .85913
1.3 86172 .86428 .86678 .86925 .87167 87405 87639 87869 .88095 .88317
14 .88535 .88749 .88960 .89167 .89370 .89569 89765 .89958 90147 .90332
15 90515 90694 .90870 91042 91212 91379 91542 91708 91860 92015
1.6 92167 .92316 .92462 92606 92747 92886 .93022 93165 .93286 93415
1.7 93541 .93665 93786 93906 .94023 94138 94250 .94361 94470 94576
1.8 .94681 94783 .94884 94983 .95080 95175 95268 95359 95449 95537
1.9 95624 95709 95792 95873 95953 96032 .96109 96185 96259 96331
2.0 .96403 96473 96541 96609 96675 96740 96803 .96865 96926 .96986
2.1 97045 97103 97159 97215 97269 97323 97875 97426 97477 97526
2.2 97574 97622 97668 97714 97759 97803 97846 97888 97929 97970
2.3 .98010 98049 98087 98124 98161 98197  .98233 98267 .98301 98335
24 98367 .98400 98431 98462 98492 .98522 98551 98579 .98607 .98635
2.5 98661 98688 98714 98739 98764 98788 .98812 98835 .98858 98881
2.6 98903 98024 98946 98966 .98987 99007  .99026 99045 99064 .99083
2.7 99101 99118 99136 99153 99170 99186 99202 99218 99233 .99248
2.8 .99263 99278 .99292 .99306 .99320 .99333 99346 99359 99372 99384
2.9 .99396 99408 99420 .99431 .99443 99454 99464  .99475 .99485 .99496
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HYPERBOLIC FUNCTYIONS

Table 18¢

(continued) ta nh X

x 0 1 2 3 4 5 6 7 8 9
3.0 99505 .99515 .99525 .99534 .99543 .99552 .99561 99570 99578 99587
3.1 .99595 .99603 99611 .99618 .99626 99633 .99641 99648 .99655 .99662
3.2 .99668 99675 .99681 99688 .99694 99700 99706 99712 99717 .99723
3.3 99728 99734 .99739 .99744 .99749 .99754 99759 99764 .99768 99773
3.4 99777 .99782 99786 .99790 99795 .99799 .99803 .99807 .99810 99814
3.5 99818 .99821 .99825 99828 99832 .99835 .99838 .99842 .99845 .99848
3.6 99851 .99853 99857 99859 99862 .99865 .99868 .99870 .99873 99875
3.7 .99878 .99880 .99883 .99885 99887 .99889 .99892 99894 99896 .99898
3.8 .99900 .99902 .99904 .99906 .99908 .99909 .99911 99913 99915 .99916
3.9 199918 .99920 .99921 99923 .99924 99926 .99927 .99929 199930 .99932
4.0 .99933 .99934 .99936 .99937 .99938 .99939 .99941 .99942 .99943 .99944
4.1 99945 99946 .99947 .99948 .99949 .99950 .99951 .99952 99953 99954
4.2 99955 .99956 .99957 .99958 .99958 .99959 .99960 .99961 .99962 .99962
4.3 .99963 .99964 .99965 99966 .99966 .99967 99967 .99968 .99969 .99969
4.4 99970 .99970 .99971 .99972 99972 99973 .99973 .99974 99974 99975
4.5 99975 99976 .99976 99977 99977 .99978 .99978 99979 .99979 .99979
4.6 .99980 .99980 99981 .99981 99981 .99982 .99982 .99982 .99983 .99983
4.7 .99983 .99984 .99984 99984 .99985 .99985 .99985 99986 99986 .99986
4.8 .99986 .99987 .99987 .99987 99987 .99988 .99988 99988 .99988 .99989
4.9 .99989 99989 99990 199990 199990 .99990 .99990 .99990 99991 .99991
5.0 199991 .99991 .99991 99991 99992 .99992 99992 .99992 .99992 .99992
5.1 .99993 .99993 .99993 .99993 .99993 .99993 .99993 .99994 .99994 .99994
5.2 .99994 .99994 99994 .99994 .99994 99994 .99995 .99995 .99995 .99995
5.3 99995 99995 99995 .99995 .99995 199995 .99996 .99996 .99996 .99996
54 99996 199996 199996 .99996 .99996 .99996 .99996 99996 .99997 99997
5.5 .99997 99997 99997 99997 .99997 .99997 .99997 .99997 .99997 99997
5.6 .99997 99997 99997 99997 .99997 .99998 .99998 .99998 199998 .99998
5.7 .99998 .99998 .99998 .99998 .99998 99998 .99998 .99998 .99998 .99998
5.8 .99998 .99998 .99998 .99998 .99998 .99998 .99998 .99998 .99998 .99998
5.9 199998 99999 .99999 99999 .99999 .99999 .99999 .99999 .99999 .99999
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TABLE

19 |

_ FACTORIAL 7
n! o 1u2¢3i'c.gn

n n! n n! n n!
0{ 1 (by definition) 40 | 8.15915 X 1047 80 | 7.15695 x 10118
1|1 41 | 8.34525 X 1040 81 | 5.79713 X 10120
212 42 | 1.40501 X 1051 82 | 4.75364 X 10122
316 43 | 6.04153 X 1052 83 | 3.94552 X 10124
4124 44 | 2.65827 x 1054 84 | 3.31424 x 10126
51 120 45 | 1.19622 x 1056 85 | 2.81710 x 10128
6 | 720 46 | 5.50262 X 1057 86 | 2.42271 X 10130
7 | 5040 47 | 2.58623 X 1059 87 | 2.10776 X 10132
8 | 40,320 48 | 1.24139 x 1081 88 | 1.85483 x 10134
9 | 362,880 49 | 6.08282 x 1062 89 | 1.65080 X 10136

10 | 3,628,800 50 | 8.04141 x 1064 90 | 1.48572 X 10138

11 | 39,916,800 51 | 1.55112 X 1066 91 | 1.85200 X 10140

12 | 479,001,600 52 | 8.06582 x 1067 92 | 1.24384 x 10142

13 | 6,227,020,800 53 | 4.27488 x 1069 93 | 1.15677 x 10144

14 | 87,178,291,200 54 | 2.30844 x 1071 94 | 1.08737 x 10148

15 | 1,307,674,368,000 55 | 1.26964 X 1073 95 | 1.03300 x 10148

16 | 20,922,789,888,000 56 | 7.10999 x 1074 96 | 9.91678 X 10149

17 | 355,687,428,096,000 57 | 4.05269 X 1076 97 | 9.61928 x 10151

18 | 6,402,373,705,728,000 58 | 2.35056 x 1078 98 | 9.42689 X 10153

19 | 121,645,100,408,832,000 59 | 1.38683 X 1080 99 | 9.33262 x 10155

20 | 2,432,902,008,176,640,000 60 | 8.32099 x 1081 100 | 9.33262 X 10157

21 | 51,090,942,171,709,440,000 61 | 5.07580 X 1083

22 | 1,124,000,727,777,607,680,000 62 | 3.14700 x 1085

23 | 25,852,016,738,884,976,640,000 63 | 1.98261 X 1087

24 | 620,448,401,733,239,439,360,000 64 | 1.26887 x 1089

25 | 15,511,210,043,330,985,984,000,000 65 | 8.24765 X 1090

26 | 403,291,461,126,605,635,584,000,000 66 | 5.44345 X 1092

27 | 10,888,869,450,418,352,160,768,000,000 67 | 3.64711 X 10%

28 | 304,888,344,611,713,860,501,504,000,000 68 | 2.48004 X 1096

29 | 8,841,761,993,739,701,954,543,616,000,000 69 | 1.71122 x 1098

30 | 265,252,859,812,191,058,636,308,480,000,000

70 | 1.19786 X 10100

31 | 8.22284 x 1033 71 | 8.50479 X 10101

32 | 2.63131 X 1035 72 | 6.12345 X 10108

33 | 8.68332 x 10386 73 | 4.47012 X 10105

34 | 2.95233 x 1038 74 | 3.30789 X 10107

35 | 1.03331 » 1040 75 | 2.48091 X 10109

36 | 3.71993 X 1041 76 | 1.88549 X 10111

37 | 1.37638 x 1043 77 | 1.45183 x 10113

38 | 5.23023 x 104 78 | 1.13243 x 10115

39 | 2.03979 X 1046 79 | 8.94618 x 10116
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TABLE GAMMA FUNCTION

20 T(x) = f t*"tetdt for 1= =2
0

[For other values use the formula TI'(x41) =« T'(x)]

x T(%) x INEY)
1.00 1.00000 1.50 88623
1.01 .99433 1.51 88659
1.02 .98884 1.52 88704
1.03 98355 1.53 88757
1.04 97844 1.54 88818
1.05 97350 1.55 88887
1.06 96874 1.56 88964
1.07 96415 1.57 89049
1.08 95973 1.58 89142
1.09 .95546 1.59 89243
1.10 95135 1.60 89352
1.11 94740 1.61 .89468
1.12 .94359 1.62 89592
1.13 93993 1.63 89724
1.14 .93642 1.64 .89864
1.15 .93304 1.65 90012
1.16 .92980 1.66 90167
1.17 .92670 1.67 .90330
1.18 92373 1.68 .90500
1.19 . .92089 1.69 90678
1.20 91817 1.70 90864
1.21 91558 1.71 91057
1.22 91311 1.72 .91258
1.23 91075 1.73 .91467
1.24 90852 1.74 91683
1.25 .90640 1.75 91906
1.26 .90440 1.76 92137
1.27 .90250 1.77 92376
1.28 90072 1.78 92623
1.29 .89904 1.79 92877
1.30 89747 1.80 .93138
1.31 .89600 1.81 .93408
1.32 89464 1.82 93685
1.33 .89338 1.83 93969
1.34 .89222 1.84 94261
1.35 89115 1.85 .94561
1.36 .89018 1.86 .94869
1.37 .88931 1.87 .95184
1.38 88854 1.88 95507
1.39 88785 1.89 95838
1.40 88726 1.90 96177
1.41 88676 1.91 96523
1.42 .88636 1.92 96877
1.43 .88604 1.93 97240
1.44 88581 1.94 97610
1.45 .88566 1.95 97988
1.46 .88560 1.96 98374
1.47 .88563 1.97 98768
1.48 .88575 1.98 99171
1.49 .88595 1.99 99581
1.50 .88623 2.00 1.00000
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 BINOMIAL COEFFICIENTS

A e owm by o e

Note that each number is the sum of two numbers in the row above; one of these numbers is in the same
column and the other is in the preceding column [e.g. 56 = 35+ 21]. The arrangement is often called
Pascal’s triangle [see 3.6, page 4].

n 4 0 1 2 3 4 5 6 7 8 9

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1
10 1 10 45 120 210 252 210 120 45 10
11 1 11 55 165 330 462 462 330 165 55
12 1 12 66 220 495 792 924 792 495 220
13 1 13 78 286 715 1287 1716 1716 1287 715
14 1 14 91 364 1001 2002 3003 3432 3003 2002
15 1 15 105 455 1365 3003 5005 6435 6435 5005
16 1 16 120 560 1820 4368 8008 11440 12870 11440
17 1 17 136 680 2380 6188 12376 19448 24310 24310
18 1 18 158 816 3060 8568 18564 31824 43758 48620
19 1 19 171 969 3876 11628 27132 50388 75582 92378
20 1 20 190 1140 4845 15504 38760 77520 125970 167960
21 1 21 210 1330 5985 20349 54264 116280 203490 293930
22 1 22 231 1540 7315 26334 74613 170544 319770 497420
23 1 23 253 1771 8855 33649 100947 245157 490314 817190
24 1 24 276 2024 10626 42504 134596 346104 735471 1307504
25 1 25 300 2300 12650 53130 177100 480700 1081575 2042975
26 1 26 325 2600 14950 65780 230230 657800 1562275 8124550
27 1 27 351 2925 17550 80730 296010 883030 2220075 4686825
28 1 28 378 3276 20475 98280 376740 1184040 3108105 6906900
29 1 29 406 3654 23751 118755 475020 1560780 4292145 10015005
30 1 30 435 4060 27405 142506 593775 2035800 5852925 14307150
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Table 21

BINOMIAL COEFFICIENTS

(continued) n! n(n = 1) (R (n =4 1) 2 7 0l=1
' , Eltn—=k)! k! k)’
k p

n 10 11 12 13 14 15

10 1

11 11 1

12 66 12 1

13 286 78 13 1

14 1001 364 91 14 1

15 3003 1365 455 105 15 1
16 8008 4368 1820 560 120 16
17 19448 12376 6188 2380 680 136
18 43758 31824 18564 8568 3060 816
19 92378 75582 50388 27132 11628 3876
20 184756 167960 125970 77520 38760 15504
21 352716 352716 293930 203490 116280 54264
22 646646 705432 646646 497420 319770 170544
23 1144066 1352078 1352078 1144066 817190 490314
24 1961256 2496144 2704156 2496144 1961256 1307504
25 3268760 4457400 5200300 5200300 4457400 3268760
26 5311735 7726160 9657700 10400600 9657700 7726160
27 8436285 13037895 17383860 20058300 20058300 17383860
28 13123110 21474180 30421755 37442160 40116600 37442160
29 20030010 34597290 51895935 67863915 77558760 77558760
30 30045015 54627300 86493225 119759850 145422675 155117520

For k > 15 use the fact that <Z>

(

n
n—kj/*
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TABLE

22

SQUARES, CUBES, ROOTS AND RECIPROCALS

n n? 3 va Vion N Vion J100m 1/n
1 1 1 | 1.000000 | 3162278 | 1.000000 | 2154435 | 4.641 589 | 1.000 000
2 1 8 | 1414214 | 4472136 | 1259921 | 2714418 | 5848035 | .500 000
3 9 97 | 1732051 | 5477226 | 1.442250 | 3107233 | 6.694 330 | .333333
4 16 64 | 2000000 | 6.324555 | 1.587401 | 3.419 952 | 7.368 063 | .250 000
5 25 125 | 2.236 068 | 7.071068 | 1.709 976 | 3.684 031 | 7.937 005 | .200 000
6 36 216 | 2.449 490 | 7.745967 | 1.817121 | 3914868 | 8434327 | 166 667
7 49 343 | 2645751 | 8.366 600 | 1.912931 | 4121285 | 8.879 040 | .142 857
8 64 512 | 2828427 | 8944272 | 2.000000 | 4.308869 | 9.283178 | .125 000
9 81 720 | 3.000 000 | 9.486833 | 2.080 084 | 4.481 405 | 9.654 894 | .111 111
10 100 1000 | 3162278 | 10.000 00 | 2.154435 | 4.641589 | 10.000 00 | .100 000
11 121 1331 | 3.316 625 | 1048809 | 2.223980 | 4.791420 | 10.32280 | .090 909
12 144 1728 | 3464102 | 1095445 | 2.289428 | 4.932424 | 1062659 | .083 333
13 169 2197 | 3.605551 | 1140175 | 2.351335 | 5.065797 | 1091393 | .076 923
14 196 2744 | 3741657 | 11.83216 | 2.410142 | 5192494 | 1118689 | .071 429
15 225 3375 | 3872083 | 1224745 | 2466212 | 5313203 | 11.44714 | .066 667
16 256 1096 | 4.000000 | 12.64911 | 2519842 | 5428835 | 11.696 07 | .062 500
17 289 4913 | 4123106 | 13.03840 | 2571282 | 5539658 | 11.93483 | .058 824
18 324 5832 | 4.242 641 | 13.41641 | 2.620 741 | 5.646 216 | 12.164 40 | .055 556
19 361 6850 | 4.358899 | 13784 05 | 2.668 402 | 5.748897 | 12.38562 | .052 632
20 400 8000 | 4472136 | 1414214 | 2714418 | 5848035 | 12.59921 | .050 000
21 441 9261 | 4582576 | 14.49138 | 2758924 | 5943922 | 12.80579 | .047 619
29 484 | 10648 | 4690416 | 1483240 | 2.802039 | 6.036811 | 13.00591 | .045 455
23 520 | 12167 | 4795832 | 1516575 | 2.843 867 | 6126926 | 13.200 06 | .043 478
24 576 | 13824 | 4808979 | 1549193 | 2.884 499 | 6.214 465 | 13.388 66 | 041 667
25 625 | 15625 | 5000000 | 1581130 | 2924018 | 6.299 605 | 13.572 09 | .040 000
26 676 | 17576 | 5099020 | 1612452 | 2.962 496 | 6.382504 | 13.750 69 | .038 462
27 729 | 19683 | 5196152 | 16.43168 | 3.000 000 | 6.463304 | 13.92477 | .037 037
28 784 | 21952 | 5201503 | 1673320 | 3.036589 | 6.542133 | 14.094 60 | .035 714
29 841 | 24389 | 5385165 | 17.02039 | 3.072317 | 6.619106 | 14.260 43 | .034 483
30 900 | 27000 | 5477226 | 17.82051 | 3107233 | 6.694330 | 14.42250 | .033 333
31 961 | 29791 | 5567764 | 17.60682 | 3.141381 | 6.767899 | 14.581 00 | .032 258
32 | 1024 | 32768 | 5.656854 | 17.88854 | 3.174802 | 6.839904 | 1473613 | .031 250
33 | 1089 | 35937 | 5744563 | 1816590 | 3.207534 | 6.910423 | 14.888 06 | .030 303
34 | 1156 | 39304 | 5830952 | 18.43900 | 3.239 612 | 6.979532 | 15.036 95 | .029 412
35 | 1225 | 42875 | 5916080 | 1870829 | 3.271066 | 7.047299 | 1518294 | .028 571
36 | 1206 | 46656 | 6.000000 | 18.97367 | 3.301927 | 7113787 | 1532619 | .027 778
37 | 1369 | 50653 | 6.082763 | 19.23538 | 3.332222 | 7.179 054 | 1546680 | .027 027
38 | 1444 | 54872 | 6164414 | 1949359 | 3.361975 | 7.243156 | 15.60491 | .026 316
30 | 1521 | 59319 | 6244998 | 1974842 | 3.391211 | 7.306144 | 15.740 61 | .025 641
40 | 1600 | 64000 | 6.324555 | 20.00000 | 3.419 952 | 7.368 063 | 15.87401 | .025 000
41 | 1681 | 68921 | 6403124 | 2024846 | 3448217 | 7.428959 | 16.00521 | .024 390
42 | 1764 | 74088 | 6480741 | 2049390 | 3.476027 | 7.488872 | 1613429 | .023 810
43 | 1849 | 79507 | 6557439 | 2073644 | 3.503398 | 7.547842 | 16.26133 | .023 256
44 | 1936 | 85184 | 6.633250 | 2097618 | 3.530 348 | 7.605905 | 16.38643 | .022 727
45 | 2025 | 91125 | 6708204 | 21.21320 | 3.556893 | 7.663094 | 16.500 64 | .022 222
46 | 2116 | 97336 | 6782330 | 21.44761 | 3.583048 | 7.719 443 | 16.63103 | .021 739
47 | 2209 | 103823 | 6855655 | 21.67948 | 3.608826 | 7.774980 | 16.750 69 | .021 277
48 | 2304 | 110592 | 6928203 | 21.90890 | 3.634241 | 7.820735 | 16.868 65 | .020 833
49 | 2401 | 117649 | 7.000 000 | 22.13594 | 3.659 306 | 7.883735 | 16.98499 | .020 408
50 | 2500 | 125000 | 7.071068 | 22.36068 | 3.684031 | 7.937005 | 17.09976 | .020 000
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Table 22

SQUARES, CUBES, ROOTS AND RECIPROCALS

(continued)

n n2 n3 Vn 10n \3/7_L m \3/ 100n 1/n
50 2 500 125 000 7.071 068 22.360 68 3.684 031 7.937 005 17.099 76 .020 000
51 2 601 132 651 T7.141 428 22.583 18 3.708 430 7.989 570 17.213 01 .019 608
52 2 704 140 608 7.211 103 22.803 51 3.732 511 8.041 452 17.324 78 .019 231
53 2 809 148 877 7.280 110 23.021 73 3.756 286 8.092 672 17.435 13 .018 868
54 2 916 157 464 7.348 469 23.237 90 3.779 763 8.143 253 17.544 11 .018 519
55 3025 166 375 7.416 198 23.452 08 3.802 952 8.193 213 17.651 74 .018 182
56 3136 175 616 7.483 315 23.664 32 3.825 862 8.242 571 17.758 08 .017 857
57 3 249 185 193 7.549 834 23.874 67 3.848 501 8.291 344 17.863 16 017 544
58 3 364 195 112 7.615 773 24.083 19 3.870 877 8.339 551 17.967 02 017 241
59 3 481 205 379 7.681 146 24.289 92 3.892 996 8.387 207 18.069 69 .016 949
60 3 600 216 000 7.745 967 24.494 90 3.914 868 8.434 327 18.171 21 016 667
61 3721 226 981 7.810 250 24.698 18 3.936 497 8.480 926 18.271 60 .016 393
62 3 844 238 328 7.874 008 24.899 80 3.957 892 8.527 019 18.370 91 .016 129
63 3 969 250 047 7.937 254 25.099 80 3.979 057 8.572 619 18.469 15 .015 873
64 4 096 262 144 8.000 000 25.298 22 4.000 000 8.617 739 18.566 36 .015 625
65 4 225 274 625 8.062 258 25.495 10 4.020 726 8.662 391 18.662 56 .015 385
66 4 356 287 496 8.124 038 25.690 47 4.041 240 8.706 588 18.757 77 .015 152
67 4 489 300 763 8.185 353 25.884 36 4.061 548 8.750 340 18.852 04 .014 925
68 4624 314 432 8.246 211 26.076 81 4.081 655 8.793 659 18.945 36 .014 706
69 4761 328 509 8.306 624 26.267 85 4.101 566 8.836 556 19.037 78 .014 493
70 4 900 343 000 8.366 600 26.457 51 4.121 285 8.879 040 19.129 31 .014 286
71 5 041 357 911 8.426 150 26.645 83 4.140 818 8.921 121 19.219 97 .014 085
72 5184 373 248 8.485 281 26.832 82 4.160 168 8.962 809 19.309 79 .013 889
73 5 329 389 017 8.544 004 27.018 51 4.179 339 9.004 113 19.398 77 .013 699
74 5476 405 224 8.602 325 27.202 94 4.198 336 9.045 042 19.486 95 .013 514
75 5 625 421 875 8.660 254 27.386 13 4,217 163 9.085 603 19.574 34 .013 333
76 5776 438 976 8.717 798 27.568 10 4.235 824 9.125 805 19.660 95 .013 158
77 5 929 456 533 8.774 964 27.748 87 4.254 321 9.165 656 19.746 81 .012 987
78 6 084 474 552 8.831 761 27.928 48 4.272 659 9.205 164 19.831 92 012 821
79 6 241 493 039 8.888 194 28.106 94 4.290 840 9.244 335 19.916 32 .012 658
80 6 400 512 000 8.944 272 28.284 27 4.308 869 9.283 178 20.000 00 012 500
81 6 561 531 441 9.000 000 28.460 50 4.326 749 9.321 698 20.082 99 012 346
82 6 724 551 368 9.055 385 28.635 64 4.344 481 9.359 902 20.165 30 .012 195
83 6 889 571 787 9.110 434 28.809 72 4.362 071 9.397 796 20.246 94 .012 048
84 7 056 592 704 9.165 151 28.982 75 4.879 519 9.435 388 20.327 93 011 905
85 7225 614 125 9.219 544 29.154 76 4.396 830 9.472 682 20.408 28 .011 765
86 7 396 636 056 9.273 618 29.325 76 4,414 005 9.509 685 20.488 00 .011 628
87 7 569 658 503 9.327 379 29.495 76 4.431 048 9.546 403 20.567 10 011 494
88 7744 681 472 9.380 832 29.664 79 4.447 960 9.582 840 20.645 60 .011 364
89 7921 704 969 9.433 981 29.832 87 4.464 745 9.619 002 20.723 51 .011 236
90 8 100 729 000 9.486 833 30.000 00 4.481 405 9.654 894 20.800 84 011 111
91 8 281 7563 571 9.539 392 30.166 21 4.497 941 9.690 521 20.877 B9 .010 989
92 8 464 778 688 9.591 663 30.331 50 4.514 357 9.725 888 20.953 79 .010 870
93 8 649 804 357 9.643 651 30.495 90 4.530 655 9.761 000 21.029 44 .010 753
94 8 836 830 584 9.695 360 30.659 42 4.546 836 9.795 861 21.104 54 .010 638
95 9 025 857 375 9.746 794 30.822 07 4.562 903 9.830 476 21.179 12 .010 526
96 9 216 884 736 9.797 959 30.983 87 4,578 857 9.864 848 21.263 17 010 417
97 9 409 912 673 9.848 858 31.144 82 4.594 701 9.898 983 21.326 71 .010 309
98 9 604 941 192 9.899 495 31.304 95 4.610 436 9.932 884 21.399 75 .010 204
99 9 801 970 299 9.949 874 31.464 27 4.626 065 9.966 555 21.472 29 .010 101

100 | 10 000 | 1 000 000 10.00 000 31.622 78 4.641 589 10.00 000 21.544 35 .010 600

239




TABLE

23

COMPOUND AMOUNT: (1+7)

If a principal P is deposited at interest rate » (in decimals) compounded ,
annually, then at the end of » years the accumulated ampunt A = P(1+p¥n. .

S| 1 11% 14% 2% 21% 3% 4% 5% 6%

1 1.0100 1.0125 1.0150 1.0200 1.0250 1.0300 1.0400 1.0500 1.0600

2 1.0201 1.0252 1.0302 1.0404 1.0506 1.0609 1.0816 1.1025 1.1236

3 1.0303 1.0380 1.0457 1.0612 1.0769 1.0927 1.1249 1.1576 1.1910

4 1.0406 1.0509 1.0614 1.0824 1.1038 1.1255 1.1699 1.2155 1.2635

5 1.0510 1.0641 1.0773 1.1041 1.1314 1.1598 1.2167 1.2763 1.3382

6 1.0615 1.0774 1.0934 1.1262 1.1597 1.1941 1.2653 1.3401 1.4185

7 1.0721 1.0909 1.1098 1.1487 1.1887 1.2299 1.3159 1.4071 1.5036

8 1.0829 1.1045 1.1265 1.1717 1.2184 1.2668 1.3688 1.4775 1.5938

9 1.0937 1.1183 1.1434 1.1951 1.2489 1.3048 1.4233 1.5513 1.6895
10 1.1046 1.1323 1.1605 1.2190 1.2801 1.3439 1.4802 1.6289 1.7908
11 1.1157 1.1464 1.1779 1.2434 1.3121 1.3842 1.5395 1.7103 1.8983
12 1.1268 1.1608 1.1956 1.2682 1.3449 1.4258 1.6010 1.7959 2.0122
13 1.1381 1.1753 1.2136 1.2936 1.3785 1.4685 1.6651 1.8856 2.1329
14 1.1495 1.1900 1.2318 1.3195 1.4130 1.5126 1.7317 1.9799 2.2609
15 1.1610 1.2048 1.2502 1.3459 1.4483 1.5580 1.8009 2.0789 2.3966
16 1.1726 1.2199 1.2690 1.3728 1.4845 1.6047 1.8730 2.1829 2.5404
17 1.1843 1.2351 1.2880 1.4002 1.5216 1.6528 1.9479 2.2920 2.6928
18 1.1961 1.2506 1.3073 1.4282 1.5597 1.7024 2.0258 2.4066 2.8543
19 1.2081 1.2662 1.3270 1.4568 1.5987 1.7535 2.1068 2.5270 3.0256
20 1.2202 1.2820 1.3469 1.4859 1.6386 1.8061 2.1911 2.6533 3.2071
21 1.2324 1.2981 1.3671 1.5157 1.6796 1.8603 2.2788 2.7860 3.3996
22 1.2447 1.3143 1.3876 1.5460 1.7216 1.9161 2.3699 2.9253 3.6035
23 1.2572 1.3307 1.4084 1.5769 1.7646 1.9736 2.4647 3.0715 3.8197
24 1.2697 1.3474 1.4295 1.6084 1.8087 2.0328 2.5633 3.2251 4.0489
25 1.2824 1.3642 1.4509 1.6406 1.8539 2.0938 2.6658 3.3864 4.2919
26 1.2953 1.3812 1.4727 1.6734 1.9003 2.1566 2.71725 3.6557 4.5494
27 1.3082 1.3985 1.4948 1.7069 1.9478 2.2213 2.8834 3.7335 4.8223
28 1.3213 1.4160 1.6172 1.7419 1.9965 2.2879 2.9987 3.9201 5.1117
29 1.3345 1.4337 1.5400 1.7758 2.0464 2.3566 3.1187 4.1161 5.4184
30 1.3478 1.4516 1.5631 1.8114 2.0976 2.4273 3.2434 4.3219 5.7435
31 1.3613 1.4698 1.5865 1.8476 2.1500 2.5001 3.3731 4.5380 6.0881
32 1.3749 1.4881 1.6103 1.8845 2.2038 2.5751 3.5081 4.7649 6.4534
33 1.3887 1.5067 1.6345 1.9222 2.2589 2.6523 3.6484 5.0032 6.8406
34 1.4026 1.5256 1.6590 1.9607 2.3163 2.7319 3.7943 5.2533 7.2510
35 1.4166 1.5446 1.6839 1.9999 2.3732 2.8139 3.9461 5.5160 7.6861
36 1.4308 1.5639 1.7091 2.0399 2.4325 2.8983 4.1039 5.7918 8.1473
37 1.4451 1.5835 1.7348 2.0807 2.4933 2.9852 4.2681 6.0814 8.6361
38 1.4595 1.6033 1.7608 2.1223 2.5557 3.0748 4.4388 6.3855 9.1543
39 1.4741 1.6233 1.7872 2.1647 2.6196 3.1670 4.6164 6.7048 9.7035
40 1.4889 1.6436 1.8140 2.2080 2.6851 3.2620 4.8010 7.0400 10.2857
41 1.5038 1.6642 1.8412 2.2522 2.7522 3.3599 4.9931 7.3920 10.9029
42 1.5188 1.6850 1.8688 2.2972 2.8210 3.4607 5.1928 7.7616 11.5570
43 1.5340 1.7060 1.8969 2.3432 2.8915 3.5645 5.4005 8.1497 12.2505
44 1.5493 1.7274 1.9253 2.3901 2.9638 3.6715 5.6165 8.5572 12.9855
45 1.5648 1.7489 1.9542 2.4379 3.0379 3.7816 5.8412 8.9850 13.7646
46 1.5805 1.7708 1.9835 2.4866 3.1139 3.8950 6.0748 9.4343 14.5905
47 1.5963 1.7929 2.0133 2.5363 3.1917 4.0119 6.3178 9.9060 15.4659
48 1.6122 1.8154 2.0435 2.5871 3.2715 4.1323 6.5705 10.4013 16.3939
49 1.6283 1.8380 2.0741 2.6388 3.3533 4.2562 6.8333 10.9213 17.3775
50 | 1.6446  1.8610 21052 26916  3.4371  4.3839  7.1067  11.4674  18.4202
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TABLE PRESENT VALUE OF AN AMOUNT: (1+7)"
The present value P which will amount to 4 in »n years at an in-
terest rate of r (in decimals) compounded annually is P = A(1 + )7,

N 1% 11% 14% 2% 21% 3% 4% 5% 6%
1 99010 .98765 98522 .98039 97561 97087 .96154 .95238 94340
2 .98030 97546 97066 96117 .95181 .94260 .92456 90703 .89000
3 .97059 .96342 .95632 .94232 .92860 91514 .88900 .86384 .83962
4 .96098 .95152 .94218 .92385 .90595 .88849 .85480 .82270 79209
5 .95147 .93978 92826 90573 .88385 .86261 .82193 .78353 74726
6 .94205 .02817 .91454 88797 .86230 .83748 .79031 74622 .70496
7 93272 91672 .90103 87056 .84127 .81309 75992 71068 .66506
8 92348 .90540 88771 .85349 .82075 78941 .73069 .67684 62741
9 91434 .89422 .87459 .83676 .80073 76642 .70259 .64461 59190

10 .90529 .88318 86167 .82035 78120 74409 .67556 .61391 .55839

11 .89632 .87228 .84893 .80426 76214 72242 .64958 .58468 .52679

12 88745 .86151 .83639 .78849 74356 .70138 .62460 .5b684 .49697

13 .87866 .85087 .82403 77303 72542 .68095 .60057 .53032 46884

14 .86996 .84037 81185 75788 70773 .66112 57748 50507 .44230

15 .86135 .82999 .79985 .74301 69047 .64186 .55526 48102 41727

16 85282 81975 .78803 .72845 67362 .62317 53391 .45811 .39365

17 .84438 .80963 77639 71416 65720 .60502 51337 .43630 37136

18 .83602 .79963 76491 70016 64117 68739 49363 41552 .35034

19 82774 78976 .75361 .68643 .62553 57029 47464 .39573 .33051

20 .81954 78001 74247 67297 61027 55368 .45639 .37689 .31180

21 81143 .77038 .73150 .65978 59539 .63755 43883 .35894 29416

22 .80340 76087 72069 .64684 .58086 .52189 42196 .34185 27751

23 79544 75147 .71004 .63416 56670 50669 40573 32557 .26180

24 718757 74220 .69954 .62172 .55288 .49193 .39012 .31007 .24698

25 7977 .73303 .68921 .60953 53939 47761 37512 .29530 .23300

26 77205 72398 .67902 59758 .52623 .46369 .36069 .28124 .21981

27 76440 711505 .66899 .58586 .51340 45019 .34682 .26785 .20737

28 .75684 70622 65910 57437 .50088 43708 .33348 25509 .19563

29 74934 .69750 .64936 56311 .48866 42435 .32065 .24295 .18456

30 74192 .68889 63976 .55207 47674 41199 .30832 .23138 17411

31 73458 .68038 .63031 .54125 46511 .39999 .29646 .22036 .16425

32 72730 67198 62099 53063 45377 .38834 .28506 .20987 15496

33 72010 .66369 .61182 .52023 44270 37703 27409 19987 14619

34 11297 .65549 .60277 .51003 43191 .36604 .26355 .19035 13791

35 70591 .64740 .69387 .50003 42137 .35538 25342 18129 13011

36 .69892 .63941 .58509 .49022 41109 .34503 24367 17266 12274

37 .69200 .63152 57644 .48061 .40107 .33498 .23430 16444 11579

38 .68515 62372 56792 47119 .39128 .32523 .22529 15661 .10924

39 67837 .61602 55953 46195 38174 31575 .21662 14915 .10306

40 67165 60841 .b5126 .45289 .37243 .30656 .20829 .14205 09722

41 .66500 .60090 54312 44401 .36335 .29763 .20028 .13528 09172

42 .65842 .69348 .563509 .43530 .35448 .28896 19257 .12884 .08653

43 .65190 .58616 52718 42677 .34584 .28054 .18517 12270 .08163

44 .64545 .57892 .51939 41840 .33740 27237 .17805 .11686 07701

45 .63905 57177 51171 .41020 32917 .26444 17120 11130 07265

46 .63273 .56471 50415 .40215 32115 .25674 .16461 10600 .06854

47 .62646 55774 49670 .39427 .31331 .24926 .15828 .10095 .06466

48 .62026 .55086 .48936 .38654 .30567 .24200 15219 .09614 .06100

49 .61412 .54406 .48213 .37896 .29822 23495 14634 09156 05755

50 60804 53734 47500 37153 29094 .22811 14071 .08720 .05429
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AMOUNT OF AN ANNUITY:

1+rm=1
r

If a principal P is deposited at the end of each year at interest rate r (in
decimals) compounded annually, then at the end of n years the accumulated

W i
amount ig ‘P [Q_j:r%___l_] .~ The process is often called an annuity.

o1 11% 11% 2% 24% 3% 4% 5% 6%
n
1 | 10000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000 1.0000
2 | 20100 20125 20150  2.0200  2.0250 20300  2.0400  2.0500  2.0600
3 | 80301 30377 30452  3.0604  3.0756  3.0909 81216  3.1525  3.1836
4 | 40604 40756  4.0909 41216 41525 41836  4.2465 43101  4.3746
5 | 51010 51266 51523  5.2040 52563  5.3091 5.4163 55256  5.6371
6 | 61520 61907  6.2206 63081  6.3877  6.4684  6.6330 6.8019  6.9753
7 | 72135  7.2680  7.3230  7.4343 75474  7.6625  7.8983 81420 83938
8 | 82857 83589 84328 85830  8.7361  8.8923  9.2142  9.5491 9.8975
9 | 93685  9.4634  9.5593  9.7546  9.9545  10.1591  10.5828  11.0266  11.4913
10 | 104622 105817  10.7027  10.9497  11.2034  11.4639 12,0061 125779  13.1808
11 | 11.5668 11.7139  11.8633 121687 124835  12.8078  13.4864  14.2068  14.9716
12 | 126825 12.8604 13.0412  13.4121 13.7956 141920 150258  15.9171  16.8699
13 | 13.8093  14.0211  14.2368  14.6803 151404 156178  16.6268  17.7130  18.8821
14 | 149474 151964 154504 159739 165190  17.0863 182919  19.5986  21.0151
15 | 16.0969  16.3863  16.6821  17.293¢  17.9319 185989  20.0236 215786  23.2760
16 | 17.2579  17.5912  17.9324  18.6393  19.3802  20.1569  21.8245  23.6575  25.6725
17 | 18.4304 188111  19.2014  20.0121  20.8647  21.7616  23.6975  25.8404  28.2129
18 | 19.6147 20.0462  20.4894  21.4123  22.3863  23.4144  25.6454 281324  30.9057
19 | 208109 21.2968 217967  22.8406  23.9460 251169  27.6712  30.5390  33.7600
20 | 22.0190 22.5630 231237  24.2974 255447  26.8704  29.7781  33.0660  36.7856
21 | 232392  23.8450  24.4705 257833 271833  28.6765 319692 357193  39.9927
22 | 244716 251431  25.8376  27.2990  28.8620  30.5368  34.2480 385052  43.3923
23 | 257163  26.4574  27.2251  28.8450  30.5844 324529  36.6179 414305  46.9958
24 | 269735 27.7881  28.6335  30.4219  32.3490  34.4265  89.0826 445020  50.8156
25 | 28.2432 201354  30.0630  32.0303  34.1578  36.4593  41.6459  47.7271  54.8645
26 | 20.5256  30.4996  31.5140  33.6709  36.0117 885530 443117  5L.1135  59.1564
27 | 30.8209  31.8809  32.9867  35.3443  37.9120  40.7096  47.0842  54.6691  63.7058
28 | 821201  33.2794  34.4815  37.0512 39.8598 429309  49.9676  58.4026  68.5281
20 | 83.4504  34.6954  35.9987  38.7922 41.8563 452189  52.9663 623227  73.6398
30 | 347849 361201  87.5387  40.5681  43.9027  47.5754  56.0849  66.4388  179.0582
31 | 361327 37.5807 391018 423794 46.0003  50.0027  59.3283  170.7608  84.8017
32 | 374941  39.0504  40.6883  44.2270  48.1503 52,5028 627016  75.2988  90.8898
33 | 38.8690  40.5386 422086  46.1116  50.3540  55.0778  66.2095  80.0638  97.3432
34 | 402577  42.0453  43.9331  48.0338  52.6120  57.7302  69.8579  85.0670  104.1838
35 | 41.6603 435709 455921  49.9945  54.9282  60.4621  73.6522  90.3203  111.4348
36 | 43.0769 451155 47.2760  51.9944 573014  63.2759  77.5983  95.8363  119.1209
37 | 445076  46.6794 489851  54.0343  59.7339 661742  81.7022 101.6281  127.2681
38 | 459527 48.2629  50.7199  56.1149  62.2273  69.1594  85.9703  107.7095  135.9042
39 | 47.4123  49.8662 524807  58.2372  64.7830 722342  90:4091  114.0950  145.0585
40 | 48.8864  51.4896  54.2679  60.4020 67.4026 754013  95.0255  120.7998  154.7620
41 | 50.3752 531332  56.0819  62.6100 70.0876  78.6633  99.8265  127.8398  165.0477
42 | 51.8790 547973  57.9231  64.8622  72.8398  82.0232 104.8196 1352318  175.9505
43 | 53.3978  56.4823  59.7920  67.1595  75.6608  85.4839  110.0124 142.9933  187.5076
44 | 549318 58.1883  61.6889  69.5027  78.5523  89.0484 1154129 1511430  199.7580
45 | 564811  59.9157  63.6142  71.8927 81.5161 927199  121.0294  159.7002  212.7435
46 | 58.0459  61.6646  65.5684  74.3306 84.5540  96.5015  126.8706  168.6852  226.5081
47 | 59.6263  63.4354  67.5519  76.8172  87.6679  100.3965 1329454 1781194  241.0986
48 | 61.2226  65.2284  69.5652  79.3535  90.8596  104.4084  139.2632  188.0254  256.5645
49 | 62.8348  67.0437  71.6087  81.9406 94.1311 108.5406 1458337 198.4267  272.9584
50 | 64.4632  68.8818  73.6828  84.5794  97.4843 1127969  152.6671  209.3480  290.3359
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PRESENT VALUE OF AN ANNuiTy: 1-(27)”

An annuity in which the yearly payment at the end of each of n years is A at an

interest rate r (in decimals) compounded annually has present value A [1—:-—(:—[—}&_—3} .

SN 1% 11% 14% 2% 21% 3% 4% 5% 6%
1 0.9901 0.9877 0.9852 0.9804 0.9756 0.9709 0.9615 0.9524 0.9434
2 1.9704 1.9631 1.9559 1.9416 1.9274 1.9135 1.8861 1.8594 1.8334
3 2.9410 2.9265 2.9122 2.8839 2.8560 2.8286 2.7751 2.7232 2.6730
4 3.9020 3.8781 3.8544 3.8077 3.7620 3.7171 3.6299 3.5460 3.4651
5 4.8534 4.8178 4.7826 4.7135 4.6458 4.5797 4.4518 4.3295 4.2124
6 5.7955 5.7460 5.6972 5.6014 5.5081 5.4172 5.2421 5.0757 4.9173
7 6.7282 6.6627 6.5982 6.4720 6.3494 6.2303 6.0021 5.7864 5.5824
8 7.6517 7.5681 7.4859 7.3255 7.1701 7.0197 6.7327 6.4632 6.2098
9 8.5660 8.4623 8.3605 8.1622 7.9709 7.7861 7.4353 7.1078 6.8017
10 9.4713 9.3455 9.2222 8.9826 8.7521 8.5302 8.1109 7.7217 7.3601
11 10.3676 10.2178 10.0711 9.7868 9.5142 9.2526 8.7605 8.3064 7.8869
12 11.2551 11.0793 10.9075 10.5753 10.2578 9.9540 9.3851 8.8633 8.3838
13 12,1337 11.9302 11.7315 11.3484 10.9832 10.6350 9.9856 9.3936 8.8527
14 13.0037 12.7706 12.5434 12.1062 11.6909 11.2961 10.5631 9.8986 9.2950
15 13.8651 13.6005 13.3432 12.8493 12.3814 11.9379 11.1184 10.3797 9.7122
16 14.7179 14.4203 14.1313 13.5777 13.0550 12.5611 11.6523 10.8378 10.1059
17 15.5623 15.2299 14.9076 14.2919 13,7122 13.1661 12.1657 11.2741 10.4773
18 16.3983 16.0295 15.6726 14.9920 14.3534 13.7535 12.6593 11.6896 10.8276
19 17.2260 16.8193 16.4262 15.6785 14.9789 14.3238 13.1339 12.0853 11.1581
20 18.0456 17.5993 17.1686 16.3514 15.5892 14.8775 13.5903 12,4622 11.4699
21 18.8570 18.3697 17.9001 17.0112 16.1845 15.4150 14.0292 12.8212 11.7641
22 19.6604 19.1306 18.6208 17.6580 16.7654 15.9369 14.4511 13.1630 12.0416
23 20.4558 19.8820 19.3309 18.2922 17.3321 16.4436 14.8568 13.4886 12.3034
24 21.2434 20.6242 20.0304 18.9139 17.8850 16.9355 15.2470 13.7986 12.5604
25 22.0232 21.3573 20.7196 19.5235 18.4244 17.4131 15.6221 14.0939 12,7834
26 22.7952 22,0813 21.3986 20.1210 18.9506 17.8768 15.9828 14.3752 13.0032
27 23.5596 22.7963 22.0676 20.7069 19.4640 18.3270 16.3296 14.6430 13.2105
28 24.3164 23.5025 22.7267 21.2813 19.9649 18.7641 16.6631 14.8981 13.4062
29 25.0658 24,2000 23.3761 21.8444 20.4535 19.1885 16.9837 15.1411 13.5907
30 25.8077 24.8889 24.0158 22.3965 20.9303 19.6004 17.2920 15.3725 13.7648
31 26.5423 25.5693 24.6461 22.9377 21.3954 20.0004 17.5885 15.5928 13.9291
32 27.2696 26.2413 25.2671 23.4683 21.8492 20.3888 17.8736 15.8027 14.0840
33 27.9897 26.9050 25.8790 23.9886 22.2919 20.7658 18.1476 16.0025 14.2302
34 28.7027 27.5605 26.4817 24.4986 22.7238 21.1318 18.4112 16.1929 14.3681
35 29.4086 28.2079 27.0756 24.9986 23.1452 21.4872 18.6646 16.3742 14,4982
36 30.1075 28.8473 27.6607 25.4888 23.5563 21.8323 18.9083 16.5469 14.6210
37 30.7995 290.4788 28.2371 25.9695 23.9573 22,1672 19.1426 16.7113 14.7368
38 31.4847 30.1025 28.8051 26.4406 24.3486 22.4925 19.3679 16.8679 14.8460
39 32.1630 30.7185 20.3646 26.9026 24,7303 22.8082 19.5845 17.0170 14.9491
40 32.8347 31.3269 29.9158 27.3555 25.1028 23.1148 19.7928 17.1591 15.0463
41 33.4997 31.9278 30.4590 27.7995 25.4661 23.4124 19.9931 17.2944 15.13880
42 34.1581 32.5213 30.9941 28.2348 25.8206 23.7014 20.1856 17.4232 15.2245
43 34.8100 33.1075 31.5212 28.6616 26.1664 23.9819 20.3708 17.5459 15.3062
44 35.4555 33.6864 32.0406 29.0800 26.5038 24.2543 20.5488 17.6628 15.3832
45 36.0945 34.2582 32.5523 29.4902 26.8330 24.5187 20.7200 17.7741 15.4558
46 36,7272 34.8229 33.0665 29.8923 27.1542 24.7754 20.8847 17.8801 15.5244
47 37.3537 35.3806 33.5532 30.2866 27.4675 25.0247 21.0429 17.9810 15.5890
48 37.9740 35.9315 34.0426 30.6731 27.7732 25.2667 21.1951 18.0772 15.6500
49 38.5881 36.4755 34.5247 31.0521 28.0714 25.5017 21.3415 18.1687 15.7076
50 [ 39.1961  37.0120  34.9997  31.4236  28.3623 257298  21.4822 182559  15.7619
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BESSEL FUNCTIONS

2 ; Jo(x)
© 0 1 2 3 4 5 6 7 8 9
0. 1.0000 9975 .9900 9776 .9604 .9385 .9120 .8812 .8463 8075
1. .7652 7196 6711 .6201 .5669 5118 4554 .3980 .3400 .2818
2. 2239 1666 1104 .0555 .0025 —.0484 —.0968 —.1424 —.1850 —.2243
3. —.2601 —.2921 —.3202 —.3443 —.3643 —.3801 —.3918 —.3992 —.4026 —.4018
4. —.3971 —.3887 —.3766 —.3610 —.3423 —.3205 —.2961 —.2693 —.2404 —.2097
5. —-.1776 —.1443 -.1103 —.0758 —.0412 —.0068 .0270 .0599 0917 1220
6. .1506 1773 2017 .2238 .2433 .2601 2740 .2851 2031 2081
7. .3001 .2991 2951 2882 2786 .2663 .2516 .2346 2154 1944
8. 1717 1475 1222 .0960 .0692 .0419 .0146 —.0125 —.0392 —.0653
9. —.0903 —.1142 —.1367 —-.1577 —.1768 —.1939 ~—.2090 —.2218 —.2323 —.2403

TABLE

BESSEL FUNCTIONS

)8 T, (x)
x 0 1 2 3 4 5 6 7 8 9
0. .0000 .0499 .0995 .1483 .1960 .2423 2867 .3290 .3688 .4059
1. 4401 4709 4983 .5220 5419 .5579 5699 5778 .b815 .b812
2, 5767 .5683 .5560 .5399 5202 4971 .4708 4416 4097 3754
3. .3391 .3009 2613 2207 1792 1374 .0955 .0538 .0128 —.0272
4, —.0660 —.1033 —.1386 —.1719 -—.2028 -~—.2311 —.2566 —-.2791 —.2985 —.3147
5. —.3276 —.3371 -.3432 -.3460 —.3453 —.3414 —.3343 —.3241 —.3110 —.2951
6. —.2767 —.2559 —.2329 —.2081 —.1816 —.1538 —.1250 —.0953 —.0652 —.0349
1. -.0047 0252 0543 .0826 .1096 1352 1592 1813 2014 2192
8. 2346 .2476 .2580 2657 2708 2731 2728 2697 2641 .2559
9. 2453 2324 2174 .2004 .1816 1613 1395 .1166 0928 0684
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TABLE BESSEL FUNCTIONS

PAS, | Y, (x)

x 0 1 2 3 4 5 6 7 8 9

0. | —= —1.5342 —1.0811 —.8073 —.6060 —.4445 —.3085 —.1907 —.0868 .0056
1. 0883 1622 .2281 .2865 .3379 .3824 4204 .4520 4774 4968
2. .5104 .5183 .5208 .5181 .5104 .4981 4813 4605 4359 .4079
3. 3769 3431 3071 2691 .2296 1890 1477 .1061 0645 0234
4. —.0169 —.0561 —.0938 —.1296 —.1633 —.1047  —.2235 —.2494 -2723 —.2921
5. | —.3085 —.3216 —.3313 —.3374 —.3402 —.3395 —.3354 —.3282 —3177 —.3044
6. | —2882 —2694 —2483 —2251 —.1999 —1732  —.1452 —1162 —.0864 —.0563
7. | —.0259 .0042 .0339 0628 .0907 1173 1424 .1658 1872 .2065
8. .2235 2381 .2501 2595 .2662 2702 2715 2700 2659 .2592
9. .2499 .2383 .2245 .2086 1907 1712 .1502 1279 1045 .0804

TABLE BESSEL FUNCTIONS
30 Fi ()

x 0 1 2 3 4 5 6 7 8 9

0. | —= —6.4590 —3.3238 —2.2931 —1.7809 —1.4715 —1.2604 —1.1032 —.9781 —.8731
1.} —7812 —.6981 —.6211 —.5485 —.4791 —4123  —.3476 —.2847 2237 —.1644
2. | —1070 —.0517 0015 0523 .1005 .1459 .1884 .2276 2635 .2959
3. .3247 .3496 3707 .3879 .4010 4102 4154 4167 4141 .4078
4. .3979 .3846 .3680 .3484 .3260 .3010 27387 2445 .2136 1812
5, 1479 1137 0792 0445 .0101 —.0238 —.05668 —.0887 —1192 -—.1481
6. | —1750 —1998 —.2223 —2422 —.2596 —.2741 —.2857 —.2945  —.3002 —.3029
7. | —8027 —.2995 —2934 —2846 —.2731 —.2591  —.2428 —.2243 —2039 —.1817
8 | —1581 —1331 —1072 —.0806 —.0535 —.0262 0011 0280 .0544 0799
9. .1043 1275 1491 1691 .1871 2032 2171 2287 2379 .2447
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TABLE

BESSEL FUNCTIONS

31 L)

* 0 1 2 3 4 5 6 7 8 9

0. 1.000 1.003 1.010 1.023 1.040 1.063 1.092 1.126 1.167 1.213
1. 1.266 1.326 1.394 1.469 1.553 1.647 1.750 1.864 1.990 2.128
2. 2.280 2.446 2.629 2.830 3.049 3.290 3.5663 3.842 4.157 4.503
3. 4.881 5.294 5.747 6.243 6.785 7.378 8.028 8.739 9.517 10.37
4. 11.30 12.32 13.44 14.67 16.01 17.48 19.09 20.86 22.79 24.91
5. 27.24 29.79 32.58 35.65 39.01 42.69 46.74 51.17 56.04 61.38
6. 67.23 73.66 80.72 88.46 96.96 106.3 116.5 127.8 140.1 163.7
7. 168.6 185.0 202.9 222.7 244.3 268.2 294.3 323.1 354.7 389.4
8. 427.6 469.5 515.6 566.3 621.9 683.2 750.5 824.4 905.8 995.2
9. 1094 1202 1321 1451 1595 1753 1927 2119 2329 2561

TABLE
BESSEL FUNCTIONS
37 L(x)

x 0 1 2 3 4 5 6 7 8 9

0. .0000 .0501 .1005 1517 .2040 25679 3137 3719 .4329 4971
1. 5652 6375 7147 1973 .8861 9817 1.085 1.196 1.317 1.448
2. 1.591 1.745 1.914 2.098 2.298 2.517 2.755 3.016 3.301 3.613
3. 3.953 4.326 4,734 5.181 5.670 6.206 6.793 7.436 8.140 8.913
4, 9.759 10.69 11.711 12.82 14.05 15.39 16.86 18.48 20.25 22.20
5. 24.34 26.68 29.25 32.08 35.18 38.59 42.33 46.44 50.95 55.90
6. 61.34 67.32 73.89 81.10 89.03 917.74 107.3 117.8 1294 142.1
7. 156.0 1714 188.3 206.8 227.2 249.6 274.2 301.3 331.1 363.9
8. 399.9 439.5 483.0 531.0 583.7 641.6 705.4 775.5 852.7 937.5
9. 1031 1134 1247 1371 1508 1658 1824 2006 2207 2428
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TABLE

BESSEL FUNCTIONS

33 Ko (x)
@ 0 1 2 3 4 5 6 7 8 9
0. ® 2.4271 1.7527 1.3725 1.1145 9244 1775 .6605 .5653 4867
1. 4210 .3656 .3185 2782 .2437 2138 .1880 .1655 1459 .1288
2. 1139 .1008 .08927 07914 07022 .06235 .05540 .04926 .04382 .03901
3. 03474 .03095 02759 02461 02196 .01960 01750 01563 01397 01248
4. 01116 .029980 .028927 .027988 .027149 .026400 .025730 .025132 .024597 024119
5. .023691 .023308 .022966 .022659 .022385 .022139 .021918 .021721 .021544 .021386
6. .021244 .021117 .021003 .039001 .038083 .037259 .036520 .035857 .035262 .034728
7. .034248 .033817 .033431 .033084 032772 .032492 .032240 .032014 .031811 031629
8. 031465  .031317  .0%1185  .031066 049588 048626  .047761 046983  .016283  .015654
9, .045088 .044579 044121 .043710 .043339 .043006 042706 .042436 .042193 .041975

TABLE i

BESSEL FUNCTIONS

34 K, (x)
x 0 1 2 3 4 5 6 7 8 9
0. © 9.8538 4.7760 3.0560 2.1844 1.6564 1.3028 1.0503 .8618 7165
1. .6019 .5098 4346 3725 .3208 2774 2406 2094 .1826 1597
2. 1399 1227 1079 .09498 .08372 07389 .06528 05774 05111 .04529
3. .04016 .03563 .03164 .02812 .02500 .02224 01979 01763 01571 .01400
4, .01248 01114 .029938 .028872 .027923 027078 .026325 .025654 .025055 .024521
5. .024045 .023619 .023239 .022900 .022597 .022326 .022083 .021866 .021673 .021499
6. .021344 .021205 .021081 .039691 .038693 .037799 .036998 .036280 .035636 .035059
7. .034542 .034078 .033662 .033288 .032953 .032653 .032383 .032141 .031924 031729
8. .031554 .031396 .031255 .031128 .031014 .049120 .048200 047374 .016631 045964
9. 045364 .044825 .044340 043904 .043512 .043160 .042843 .042559 .042302 .012072
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TABLE

35

BESSEL FUNCTIONS

Ber (x)

x 0 1 2 3 4 5 6 7 8 9

0. 1.0000 1.0000 1.0000 9999 .9996 .9990 L9980 9962 9936 .9898
1. 9844 9771 9676 9554 .9401 9211 8979 8700 8367 7975
2. 7517 L6987 6377 .5680 4890 .4000 .3001 1887 06511 —.07137
3. —.2214 —.3855 —.5644 —.7584 —9680 —1.1936 —1.4353 —1.6933 —1.9674 —2.2576
4.1 —2.5634 —2.8843 —3.2195 —38.5679 —3.9283 —4.2991 —4.6784 -—5.0639 —5.4531 —5.8429
5. | —6.2301 —6.6107 —6.9803 —7.3344 —7.6674 —7.9736 —8.2466 —8.4794 -—8.6644 —8.7937
6. | —-8.8583 —8.8491 -—8.7561 —8.5688 —8.2762 -—7.8669 —7.3287 —6.6492 —5.8155 —4.8146
7.1 —3.6329 —2.2571 —.6737 1.1308 3.1695 5.4550 7.9994 10.814 13.909 17.293
8. 20.974 24.957 29.245 33.840 38.738 43.936 49.423 55.187 61.210 67.469
9. 73.936 80.576 87.350 94.208 101.10 107.95 114.70 121.26 127.54 133.43

TABLE BESSEL FUNCTIONS
36 Bei (x)

® 0 1 2 3 4 5 6 7 8 9

0. .0000 022500 .01000 .02250 .04000 .06249 .08998 1224 1599 .2023
1. .2496 3017 3587 4204 4867 5576 6327 7120 7953 8821
2. 9723 1.0654 1.1610 1.2585 1.3575 1.4572 1.5569 1.6557 1.7529 1.8472
3. 1.9376 2.0228 2.1016 2.1723 2.2334 2.2832 2.3199 2.3413 2.3454 2.3300
4. 2.2927 2.2309 2.1422 2.0236 1.8726 1.6860 1.4610 1.1946 8837 5251
5. 1160 —.3467 —8658 —1.4443 —2.0845 —2.7890 —3.5597 —4.3986 —5.3068 —6.2854
6. | —7.3347 -—8.4545 —9.6437 —10.901 —12.223 —13.607 —15.047 —16.538 —18.074 —19.644
7.1 —21.239 —22.848 —24.456 —26.049 —27.609 -—29.116 —30.548 —31.882 —33.092 —34.147
8 | —35.017 —35.667 —386.061 —36.159 —35.920 —35.298 —34.246 —32.714 —30.651 —28.003
9. —24.713 —20.724 -—15.976 -—10.412 —3.9693 3.4106 11.787 21.218 31.758 43.459
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BESSEL FUNCTIONS

Ker (x)

x 0 1 2 3 4 5 6 7 8 9
0. 0 2.4205 1.7331 1.3372 1.0626 .8559 .6931 5614 4529 3625
1. 2867 2228 .1689 1235 .08513 05293 .02603 023691 —.01470 —.02966
2.l —.04166 —.05111 —~.05834 —.06367 —.06737 —.06969 —.07083 —.07097 —.07030 —.06894
3.1 —.06703 —.06468 —.06198 —.05908 —.05590 —.05264 —.04932 — 04597 —.04265 —.03937
4.1 —.08618 —.03308 —.08011 —.02726 —.02456 —.02200 —.01960 —.01734 —.01525 —.01330
5. —01151 —.029865 —.028359 —.026989 —.025749 —.024632 —.023632 —.022740 —.021952 —.021258
6.1 —.036530 —.031295 .033191 .036991 .021017 021278 .021488 021653 021777 .021866
7. .021922 021951 .021956 .021940 021907 .021860 .021800 021731 .021655 021572
8. .021486 .021397 .021306 .021216 021126 .021037 .039511 .038675 .037871 .037102
9. 036372 .035681 .035030 034422 .0338556 .033330 .032846 1032402 031996 031628
TABLE BESSEL FUNCTIONS

38 Kei (x)
x 0 1 2 3 4 5 6 7 8 9
0.| —. 7854 —.7769 —.7581 —.7331 —.7038 —.6716 —.6374 —.6022 —.5664 —.b305
1.| —.4950 —.4601 —.4262 —.3933 —.3617 —.3314 —.3026 —.2752 —.2494 —.2251
2.1 —.2024 —.1812 —.1614 —.1431 —.1262 —.1107 —.09644 —.08342 —.07157 —.06083
3.1 —.05112 —.04240 —.03458 —.02762 —.02145 —.01600 —.01123 —.027077 —.023487 —.034108
4, 022198 024386 .026194 .027661 .028826 029721 .01038 .01083 01110 01121
5. 01119 01105 .01082 01051 01014 .029716 .029255 .028766 028258 027739
6. 027216 026696 .026183 025681 .025194 .024724 .024274 .023846 .023440 .023058
7. .022700 .022366 .022057 021770 021507 .021267 .021048 038498 036714 .035117
8. .033696 .032440 .031339 043809 —.044449 —.031149 —.031742 —.032233 —.032632 —.032949
9. —.033192 —.033368 —.033486 —.033552 —,033574 —.0%3557 —.033508 —.033430 —.033329 —.033210
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TABLE ;
VALUES FOR APPROXIMATE

39 ZEROS OF BESSEL FUNCTIONS

The following table lists the first few positive roots of various equations. Note that for all cases
listed the successive large roots differ approximately by = = 8.14159....

n=20 n=1 n=2 n=3 n =4 n=>5 n==6
2.4048 3.8317 5.1356 6.3802 7.5883 8.7715 9.9361
5.5201 7.0156 8.4172 9.7610 11.0647 12.3386 13.5893
8.6537 10.1735 11.6198 13.0152 14.3725 15.7002 17.0038
Tnl@) =0 11.7915 13.3237 14.7960 16.2235 17.6160 18.9801 20.3208
14.9309 16.4706 17.9598 19.4094 20.8269 22,2178 23.5861
18.0711 19.6159 21.1170 22.5827 24.0190 25.4303 26.8202
0.8936 2.1971 3.3842 4.5270 5.6452 6.7472 7.8377
3.9577 5.4297 6.7938 8.0976 9.3616 10.5972 11.8110
Y, (%) = 0 7.0861 8.5960 10.0235 11.3965 12.7301 14.0338 15.3136
10.2223 11.7492 13.2100 14.6231 15.9996 17.3471 18.6707
13.3611 14.8974 16.3790 17.8185 19.2244 20.6029 21.9583
16.5009 18.0434 19.5390 20.9973 22.4248 23.8265 25.2062
0.0000 1.8412 3.0542 4.2012 5.3176 6.4156 7.5013
3.8317 5.3314 6.7061 8.0152 9.2824 10.5199 11.7349
7@ =0 7.0156 8.5363 9.9695 11.3459 12.6819 ‘ 13.9872 . 15.2682
10.1735 11.7060 13.1704 14.5859 15.9641 17.3128 18.6374
13.3237 14.8636 16.3475 17.7888 19.1960 20.5755 21.9317
16.4706 18.0155 19.5129 20.9725 22.4010 23.8036 25.1839
2.1971 3.6830 5.0026 6.2536 7.4649 8.6496 9.8148
5.4297 6.9415 8.3507 9.6988 11.0052 12.2809 13.5328
Y@ =0 8.5960 10.1234 11.5742 12,9724 14.3317 15.6608 16.9655
11.7492 13.2858 14.7609 16.1905 17.5844 18.9497 20.2913
14.8974 16.4401 17.9313 19.3824 20.8011 22.1928 23.5619
18.0434 19.5902 21.0929 22.5598 23.9970 25.4091 26.7995
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TABLE

EXPONENTIAL, SINE AND COSINE INTEGRALS

40 Hi(z) = fw o, Siz) = f Sinu g, Cite) = f T oosu,,
z U 0 z U
. Fi(z) Si(a) Ci()
.0 o .0000 0
.5 .5598 .4931 1778
1.0 .2194 .9461 —.3374
1.5 1000 1.3247 —.4704
2.0 .04890 1.6054 —.4230
2.5 .02491 1.7785 —.2859
3.0 .01305 1.8487 —.1196
3.5 .026970 1.8331 0321
4.0 .023779 1.7582 1410
4.5 .022073 1.6541 1935
5.0 .021148 1.5499 .1900
55 036409 1.4687 1421
6.0 .033601 1.4247 .0681
6.5 .032034 1.4218 —.0111
7.0 .031155 1.4546 —.0767
7.5 .046583 1.5107 —.1156
8.0 .043767 1.5742 —.1224
8.5 042162 1.6296 —.09943
9.0 .041245 1.6650 —.05535
9.5 057185 1.6745 —.022678

10.0 054157 1.6583 04546
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TABLE

A]

LEGENDRE POLYNOMIALS P, ()
[Po(z) =1, Pi(x) = =]

4 Py (x) Py (x) Py (x) Py ()
.00 —.5000 .0000 .3750 .0000
.05 —.4963 —.0747 .3657 0927
.10 —.4850 —.1475 .3379 1788
.15 —.4663 —.2166 .2928 .2523
.20 —.4400 —.2800 .2320 3075
.25 —.4063 —.3359 1577 3397
.30 —.3650 —.3825 0729 3454
.35 —.3163 —.4178 —.0187 3225
.40 —.2600 —.4400 -.1130 .2706
.45 —.1963 —.4472 —.2050 1917
.50 —.1250 —.4375 —.2801 .0898
.55 —.0463 —.4091 —.3590 —.0282
.60 .0400 —.3600 —.4080 —.1526
.65 1338 —.2884 —.4284 —.2705
.70 .2350 —.1925 —.4121 —.3652
S5 .3438 —.0703 —.3501 —.4164
.80 4600 .0800 —.2330 —.3995
.85 .5838 .2603 —.0506 —.2857
90 7150 4725 .2079 —.0411
.95 .8538 7184 5541 3727
1.00 1.0000 1.0000 1.0000 1.0000
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TABLE

42

naemnge Powuom' ‘LS Pn(fms a)
 [Pofcos 61) =1

] P (cos ) Py(cos 9) Py(cos 6) Py(cos 6) Ps(cos 9)

0° 1.0000 1.0000 1.0000 1.0000 1.0000

5° .9962 .9886 9773 .9623 .9437
10° .9848 9548 9106 .8532 7840
15° 9659 8995 8042 6847 5471
20° 9397 .8245 .6649 4750 2715
25° .9063 7321 .5016 .2465 .0009
30° .8660 6250 3248 0234 —.2233
35° .8192 .5065 1454 —1714 —.3691
40° .7660 .3802 —.0252 -.3190 —.4197
45° 7071 .2500 —.1768 —.4063 -.3757
50° .6428 .1198 —.3002 —.4275 —.2545
55° 5736 —.0065 —.3886 —.3852 —.0868
60° .5000 —.1250 —.4375 —.2891 .0898
65° 4226 —.2321 —.4452 —.1552 .2381
70° .3420 —.3245 -.4130 —.0038 .3281
75° .2588 —.3995 —.3449 1434 .3427
80° 1737 —.4548 —.2474 .2659 .2810
85° .0872 —.4886 —1291 .3468 1577
90° .0000 —.5000 0000 3750 .0000
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TABLE

43

COMPLETE ELLIPTIC INTEGRALS OF FIRST AND SECOND KINDS
w2 de ' /2

K=f AL . ST ey E:f T @siidds, k = siny
0 Q

1~k sin?9

v K E ¥ K E v K E
0° 1.5708 1.5708 30° 1.6858 1.4675 60° 2.1565 1.2111
1 1.5709 1.5707 31 1.6941 1.4608 61 2.1842 1.2015
2 1.5713 1.5703 32 1.7028 1.4539 62 2.2132 1.1920
3 1.5719 1.5697 33 1.7119 1.4469 63 2.2435 1.1826
4 1.5727 1.5689 34 1.7214 1.4397 64 2.2754 1.1732
5 1.5738 1.5678 35 1.7312 1.4323 65 2.3088 1.1638
6 1.5751 1.5665 36 1.7415 1.4248 66 2.3439 1.1545
7 1.5767 1.5649 37 1.7522 1.4171 67 2.3809 1.1453
8 1.5785 1.5632 38 1.7633 1.4092 68 2.4198 1.1362
9 1.5805 1.5611 39 1.7748 1.4013 69 2.4610 1.1272
10 1.5828 1.5589 40 1.7868 1.3931 70 2.5046 1.1184
11 1.5854 1.5564 41 1.7992 1.3849 71 2.5507 1.1096
12 1.5882 1.5537 42 1.8122 1.3765 72 2.5998 1.1011
13 1.5913 1.5507 43 1.8256 1.3680 73 2.6521 1.0927
14 1.5946 1.5476 44 1.8396 1.3594 74 2.7081 1.0844
15 1.5981 1.5442 45 1.8541 1.3506 75 2.7681 1.0764
16 1.6020 1.5405 46 1.8691 1.3418 76 2.8327 1.0686
17 1.6061 1.5367 47 1.8848 1.3329 i 2.9026 1.0611
18 1.6105 1.5326 48 1.9011 1.3238 78 2.9786 1.0538
19 1.6151 1.5283 49 1.9180 1.3147 79 3.0617 1.0468
20 1.6200 1.5238 50 1.9356 1.3055 80 3.1534 1.0401
21 1.6252 1.5191 51 1.9539 1.2963 81 3.2553 1.0338
22 1.6307 1.5141 52 1.9729 1.2870 82 3.3699 1.0278
23 1.6365 1.5080 53 1.9927 1.2776 83 3.5004 1.0223
24 1.6426 1.5037 54 2.0133 1.2681 84 3.6519 1.0172
25 1.6490 1.4981 55 2.0347 1.2587 85 3.8317 1.0127
26 1.6557 1.4924 56 2.0571 1.2492 86 4.0528 1.0086
27 1.6627 1.4864 57 2.0804 1.2397 87 4.3387 1.0053
28 1.6701 1.4803 58 2.1047 1.2301 88 4.7427 1.0026
29 1.6777 1.4740 59 2.1300 1.2206 89 5.4349 1.0008
30 1.6858 1.4675 60 2.1565 1.2111 90 o 1.0000
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TABLE

44

INCOMPLETE ELLIPTIC INTEGRAL OF THE FIRST KIND

s g _
F(k,¢) = f ——————, k = sinyg
0 V1 —4k%*gin%g

s v 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°

0° 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
10° 0.1745 0.1746 0.1746 0.1748 0.1749 0.1751 0.1752 0.1753 0.1754 0.1754
20° 0.3491 0.3493 0.3499 0.3508 0.3520 0.3533 0.3545 0.3555 0.3561 0.3564
30° 0.5236 0.5243 0.5263 0.5294 0.5334 0.56379 0.5422 0.5459 0.5484 0.5493
40° 0.6981 0.6997 0.7043 0.7116 0.7213 0.7323 0.7436 0.7535 0.7604 0.7629
50° 0.8727 0.8756 0.8842 0.8982 0.9173 0.9401 0.9647 0.9876 1.0044 1.0107
60° 1.0472 1.0519 1.0660 1.0896 1.1226 1.1643 1.2126 1.2619 1.3014 1.3170
70° 1.2217 1.2286 1.2495 1.2853 1.3372 1.4068 1.4944 1.5959 1.6918 1.7354
80° 1.3963 1.4056 1.4344 1.4846 1.5597 1.6660 1.8125 2.0119 2.2653 2.4362
90° 1.5708 1.5828 1.6200 1.6858 1.7868 1.9356 2.1565 2.5046 3.1534 ©

TABLE INCOMPLETE ELLIPTIC INTEGRAL OF THE SECOND KIND
[}

45 E(k,¢) = j; T-sin’9ds, &k = siny
s Y 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
0° 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
10° 0.1745 0.1745 0.1744 0.1743 0.1742 0.1740 0.1739 0.1738 0.1737 0.1736
20° 0.3491 0.3489 0.3483 0.3473 0.3462 0.3450 0.3438 0.3429 0.3422 0.3420
30° 0.5236 0.5229 0.5209 0.5179 0.5141 0.5100 0.5061 0.5029 0.5007 0.5000
40° 0.6981 0.6966 0.6921 0.6851 0.6763 0.6667 0.6575 0.6497 0.6446 0.6428
50° 0.8727 0.8698 0.8614 0.8483 0.8317 0.8134 0.7954 0.7801 0.7697 0.7660
60° 1.0472 1.0426 1.0290 1.0076 0.9801 0.9493 0.9184 0.8914 0.8728 0.8660
T0° 1.2217 1.2149 1.1949 1.1632 1.1221 1.0750 1.0266 0.9830 0.9514 0.9397
80° 1.3963 1.3870 1.3597 1.3161 1.2590 1.1926 1.1225 1.0565 1.0054 0.9848
90° 1.5708 1.56589 1.5238 1.4675 1.3931 1.3055 1.2111 1.1184 1.0401 1.0000
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TABLE

STANDARD NORMAL CURVE

ORDINATES OF THE

46 Y = _..1.,.._3—:2212 yT
Vo |

x 0 1 2 3 4 5 6 7 8 9

0.0 .3989 .3989 .3989 3088 .3986 3984 .3982 .3980 3977 3973
0.1 3970 .3965 .3961 .3956 .3951 .3945 .3939 .3932 .3925 .3918
0.2 .3910 .3902 .3894 .3885 .3876 .3867 .3857 .3847 .3836 .3825
0.3 .3814 .3802 .3790 .3778 .3765 .3752 .3739 .3725 3712 3697
0.4 .3683 .3668 .3653 .3637 3621 .3605 3589 .3572 .3555 .3538
0.5 3521 .3503 .3485 .3467 .3448 .3429 .3410 3391 3372 .3352
0.6 .3332 3312 .3292 3271 .3251 .3230 .3209 .3187 .3166 3144
0.7 .3123 3101 .3079 .3056 .3034 3011 .2989 .2966 .2943 .2920
0.8 2897 2874 .2850 2827 .2803 2780 .2756 2732 2709 .2685
0.9 .2661 .2637 .2613 2589 .2565 2541 2516 .2492 .2468 .2444
1.0 .2420 2396 2371 2347 .2323 .2299 .2275 .2251 .2227 .2203
1.1 2179 .2155 .2131 .2107 .2083 .2059 2036 2012 .1989 .1965
1.2 1942 1919 .1895 .1872 1849 .1826 1804 .1781 .1758 .1736
1.3 1714 1691 .1669 1647 .1626 .1604 .1582 1561 .1539 1518
14 1497 .1476 .1456 .1435 1415 1394 1374 .1354 .1334 1315
1.5 .1295 .1276 1257 .1238 1219 1200 .1182 1163 1145 1127
1.6 1109 1092 1074 1057 .1040 .1023 .1006 .0989 .0973 .0957
1.7 .0940 0925 L0909 .0893 .0878 .0863 .0848 .0833 .0818 .0804
1.8 0790 0775 0761 0748 0734 0721 0707 .0694 .0681 .0669
1.9 .0656 .0644 .0632 .0620 .0608 .0596 .0584 .0573 0562 .0551
2.0 .0540 .0529 .0519 .0508 0498 .0488 .0478 .0468 .0459 .0449
2.1 .0440 .0431 .0422 .0413 .0404 .0396 .0387 .0379 .0371 .0363
2.2 .0355 .0347 .0339 .0332 0325 0817 .0310 .0303 .0297 .0290
2.3 .0283 0277 0270 .0264 .0258 .0252 .0246 .0241 .0235 0229
24 .0224 0219 0213 .0208 .0203 .0198 0194 .0189 .0184 .0180
2.5 0175 0171 .0167 .0163 0158 0154 .0151 0147 0143 .0139
2.6 .0136 .0132 .0129 0126 0122 .0119 .0116 .0113 .0110 .0107
2.7 .0104 .0101 .0099 .0096 0093 .0091 .0088 .0086 .0084 .0081
2.8 .0079 0077 0075 .0073 0071 .0069 .0067 .0065 .0063 .0061
2.9 .0060 .0058 .0056 .0055 .0053 .0051 .0050 .0048 .0047 .0046
3.0 .0044 .0043 .0042 .0040 .0039 .0038 .0037 .0036 .0035 .0034
3.1 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026 .0025 .0025
3.2 .0024 .0023 .0022 .0022 .0021 .0020 .0020 .0019 .0018 .0018
3.3 .0017 .0017 .0016 .0016 .0015 .0015 .0014 .0014 .0013 .0013
34 .0012 .0012 .0012 .0011 .0011 .0010 .0010 .0010 .0009 .0009
3.5 .0009 .0008 .0008 .0008 .0008 .0007 .0007 .0007 .0007 .0006
3.6 .0006 .0006 .0006 .0005 0005 .0005 .0005 .0005 .0005 0004
3.7 .0004 .0004 0004 .0004 .0004 .0004 .0003 .0003 .0003 .0003
3.8 .0003 .0003 .0003 .0003 .0003 .0002 .0002 .0002 .0002 .0002
3.9 .0002 .0002 .0002 .0002 0002 .0002 .0002 .0002 .0001 .0001
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TABLE

47

AREAS UNDER THE
STANDARD NORMAL CURVE
from — to

1 T,
erf (x) ::————-~" e~ v2 df
Ver J-w x

x 0 1 2 3 4 5 6 7 8 9

0.0 .5000 5040 .5080 .5120 .5160 .5199 5239 5279 5319 5359
0.1 .5398 .5438 5478 .5517 5557 .5596 .5636 5675 5714 5754
0.2 5793 .5832 5871 5910 .5948 5987 .6026 .6064 .6103 .6141
0.3 6179 6217 6255 6293 .6331 .6368 .6406 .6443 .6480 6517
0.4 .6554 6591 .6628 6664 6700 6736 6772 .6808 .6844 .6879
0.5 .6915 .6950 6985 7019 7054 7088 7123 7157 7190 7224
0.6 7258 7291 7324 7357 7389 7422 7454 7486 7518 7549
0.7 L7580 7612 7642 7673 1704 7734 7764 7794 7823 7852
0.8 7881 .7910 7939 7967 1996 .8023 .8051 8078 .8106 .8133
0.9 .8159 .8186 8212 .8238 8264 .8289 8315 8340 8365 .8389
1.0 .8413 .8438 .8461 .8485 8508 8531 8554 8577 .8599 8621
1.1 .8643 8665 .8686 8708 8729 8749 8770 8790 8810 8830
1.2 8849 .8869 .8888 .8907 8925 .8944 .8962 .8980 .8997 9015
1.3 9032 9049 9066 9082 .9099 9115 9131 9147 9162 9177
1.4 9192 9207 9222 9236 9251 9265 9279 9292 .9306 9319
1.5 9332 9345 9357 9370 .9382 .9394 .9406 .9418 .9429 9441
1.6 9452 .9463 9474 9484 9495 9505 9515 9525 9535 9545
1.7 9554 9564 9573 9582 9591 9599 .9608 9616 L9625 9633
1.8 .9641 .9649 .9656 9664 .9671 9678 .9686 .9693 .9699 .9706
1.9 9713 9719 9726 9732 9738 9744 9750 .9756 9761 9767
2.0 9772 9778 9783 9788 9793 9798 .9803 .9808 9812 9817
2.1 9821 9826 .9830 9834 9838 .9842 .9846 .9850 .9854 9857
2.2 .9861 .9864 .9868 9871 9875 .9878 .9881 .9884 9887 .9890
2.3 9893 9896 .9898 9901 9904 9906 .9909 9911 9913 9916
24 .9918 9920 .9922 9925 9927 .9929 9931 .9932 9934 .9936
2.5 .9938 9940 .9941 .9943 9945 .9946 .9948 .9949 9951 9952
2.6 .9953 9955 .9956 9957 .9959 9960 .9961 9962 .9963 9964
2.7 9965 .9966 9967 9968 .9969 9970 9971 9972 9973 9974
2.8 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981
2.9 9981 .9982 9982 .9983 9984 9984 .9985 9985 .9986 .9986
3.0 .9987 .9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.1 9990 9991 .9991 9991 .9992 9992 9992 9992 .9993 .9993
3.2 .9993 .9993 19994 9994 9994 9994 9994 .9995 9995 .9995
3.3 9995 9995 9995 9996 .9996 9996 .9996 .9996 .9996 9997
3.4 .9997 9997 9997 9997 9997 9997 9997 9997 9997 9998
3.5 9998 .9998 .9998 .9998 .9998 9998 .9998 9998 .9998 9998
3.6 .9998 .9998 .9999 9999 9999 9999 9999 9999 9999 .9999
3.7 9999 .9999 9999 19999 9999 .9999 .9999 9999 9999 .9999
3.8 9999 .9999 .9999 .9999 .9999 9999 9999 .9999 9999 .9999
3.9 [ 1.0000  1.0000 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
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TABLE PERCENTILE VALUES (tp) FOR .
STUDENT'S £ DISIRIBUTION
48 with 7 degrees of freedom

(shaded area = p)

n T 995 € 99 tors t9s t 90 t 80 t7s tro t 60 55
1 63.66 31.82 12.71 6.31 3.08 1.376 1.000 727 325 1568
2 9.92 6.96 4.30 2.92 1.89 1.061 816 617 289 142
3 5.84 4.54 3.18 2.35 1.64 978 765 584 277 137
4 4.60 3.75 2.78 2.13 1.53 941 741 .569 271 134
5 4.03 3.36 2.57 2.02 1.48 920 727 .5569 267 132
6 3.71 3.14 2.45 1.94 1.44 906 718 .553 265 131
7 3.50 3.00 2.36 1.90 1.42 .896 711 .549 .263 130
8 3.36 2.90 2.31 1.86 1.40 .889 .706 .546 262 130
9 3.25 2.82 2.26 1.83 1.38 .883 703 543 261 129

10 3.17 2.76 2.23 1.81 1.37 879 .700 542 260 129

11 3.11 2.72 2.20 1.80 1.36 876 697 .540 260 129

12 3.06 2.68 2.18 1.78 1.36 873 .695 539 259 128

13 3.01 2.65 2.16 1.77 1.35 870 694 .b38 259 128

14 2.98 2.62 2.14 1.76 1.34 868 .692 537 258 128

15 2.95 2.60 2.13 1.75 1.34 .866 .691 .536 258 128

16 2.92 2.58 2.12 1.75 1.34 865 .690 535 258 128

17 2.90 2.57 2.11 1.74 1.33 .863 .689 534 257 128

18 2.88 2.55 2.10 1.73 1.33 .862 .688 534 257 127

19 2.86 2.54 2.09 1.73 1.33 861 .688 533 257 127

20 2.84 2.53 2.09 1.72 1.32 .860 687 533 257 127

21 2.83 2.52 2.08 1.72 1.32 859 686 532 257 127

22 2.82 2.51 2.07 1.72 1.32 .858 .686 632 256 127

23 2.81 2.50 2.07 1.71 1.32 858 685 532 256 127

24 2.80 2.49 2.06 1.71 1.32 .857 685 531 256 127

25 2.79 2.48 2.06 1.71 1.32 .856 .684 531 256 127

26 2.78 2.48 2.06 1.71 1.32 856 684 531 256 A27

27 2,77 2.47 2.05 1.70 1.31 .855 .684 531 256 127

28 2.76 2.47 2.05 1.70 1.31 855 .683 530 256 127

29 2.76 2.46 2.04 1.70 1.31 854 .683 530 256 127

30 2.75 2.46 2.04 1.70 1.31 854 683 .530 256 127

40 2.70 2.42 2.02 1.68 1.30 851 .681 529 255 126

60 2.66 2.39 2.00 1.67 1.30 848 679 527 254 126

120 2.62 2.36 1.98 1.66 1.29 845 677 526 254 126

0 2.58 2.33 1.96 1.645 1.28 842 674 524 253 126

Source: R. A. Fisher and F. Yates, Statistical Tables for Biological, Agricultural and
Medical Research (6th edition, 1963), Table III, Oliver and Boyd Ltd., Edin-
burgh, by permission of the authors and publishers.
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49

TABLE

, PERCENTILE VALUES (xz) FOR
_ THE CHI-SQUARE DISTRIBUTION

_ with » degrees of freedom

(shaded area = p)

n X.2995 X.299 X.2975 X.295 X.Zgo X?75 X.250 X.Zzs X.210 Xi)s X.2025 X.201 X.Zoos
1 7.88 6.63 5.02 3.84 2.71 1.32 455 .102 0158 0039 .0010 .0002 .0000
2 10.6 9.21 7.38 5.99 4.61 2.7 1.39 575 211 103 .0506 .0201 .0100
3 12.8 11.3 9.35 7.81 6.25 4,11 2.37 1.21 584 .352 216 115 072
4 14.9 13.3 11.1 9.49 7.78 5.39 3.36 1.92 1.06 711 484 297 207
5 16.7 15.1 12.8 11.1 9.24 6.63 4.35 2.67 1.61 1.15 .831 554 412
6 18.5 16.8 144 12.6 10.6 7.84 5.35 3.45 2.20 1.64 1.24 872 676
7 20.3 18.5 16.0 14.1 12.0 9.04 6.35 4.25 2.83 2.17 1.69 1.24 989
8 22.0 20.1 175 15.5 134 10.2 7.34 5.07 3.49 2.73 2.18 1.65 1.34
9 23.6 21.7 19.0 16.9 14.7 114 8.34 5.90 4.17 3.33 2.70 2.09 1.73

10 25.2 23.2 20.5 18.3 16.0 12,5 9.34 6.74 4.87 3.94 3.25 2.56 2.16

11 26.8 24.7 21.9 19.7 17.3 13.7 10.3 7.58 5.58 4.57 3.82 3.05 2.60

12 28.3 26.2 23.3 21.0 18.5 14.8 11.3 8.44 6.30 5.23 4.40 3.57 3.07

13 29.8 27.7 247 224 19.8 16.0 12.3 9.30 7.04 5.89 5.01 4.11 3.57

14 31.3 29.1 26.1 23.7 21.1 171 13.3 10.2 7.79 6.57 5.63 4.66 4.07

15 32.8 30.6 275 25.0 22.3 18.2 14.3 11.0 8.55 7.26 6.26 5.23 4.60

16 34.3 32.0 28.8 26.3 23.5 19.4 15.3 11.9 9.31 7.96 6.91 5.81 5.14

17 35.7 33.4 30.2 27.6 24.8 20.5 16.3 12.8 10.1 8.67 7.56 6.41 5.70

18 37.2 34.8 31.5 28.9 26.0 21.6 17.3 13.7 10.9 9.39 8.23 7.01 6.26

19 38.6 36.2 32.9 30.1 27.2 22.7 18.3 14.6 11.7 10.1 8.91 7.63 6.84

20 40.0 37.6 34.2 314 28.4 23.8 19.3 15.5 124 10.9 9.59 8.26 7.43

21 414 38.9 35.5 32.7 29.6 24.9 20.3 16.3 13.2 11.6 10.3 8.90 8.03

22 42.8 40.3 36.8 33.9 30.8 26.0 21.3 17.2 14.0 12.3 11.0 9.54 8.64

23 44,2 41.6 38.1 35.2 32.0 27.1 22.3 18.1 14.8 13.1 11.7 10.2 9.26

24 45.6 43.0 39.4 36.4 33.2 28.2 23.3 19.0 15.7 13.8 124 10.9 9.89

25 46.9 44.3 40.6 37.7 34.4 29.3 24.3 19.9 16.5 14.6 13.1 11.5 10.5

26 48.3 45.6 41.9 38.9 35.6 30.4 25.3 20.8 17.3 154 13.8 12.2 11.2

27 49.6 47.0 43.2 40.1 36.7 31.5 26.3 21.7 18.1 16.2 14.6 12.9 11.8

28 51.0 48.3 44.5 41.3 37.9 32.6 27.3 22.7 18.9 16.9 15.3 13.6 12,5

29 52.3 49.6 45.7 42.6 39.1 33.7 28.3 23.6 19.8 17.7 16.0 14.3 13.1

30 53.7 50.9 47.0 43.8 40.3 34.8 29.3 24.5 20.6 18.5 16.8 15.0 13.8

40 66.8 63.7 59.3 55.8 51.8 45.6 39.3 33.7 29.1 26.5 24,4 22,2 20.7

50 79.5 76.2 714 67.5 63.2 56.3 49.3 429 37.7 34.8 324 29.7 28.0

60 92.0 88.4 83.3 79.1 T4.4 67.0 59.3 52.3 46.5 43.2 40.5 37.5 35.5

70 | 104.2 100.4 95.0 90.5 85.5 77.6 69.3 61.7 55.8 51.7 48.8 45.4 43.3

80 | 116.3 1123 106.6 101.9 96.6 88.1 79.3 1.1 64.3 60.4 57.2 53.5 51.2

901 128.3 124.1 1181 1131 107.6 98.6 89.3 80.6 73.3 69.1 65.6 61.8 59.2

100 | 140.2 135.8 129.6 124.3 1185 109.1 99.3 90.1 82.4 77.9 74.2 70.1 67.3

Source: Catherine M. Thompson, Table of percentage points of the x2 distribution,

Biometrika, Vol. 32 (1941), by permission of the author and publisher.
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TABLE

95th PERCENTILE VALUES FOR
THE 7' DISTRIBUTION

n- = degrees of freedom for numerator
ne = degrees of freedom for denominator
(shaded area = .95) 7
.95
n:l 1 2 3 4 5 6 8 12 16 20 30 40 50 100 ©
111614 199.5 2157 224.6 230.2 234.0 238.9 2439 246.3 248.0 250.1 251.1 252.2 253.0 254.3
211851 19.00 19.16 19.25 19.30 19.33 19.37 19.41 19.43 1945 19.46 19.46 19.47 19.49 19.50
3[10.18 9.55 9.28 912 9.01 894 885 874 869 866 862 860 8538 856 853
4 771 694 659 6.39 626 6.6 6.04 591 58 580 575 571 570 566 5.63
5[ 6.61 579 541 519 505 4.95 4.82 4.68 4.60 4.56 4.50 4.46 4.44 440 4.36
6| 599 514 4.76 453 439 428 4.15 400 392 387 38T 377 3.75 3.71 38.67
71 659 474 435 4.12 397 387 3.73 357 8.49 344 338 3.34 3.32 3.28 38.23
8| 532 446 4.07 384 369 358 3.44 328 320 315 308 3.05 3.03 298 2093
9] 512 426 386 3.63 348 3.37 323 3.07 298 293 28 282 280 276 2.1
10| 496 410 3.71 3.48 333 322 3.07 291 282 277 270 267 264 259 254
11| 484 398 359 336 320 3.09 295 279 270 265 257 253 250 245 240
12| 475 3.89 3.49 326 3811 300 285 269 260 254 246 2.42 240 235 230
131 467 3.81 341 3.18 303 292 277 260 251 246 2.38 234 232 2,26 2.21
14| 4.60 374 3.34 311 296 285 270 253 244 239 231 227 224 219 213
15( 454 8.68 3.29 306 290 279 264 248 239 233 225 221 218 212 207
16| 449 363 3.24 3.01 285 274 259 242 233 2238 220 216 213 2.07 2.01
17| 445 359 3.20 296 281 270 255 238 229 223 215 211 2.08 202 196
18| 441 855 3816 293 277 266 251 234 225 219 211 207 2.04 198 1.92
191 438 352 313 290 274 263 248 231 221 215 2.07 2.02 200 194 1.88
201 435 349 310 287 271 260 245 228 218 212 204 1.99 196 190 1.84
22| 430 344 3.05 282 266 255 240 223 213 2.07 1.98 1.93 191 184 1,78
241 4.26 340 3.01 278 262 251 236 218 2.09 203 1.94 189 1.86 180 1.73
26| 423 337 298 274 259 247 2382 215 205 199 1.90 185 182 1.76 1.69
28| 420 334 295 271 256 245 229 212 202 196 1.87 1.81 1.78 172 1.65
30| 417 332 292 269 253 242 227 209 199 193 1.84 1.79 1.76 1.69 1.62
40{ 4.08 3823 284 261 245 234 218 200 1.90 1.84 1.74 1.69 1.66 1.59 1.51
50] 4.03 318 279 256 240 229 213 195 185 178 1.69 1.63 1.60 1.52 1.44
60t 4.00 315 276 253 237 225 210 1.92 1.81 1.75 1.65 1.59 1.56 1.48 1.39
701 398 313 274 250 235 223 207 1.89 179 1.72 1.62 1.56 1.63 145 1.85
80| 396 311 272 248 233 221 205 188 1.77 170 1.60 1.54 1.51 142 1.32
100 3.94 8.09 270 246 230 219 203 1.8 1.75 1.68 1.57 1.51 1.48 1.39 1.28
150 8.91 3.06 2.67 243 227 216 200 1.82 1.71 164 154 1.47 1.44 1.34 1.22
200 3.89 3.04 265 241 226 214 198 1.80 1.69 1.62 1.52 1.45 1.42 1.32 1.19
400 3.86 3.02 262 239 223 212 196 178 1.67 1.60 1.49 142 138 1.28 1.13
0 3.84 299 260 237 221 209 194 175 164 157 1.46 1.40 132 124 1.00

Source: G. W. Snedecor and W. G. Cochran, Statistical Methods (6th edition, 1967), Iowa
State University Press, Ames, Iowa, by permission of the authors and publisher.
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99th PERCENTILE VALUES FOR
THE F DISTRIBUTION
Ny degrees.of freedom for numerator
ne = degrees of freedom for denominator
(shaded area = .99)

TABLE

S1

Fyg
n JB! 2 3 4 5 6 8 12 16 20 30 40 50 100 o
2
114052 4999 5403 5625 5764 5859 5981 6106 6169 6208 6258 6286 6302 6334 6366
2 198.49 99.01 99.17 99.25 99.30 99.33 99.36 99.42 99.44 99.45 99.47 99.48 99.48 99.49 99.50
3 134.12 30.81 29.46 28.71 28.24 27.41 27.49 27.05 28.63 26.69 26.50 26.41 26.35 26.23 26.12
4 121.20 18.00 16.69 15.98 15.52 15.21 14.80 14.37 14.15 14.02 13.83 13.74 13.69 13.57 13.46
5 116.26 13.27 12.06 11.39 10.97 10.67 10.27 9.89 9.68 955 9.38 9.29 9.24 913 9.02
6 [13.74 10.92 9.78 9.15 875 847 810 772 752 1739 723 714 7.09 699 6.88
711225 955 845 785 746 719 6.84 647 6.27 6.15 598 590 585 575 5.65
8 |11.26 8.65 7.59 7.01 6.63 637 603 567 548 536 520 511 506 496 4.86
9 110.56 8.02 6.99 6.42 6.06 580 547 511 492 480 4.64 456 451 441 4.31
10 ]110.04 7.56 6.55 599 564 539 506 471 4.52 441 425 417 412 4.01 391
11 9.06 7.20 6.22 5.67 532 507 474 440 421 410 394 386 380 3.70 3.60
121 933 693 595 541 5.06 4.82 450 416 398 386 3.70 3.61 356 346 3.36
131 9.07 670 574 520 486 462 430 396 3.78 367 3.51 342 337 327 3.16
14 | 886 651 556 5.03 4.69 446 414 3.80 3.62 351 334 326 321 311 3.00
15 8.68 6.36 5.42 4.89 4.56 4.32 4.00 3.67 348 3.36 3.20 312 3.07 297 287
16 | 853 6.23 529 477 444 420 389 355 3.37 325 310 301 296 286 275
171 840 611 518 4.67 434 410 379 345 3.27 3.16 3.00 292 286 2.76 265
18 | 8.28 6.01 5.09 458 425 4.01 3.71 337 3819 3.07 291 2.83 278 2.68 2.57
19 ] 818 593 501 450 417 394 363 330 312 3.00 284 276 270 260 2.49
20 | 810 5.85 4.94 443 410 3.87 356 3.23 3.05 294 277 269 263 253 242
221 794 572 4.82 431 399 376 345 312 294 283 267 258 253 242 231
241 782 561 4.72 422 390 367 336 3.03 285 274 258 249 244 233 221
26 | 7.72 5.53 4.64 414 382 359 329 296 277 2.66 250 241 236 225 2138
28 |1 7.64 545 457 4.07 3.76 353 323 290 271 260 244 235 230 218 2.06
30 | 756 5.39 451 4.02 3.70 347 317 284 266 255 238 229 224 213 201
40 1 731 518 431 383 351 3.29 299 266 249 237 220 211 205 194 1.81
50 | 717 5.06 4.20 3.72 341 318 2.88 256 239 226 210 2.00 194 182 1.68
60 | 7.08 498 413 3.65 3.34 312 282 250 232 220 203 193 1.87 174 1.60
70 | 7.01 4.92 4.08 3.60 3.29 3.07 277 245 228 215 198 1.88 1.82 169 1.53
80 | 6.96 4.88 4.04 356 325 304 274 241 224 211 194 184 178 1.65 1.49
100 | 6.90 4.82 3.98 3.51 320 299 269 236 219 206 189 1.79 1.73 1.59 1.43
150 | 6.81 4.75 391 344 314 292 262 230 212 2.00 183 1.72 166 1.51 1.33
200 | 6.76 471 3.88 3.41 311 290 260 228 209 1.97 179 169 1.62 148 1.28
400 | 6.70 4.66 3.83 3.36 3.06 2.85 255 223 204 192 174 1.64 157 1.42 1.19
© 6.64 460 3.78 3.32 302 280 251 218 199 187 1.69 159 152 1.36 1.00

Source: G. W. Snedecor and W. G. Cochran, Statistical Methods (6th edition, 1967), Iowa
State University Press, Ames, Iowa, by permission of the authors and publisher.
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TABLE

52

RANDOM NUMBERS

51772
24033
45939
30586
03585

64937
15630
09448
21631
91097

50532
07136
27989
85184
54398

65544
08263
39817
62257
53298

74640
23491
60173
02133
79353

03355
64759
56301
91157
17480

25496
40876
64728
73949
21154

34371
65952
67906
04077
90276

42331
83587
52078
75797
81938

95863
51135
57683
77331
29414

95652
79971
10744
36601
97810

09591
85762
48236
79443
62545

29044
06568
25424
45406
82322

20790
98527
30277
60710
06829

42457
54195
08396
46253
36764

07839
64236
16057
95203
21944

46621
21960
11645
31041
96799

~£5304
62586
94623
52290
87843

73547
25708
56242
00477
32869

58892
39238
81812
02479
16530

62898
21387
55870
86707
85659

55189
41889
85418
16835
28195

76552
51817
90985
25234
11785

92843
18776
15815
30763
03878

93582
76105
56974
12973
36081

00745
25439
68829
48653
27279

50020
36732
28868
09908
55261

72828
84303
63700
92486
07516

04186
10863
37428
17169
50884

65253
88036
06652
71590
47152

24819
72484
99431
36574
59009

91341
99247
85915
54083
95715

19640
97453
93507
88116
14070

11822
24034
41982
16159
35683

52984
94923
50995
72139
38714

84821
46149
19219
23631
02526

- 87056

90581
94271
42187
74950

15804
67283
49159
14676
47280

76168
75936
20507
70185
38723

63886
03229
45943
05825
335637
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Index of Special Symbols and Notations

The following list shows special symbols and notations used in this book together with pages on which
they are defined or first appear. Cases where a symbol has more than one meaning will be clear from
the context.

Symbols

Ber, (x), Bei, (x) 140

B(m,n) beta function, 103
B, Bernoulli numbers, 114
C(x) Fresnel cosine integral, 184
Ci(x) cosine integral, 184

e natural base of logarithms, 1

e, e, e; unit vectors in curvilinear coordinates, 124
erf (x) error function, 183
erfe (x) complementary error function, 183
E = E(k,%/2) complete elliptic integral of second kind, 179
E(k,$) incomplete elliptic integral of second kind, 179
Ei(x) exponential integral, 183

E, Euler numbers, 114

F(a,b; ¢; x) hypergeometric function, 160
F(k,¢) incomplete elliptic integral of first kind, 179
F,F~-1 Fourier transform and inverse Fourier transform, 175, 176
hy, ks, kg scale factors in curvilinear coordinates, 124
H,(x) Hermite polynomials, 151

H(:L)(x), H®(x) Hankel functions of first and second kind, 138
¢ imaginary unit, 21

i,3,k unit vectors in rectangular coordinates, 117
I,(x) modified Bessel function of first kind, 138
J,(x) Bessel function of first kind, 136
K = F(k,=/2) complete elliptic integral of first kind, 179
Ker, (x), Kei, (x) 140
K,(x) modified Bessel function of second kind, 139

Inxz or log, x
log # or logyyx

natural logarithm of «, 24
common logarithm of x, 23

L,(x) Laguerre polynomials, 153

Lzl(x) associated Laguerre polynomials, 155

L, £~1 Laplace transform and inverse Laplace transform, 161
P,(x) Legendre polynomials, 146

P(x) associated Legendre functions of first kind, 149

@Q,(x) Legendre functions of second kind, 148

Q' (x) associated Legendre functions of second kind, 150

r cylindrical coordinate, 49
r  polar coordinate, 22, 36
r  spherical coordinate, 50

S(x) Fresnel sine integral, 184

Si(x) sine integral, 183
T,(x) Chebyshev polynomials of first kind, 157
U,(x) Chebyshev polynomials of second kind, 158
Y, (x) Bessel function of second kind, 136
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y  Euler’s constant, 1
I'(x) gamma function, 1, 101
¢(x) Riemann zeta function, 184
¢ cylindrical coordinate, 49

¢ polar coordinate, 22, 36

A=EB
A>B
A<B
AzZB
A=B
A=~DB
A~B

4]

G

v =30= @),

d2
y' = gj-; = f""(x), etc.

dr

P = ——

D dx?

dy
of of e

dx’ oy’ ox dy’ ete.
x, Y, ?)

(ttq, g, Ug)

| t@
b

V4 = V2(V?)

Greek Symbols

¢ spherical coordinate, 50
r 1

¢ spherical coordinate, 50

$(p) the sum 1+%+%+"- +%, ®(0) = 0, 137

&(x) pfbbability distribution function, 189

Notations

A equals B or A is equal to B

A is greater than B [or B is less than A]

A is less than B [or B is greater than A]

A is greater than or equal to B

A is less than or equal to B

A is approximately equal to B

A is asymptotic to B or A/B approaches 1, 102
AifA=0

1 1 A =
absolute value of {—A HA=0

factorial n, 3

binomial coefficients, 3

derivatives of y or f(x) with respect to z, 53, 55

pth derivative with respect to z, 55

differential of y, 55

partial derivatives, 56

Jacobian, 125

indefinite integral, 57

definite integral, 94

line integral of A along C, 121

dot product of A and B, 117
eross product of A and B, 118
del operator, 119

Laplacian operator, 120

biharmonic operator, 120



INDEX

Addition formulas, for Bessel functions, 145
for elliptic functions, 180
for Hermite polynomials, 152
for hyperbolic functions, 27
for trigonometric functions, 15
Agnesi, witch of, 43
Algebraic equations, solutions of, 32, 33
Amplitude, of complex number, 22
of elliptic integral, 179
Analytic geometry, plane [see Plane analytic
geometry]; solid [see Solid analytic geometry|
Angle between lines, in a plane, 35
in space, 47
Annuity, amount of, 201, 242
present value of, 243
Anti-derivative, 57
Antilogarithms, common, 23, 195, 204, 205
natural or Napierian, 24, 226, 227
Archimedes, spiral of, 45
Area integrals, 122
Argand diagram, 22
Arithmetic-geometric series, 107
Arithmetic mean, 185
Arithmetic series, 107
Associated Laguerre polynomials, 155, 156
[see also Laguerre polynomials)
generating function for, 155
orthogonal series for, 156
orthogonality of, 156
recurrence formulas for, 156
special, 155
special results involving, 156
Associated Legendre functions, 149, 150 [see also
Legendre functions]
generating function for, 149
of the first kind, 149
of the second kind, 150
orthogonal series for, 150
orthogonality of, 150
recurrence formulas for, 149
special, 149
Associative law, 117
Asymptotes of hyperbola, 39
Asymptotic expansions or formulas, for Bernoulli
numbers, 115
for Bessel functions, 143
for gamma function, 102

Base of logarithms, 23
change of, 24

Ber and Bei functions, 140, 141
definition of, 140
differential equation for, 141
graphs of, 141

Bernoulli numbers, 98,107, 114, 115
asymptotic formula for, 115
definition of, 114
relationship to Euler numbers, 115
series involving, 115
table of first few, 114

Bernoulli’s differential equation, 104
Bessel functions, 136-145
addition formulas for, 145
asymptotic expansions of, 143
definite integrals involving, 142, 143
generating functions for, 137, 139
graphs of, 141
indefinite integrals involving, 142
infinite products for, 188
integral representations for, 143
modified [see Modified Bessel functions]
of first kind of order =, 136, 137
of order half an odd integer, 138
of second kind of order n, 136, 137
orthogonal series for, 144, 145
recurrence formulas for, 137
tables of, 244-249
zeros of, 250
Bessel’s differential equation, 106, 136
general solution of, 106, 137
transformed, 106
Bessel’s modified differential equation, 138
general solution of, 139
Beta function, 103
relationship of to gamma function, 103
Biharmonic operator, 120
in curvilinear coordinates, 125
Binomial coefficients, 3
properties of, 4
table of values for, 236, 237
Binomial distribution, 189
Binomial formula, 2
Binomial series, 2, 110
Bipolar coordinates, 128, 129
Laplacian in, 128
Branch, principal, 17
Briggsian logarithms, 23

Cardioid, 41, 42, 44
Cassini, ovals of, 44
Catalan’s constant, 181
Catenary, 41
Cauchy or Euler differential equation, 105
Cauchy-Schwarz inequality, 185
for integrals, 186
Cauchy’s form of remainder in Taylor series, 110
Chain rule for derivatives, 53
Characteristic, 194
Chebyshev polynomials, 157-159
generating functions for, 157, 158
of first kind, 157
of second kind, 158
orthogonality of, 158, 159
orthogonal series for, 158, 159
recursion formulas for, 158, 159
relationships involving, 159
special, 157, 158
special values of, 157, 159
Chebyshev’s differential equation, 157
general solution of, 159
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Chebyshev’s inequality, 186
Chi square distribution, 189
percentile values for, 259
Circle, area of, 6
equation of, 37
involute of, 43
perimeter of, 6
sector of [see Sector of circle]
segment of [see Segment of circle]
Cissoid of Diocles, 45
Common antilogarithms, 23, 195, 204, 205
sample problems involving, 195
table of, 204, 205
Common logarithms, 23, 194, 202, 203
computations using, 196
sample problems involving, 194
table of, 202, 203
Commutative law, for dot products, 118
for vector addition, 117
Complement, 20
Complementary error function, 183
Complex conjugate, 21
Complex inversion formula, 161
Complex numbers, 21, 22, 25
addition of, 21
amplitude of, 22
conjugate, 21
definitions involving, 21
division of, 21, 25
graphs of, 22
imaginary part of, 21
logarithms of, 25
modulus of, 22
multiplication of, 21, 25
polar form of, 22, 25
real part of, 21
roots of, 22, 25
subtraction of, 21
vector representation of, 22
Components of a vector, 117
Component vectors, 117
Compound amount, table of, 240
Cone, elliptic, 51
right circular [see Right circular cone]
Confocal ellipses, 127
ellipsoidal coordinates, 130
hyperbolas, 127
parabolas, 126
paraboloidal coordinates, 130
Conical coordinates, 129
Laplacian in, 129
Conics, 37 [see also Ellipse, Parabola, Hyperbola]
Conjugate, complex, 21
Constant of integration, 57
Convergence, interval of, 110
of Fourier series, 131
Convergence factors, table of, 192
Coordinate curves, 124
system, 11
Coordinates, curvilinear, 124-130
cylindrical, 49, 126
polar, 22, 36
rectangular, 36, 117

INDEX

Coordinates, curvilinear (cont.)
rotation of, 36, 49
special orthogonal, 126-130
spherical, 50, 126
transformation of, 36, 48, 49
translation of, 36, 49
Cosine integral, 184
Fresnel, 184
table of values for, 251
Cosines, law of for plane triangles, 19
law of for spherical triangles, 19
Counterclockwise, 11
Cross or vector product, 118
Cube, duplication of, 45
Cube roots, table of, 238, 239
Cubes, table of, 238, 239
Cubic equation, solution of, 32
Curl, 120
in curvilinear coordinates, 125
Curtate cycloid, 42
Curves, coordinate, 124
special plane, 40-45
Curvilinear coordinates, 124, 125
orthogonal, 124-130
Cycloid, 40, 42
curtate, 42
prolate, 42
Cylinder, elliptic, 51
lateral surface area of, 8, 9
volume of, 8, 9
Cylindrieal coordinates, 49, 126
Laplacian in, 126

Definite integrals, 94-100
approximate formulas for, 95
definition of, 94
general formulas involving, 94, 95
table of, 95-100
Degrees, 1, 199, 200
conversion of to radians, 199, 200, 223
relationship of to radians, 12, 199, 200
Del operator, 119
miscellaneous formulas involving, 120
Delta function, 170
DeMoivre’s theorem, 22, 25
Derivatives, 53-56 [see also Differentiation)
anti-, 57
chain rule for, 53
definition of, 53
higher, 55
of elliptic functions, 181
of exponential and logarithmie functions, 54
of hyperbolic and inverse hyperbolic
functions, 54, 55
of trigonometric and inverse trigonometric
functions, 54
of vectors, 119
partial, 56
Descartes, folium of, 43
Differential equations, solutions of basic, 104-106
Differentials, 55
rules for, 56
Differentiation, 53 [see also Derivatives]



Differentiation (cont.)
general rules for, 53
of integrals, 95
Diocles, cissoid of, 45
Direction cosines, 46, 47
numbers, 46, 48
Directrix, 37
Discriminant, 32
Distance, between two points in a plane, 34
between two points in space, 46
from a point to a line, 35
from a point to a plane, 48
Distributions, probability, 189
Distributive law, 117
for dot products, 118
Divergence, 119
in curvilinear coordinates, 125
Divergence theorem, 123
Dot or scalar product, 117, 118

Double angle formulas, for hyperbolic functions, 27

for trigonometric functions, 16
Double integrals, 122
Duplication formula for gamma functions, 102
Duplication of cube, 45

Eccentricity, definition of, 37
of ellipse, 38
of hyperbola, 39
of parabola, 37
Ellipse, 7, 37, 38
area of, 7
eccentricity of, 38
equation of, 37, 38
evolute of, 44
focus of, 38
perimeter of, 7
semi-major and-minor axes of, 7, 38
Ellipses, confocal, 127
Ellipsoid, equation of, 51
volume of, 10
Elliptic cone, 51
eylinder, 51
paraboloid, 52
Elliptic cylindrical coordinates, 127
Laplacian in, 127
Elliptic functions, 179-182 [see also Elliptic
integrals]
addition formulas for, 180
derivatives of, 181
identities involving, 181
integrals of, 182
Jacobi’s, 180
periods of, 181
series expansions for, 181
special values of, 182

Elliptic integrals, 179,180 [see also Elliptic functions]

amplitude of, 179

Landen’s transformation for, 180
Legendre’s relation for, 182

of the first kind, 179

of the second kind, 179

of the third kind, 179, 180

table of values for, 254, 255
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Envelope, 44
Epicycloid, 42
Equation of line, 34
general, 35
in parametrie form, 47
in standard form, 47
intercept form for, 34
normal form for, 35
perpendicular to plane, 48
Equation of plane, general, 47
intercept form for, 47
normal form for, 48
passing through three points, 47
Error function, 183
complementary, 183
table of values of, 257
Euler numbers, 114, 115
definition of, 114
relationship of, to Bernoulli numbers, 115
series involving, 115
table of first few, 114
Euler or Cauchy differential equation, 105
Euler-Maclaurin summation formula, 109
Euler’s constant, 1
Euler’s identities, 24
Evolute of an ellipse, 44
Exact differential equation, 104
Exponential functions, 23-25, 200
periodicity of, 24
relationship of to trigonometric functions, 24
sample problems involving calculation of, 200
series for, 111
table of, 226, 227
Exponential integral, 183
table of values for, 251
Exponents, 23

F distribution, 189
95th and 99th percentile values for, 260, 261
Factorial n, 3
table of values for, 234
Factors, 2
Focus, of conie, 37
of ellipse, 38
of hyperbola, 39
of parabola, 38
Folium of Descartes, 43
Fourier series, 131-135
complex form of, 131
convergence of, 131
definition of, 131
Parseval’s identity for, 131
special, 132-135
Fourier transforms, 174-178
convolution theorem for, 175
cosine, 176
definition of, 175
Parseval’s identity for, 175
sine, 175
table of, 176-178
Fourier’s integral theorem, 174
Fresnel sine and cosine integrals, 184
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Frullani’s integral, 100
Frustrum of right circular cone, lateral surface
area of, 9
volume of, 9

Gamma function, 1, 101, 102
asymptotic expansions for, 102
definition of, 101, 102
derivatives of, 102
duplication formula for, 102
for negative values, 101
graph of, 101
infinite product for, 102, 188
recursion formula for, 101
relationship of to beta function, 103
relationships involving, 102
special values for, 101
table of values for, 235

Gaussian plane, 22

Gauss’ theorem, 123

Generalized integration by parts, 59

Generating functions, 137, 139, 146, 149, 151, 153,

155, 157, 158

Geometric formulas, 5-10

Geometric mean, 185

Geometric series, 107
arithmetic-, 107

Gradient, 119
in curvilinear coordinates, 125

Green’s first and second identities, 124

Green’s theorem, 123

Half angle formulas, for hyperbolic functions, 27
for trigonometric functions, 16
Half rectified sine wave function, 172
Hankel functions, 138
Harmonic mean, 185
Heaviside's unit function, 173
Hermite polynomials, 151, 152
addition formulas for, 152
generating function for, 151
orthogonal series for, 152
orthogonality of, 152
recurrence’ formulas for, 151
Rodrigue’s formula for, 151
special, 151
special results involving, 152
Hermite’s differential equation, 151
Higher derivatives, 55
Leibnitz rule for, 55
Holder’s inequality, 185
for integrals, 186
Homogeneous differential equation, 104
linear second order, 105
Hyperbola, 37, 39
asymptotes of, 39
eccentricity of, 39
equation of, 37
focus of, 39
length of major and minor axes of, 39
Hyperbolas, confocal, 127
Hyperbolic functions, 26-31
addition formulas for, 27

Hyperbolic functions (cont.)
definition of, 26
double angle formulas for, 27
graphs of, 29
half angle formulas for, 27
inverse [sec Inverse hyperbolic functions)
multiple angle formulas for, 27
of negative arguments, 26
periodicity of, 31
powers of, 28
relationship of to trigonometric functions, 31
relationships among, 26, 28
sample problems for calculation of, 200, 201
series for, 112
sum, difference and product of, 28
table of values for, 228-233
Hyperbolic paraboloid, 52
Hyperboloid, of one sheet, 51
of two sheets, 52
Hypergeometric differential equation, 160
distribution, 189
Hypergeometric functions, 160
miscellaneous properties of, 160
special cases of, 160
Hypocycloid, general, 42
with four cusps, 40

Imaginary part of a complex number, 21
Imaginary unit, 21
Improper integrals, 94
Indefinite integrals, 57-93
definition of, 57
table of, 60-93
transformation of, 59, 60
Inequalities, 185, 186
Infinite products, 102, 188
series [see Series]
Initial point of a vector, 116
Integral calculus, fundamental theorem of, 94
Integrals, definite {see Definite integrals]
double, 122
improper, 94
indefinite [see Indefinite integrals]
involving vectors, 121
line [see Line integrals]
multiple, 122, 125
Integration, 57 [see also Integrals]
constants of, 57
general rules of, 57-59
Integration by parts, 57
generalized, 59
Intercepts, 34, 47
Interest, 201, 240-243
Interpolation, 195
Interval of convergence, 110
Inverse hyperbolic funections, 29-31
definition of, 29
expressed in terms of logarithmic functions, 29
graphs of, 30
principal values for, 29
relationship of to inverse trigonometric
functions, 31
relationships between, 30
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Inverse Laplace transforms, 161
Inverse trigonometrie functions, 17-19
definition of, 17
graphs of, 18, 19
principal values for, 17
relations between, 18
relationship of to inverse hyperbolic
funetions, 31
Involute of a circle, 43

Jacobian, 125
Jacobi’s elliptic functions, 180

Ker and Kei functions, 140, 141
definition of, 140
differential equation for, 141
graphs of, 141

Lagrange form of remainder in Taylor series, 110
Laguerre polynomials, 153, 154
associated [see¢ Associated Laguerre polynomials]
generating function for, 153
orthogonal series for, 154
orthogonality of, 154
recurrence formulas for, 153
Rodrigue’s formula for, 153
special, 153
Laguerre’s associated differential equation, 155
Laguerre’s differential equation, 153
Landen’s transformation, 180
Laplace transforms, 161-173
complex inversion formula for, 161
definition of, 161
inverse, 161
table of, 162-173
Laplacian, 120
in curvilinear coordinates, 125
Legendre functions, 146-148 [see also Legendre
polynomials]
associated [see Associated Legendre functions]
of the second kind, 148
Legendre polynomials, 146, 147 [see also
Legendre functions]
generating function for, 146
orthogonal series of, 147
orthogonality of, 147
recurrence formulas for, 147
Rodrigue’s formula for, 146
special, 146
special results involving, 147
table of values for, 252, 253
Legendre’s associated differential equation, 149
general solution of, 150
Legendre’s differential equation, 106, 146
general solution of, 148
Legendre’s relation for elliptic integrals, 182
Leibnitz’s rule, for differentiation of integrals, 95
for higher derivatives of products, 55
Lemniscate, 40, 44
Limacon of Pasecal, 41, 44
Line, equation of [see Equation of line]
integrals [see Line integrals]
slope of, 34
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Linear first order differential equation, 104
second order differential equation, 105
Line integrals, 121, 122
definition of, 121
independence of path of, 121, 122
properties of, 121
Logarithmic functions, 23-25 [see also Logarithms]
series for, 111
Logarithms, 23 [see also Logarithmic functions]
antilogarithms and [see Antilogarithms]
base of, 23
Briggsian, 23
change of base of, 24
characteristic of, 194
common [see Common logarithms]
mantissa of, 194
natural, 24
of complex numbers, 25
of trigonometric functions, 216-221

Maclaurin series, 110
Mantissa, 194
Mean value theorem, for definite integrals, 94
generalized, 95
Minkowski’s inequality, 186
for integrals, 186
Modified Bessel functions, 138, 139
differential equation for, 138
generating function for, 139
graphs of, 141
of order half an odd integer, 140
recurrence formulas for, 139
Modulus, of a complex number, 22
Moments of inertia, special, 190, 191
Multinomial formula, 4
Multiple angle formulas, for hyperbolic
functions, 27
for trigonometric functions, 16
Multiple integrals, 122
transformation of, 125

Napierian logarithms, 24, 196
tables of, 224, 225
Napier’s rules, 20
Natural logarithms and antilogarithms, 24, 196
tables of, 224-227
Neumann’s function, 136
Nonhomogeneous equation, linear second order, 105
Normal, outward drawn or positive, 123
unit, 122
Normal curve, areas under, 257
ordinates of, 256
Normal distribution, 189
Normal form, equation of line in, 35
equation of plane in, 48
Null function, 170
Null vector, 116
Numbers, complex {see Complex numbers]

Oblate spheroidal coordinates, 128
Laplacian in, 128

Orthogonal curvilinear coordinates, 124-130
formulas involving, 125



270

Orthogonality and orthogonal series, 144, 145,
147, 150, 152, 154, 156, 158, 159
Ovals of Cassini, 44

Parabola, 37, 38
eccentricity of, 37
equation of, 37, 38
focus of, 38
segment of [see Segment of parabola]
Parabolas, confocal, 126
Parabolic cylindrical coordinates, 126
Laplacian in, 126
Parabolic formula for definite integrals, 95
Paraboloid elliptic, 52
hyperbolie, 52
Paraboloid of revolution, volume of, 10
Paraboloidal coordinates, 127
Laplacian in, 127
Parallel, condition for lines to be, 35
Parallelepiped, rectangular [see Rectangular
parallelepiped]
volume of, 8
Parallelogram, area of, 5
perimeter of, 5
Parallelogram law for vector addition, 116
Parseval’s identity, for Fourier transforms, 175
for Fourier series, 131
Partial derivatives, 56
Partial fraction expansions, 187
Pascal, limacon of, 41, 44
Pascal’s triangle, 4, 236
Perpendicular, condition for lines to be, 35
Plane, equation of [see Equation of plane]
Plane analytic geometry, formulas from, 34-39
Plane triangle, area of, 5, 35
law of cosines for, 19
law of sines for, 19
law of tangents for, 19
perimeter of, 5
radius of circle eircumseribing, 6
radius of circle inscribed in, 6
relationships between sides and angles of, 19
Poisson distribution, 189
Poisson summation formula, 109
Polar coordinates, 22, 36
transformation from rectangular to, 36
Polar form, expressed as an exponential, 25
multiplication and division in, 22
of a complex number, 22, 25
operations in, 25
Polygon, regular [see Regular polygon]
Power, 23
Power series, 110
reversion of, 113
Present value, of an amount, 241
of an annuity, 243
Principal branch, 17

INDEX

Principal values, for inverse hyperbolic functions, 29

for inverse trigonometric functions, 17, 18
Probability distributions, 189
Products, infinite, 102, 188

special, 2
Prolate cycloid, 42

Prolate spheroidal coordinates, 128
Laplacian in, 128

Pulse function, 173

Pyramid, volume of, 9

Quadrants, 11
Quadratic equation, solution of, 32
Quartic equation, solution of, 33

Radians, 1, 12, 199, 200
relationship of to degrees, 12, 199, 200
table for conversion of, 222
Random numbers, table of, 262
Real part of a complex number, 21
Reciprocals, table of, 238, 239
Rectangle, area of, 5
perimeter of, 5
Rectangular coordinate system, 117
Rectangular coordinates, transformation of to
polar coordinates; 36
Rectangular formula for definite integrals, 95
Rectangular parallelepiped, volume of, 8
surface area of, 8
Rectified sine wave function, 172
half, 172
Recurrence or recursion formulas, 101, 137, 139,
147, 149, 1561, 153, 156, 158, 159
Regular polygon, area of, 6
circumscribing a circle, 7
inscribed in a cirele, 7
perimeter of, 6
Reversion of power series, 113
Riemann zeta function, 184
Right circular cone, frustrum of
[see Frustrum of right circular cone]
lateral surface area of, 9
volume of, 9
Right-handed system, 118
Rodrigue’s formulas, 146, 151, 153
Roots, of complex numbers, 22, 25
table of square and cube, 238, 239
Rose, three- and four-leaved, 41
Rotation of coordinates, in a plane, 36
in space, 49

Saw tooth wave function, 172
Scalar or dot product, 117, 118
Scalars, 116

Scale factors, 124

Schwarz inequality [see Cauchy-Schwarz inequality)

Sector of circle, arc length of, 6
area of, 6
Segment of circle, area of, 7
Segment of parabola, area of, 7
arc length of, 7
Separation of variables, 104
Series, arithmetic, 107
arithmetic-geometric, 107
binomial, 2, 110
Fourier [see Fourier series]
geometric, 107
of powers of positive integers, 107, 108
of reciprocals of powers of positive integers,
108, 109



Series, arithmetic (cont.)

orthogonal [see Orthogonality and orthogonal series]

power, 110, 113
Taylor [see Taylor series]
Simple closed curve, 123
Simpson’s formula for definite integrals, 95
Sine integral, 183
Fresnel, 184
table of values for, 251
Sines, law of for plane triangle, 19
law of for spherical triangle, 19
Slope of line, 34
Solid analytic geometry, formulas from, 46-52
Solutions of algebraic equations, 32, 33
Sphere, equation of, 50
surface area of, 8
triangle on [see Spherical triangle]
volume of, 8
Spherical cap, surface area of, 9
volume of, 9
Spherical coordinates, 50, 126
Laplacian in, 126
Spherical triangle, area of, 10
Napier’s rules for right angled, 20
relationships between sides and angles of, 19, 20
Spiral of Archimedes, 45
Square roots, table of, 238, 239
Square wave function, 172
Squares, table of, 238, 239
Step function, 173
Stirling’s asymptotic series, 102
formula, 102
Stoke’s theorem, 123
Student’s ¢t distribution, 189
percentile values for, 258
Summation formula, Euler-Maclaurin, 109
Poisson, 109
Sums [see Series]
Surface integrals, 122
relation of to double integral, 123

Tangent vectors to curves, 124
Tangents, law of for plane triangle, 19
law of for spherical triangle, 20
Taylor series, 110-113
for functions of one variable, 110
for functions of two variables, 113
Terminal point of a vector, 116
Toroidal coordinates, 129
Laplacian in, 129
Torus, surface area of, 10
volume of, 10
Tractrix, 43
Transformation, Jacobian of, 125
of coordinates, 36, 48, 49, 124
of integrals, 59, 60, 125
Translation of coordinates, in a plane, 36
in space, 49
Trapezoid, area of, 5
perimeter of, 5
Trapezoidal formula for definite integrals, 95
Triangle, plane [see Plane triangle]
spherical [see Spherical triangle]
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Triangle inequality, 185
Triangular wave function, 172
Trigonometric functions, 11-20
addition formulas for, 15
definition of, 11
double angle formulas for, 16
exact values of for various angles, 13
for various quadrants in terms of
quadrant I, 15
general formulas involving, 17
graphs of, 14
half angle formulas, 16
inverse [see Inverse trigonometric functions]
multiple angle formulas for, 16
of negative angles, 14
powers of, 16
relationship of to exponential functions, 24
relationship of to hyperbolic functions, 31
relationships among, 12, 15
sample problems involving, 197-199
series for, 111
signs and variations of, 12
sum, difference and product of, 17
table of in degrees and minutes, 206-211
table of in radians, 212-215
table of logarithms of, 216-221
Triple integrals, 122
Trochoid, 42

Unit funection, Heaviside’s, 173
Unit normal to a surface, 122
Unit vectors, 117

Vector algebra, laws of, 117
Vector analysis, formulas from, 116-130
Vector or cross product, 118
Vectors, 116
addition of, 116, 117
complex numbers as, 22
components of, 117
equality of, 117
fundamental definitions involving, 116, 117
multiplication of by scalars, 117
notation for, 116
null, 116
parallelogram law for, 116
sums of, 116, 117
tangent, 124
unit, 117
Volume integrals, 122

Wallis’ product, 188
Weber’s function, 136
Witch of Agnesi, 43

x axis, 11
« intercept, 34

y axis, 11
y intercept, 34

Zero vector, 116
Zeros of Bessel functions, 250
Zeta function of Riemann, 184





